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and estimate subgroup effects within them. A line of
research leverages the principal ignorability assumption
that the latent principal strata are mean independent
of the potential outcomes conditioning on the observed
covariates. Under principal ignorability, we derive var-
ious nonparametric identification formulas for causal
effects within principal strata in observational studies,
which motivate estimators relying on the correct spec-
ifications of different parts of the observed-data distri-
bution. Appropriately combining these estimators yields
triply robust estimators for the causal effects within prin-
cipal strata. These triply robust estimators are consistent
if two of the treatment, intermediate variable and out-
come models are correctly specified, and moreover, they
are locally efficient if all three models are correctly spec-
ified. We show that these estimators arise naturally from

either the efficient influence functions in the semipara-

metric theory or the model-assisted estimators in the
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survey sampling theory. We evaluate different estima-
tors based on their finite-sample performance through
simulation and apply them to two observational studies.
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1 | INTRODUCTION

Researchers are often interested in understanding the underlying causal mechanism from
the treatment to the outcome when an intermediate variable is present between them. This
requires proper adjustment for the intermediate variable—naively conditioning on its observed
value does not have a valid causal interpretation unless it is essentially randomized condi-
tional on the treatment and covariates (Rosenbaum, 1984). Frangakis and Rubin (2002) pro-
pose to estimate causal effects within principal strata, which are defined by the joint poten-
tial values of the intermediate variable under both treatment and control. Principal strata
act as pretreatment covariates, so the causal effects within them, often referred to as princi-
pal causal effects (PCEs), are conceptually the same as the standard subgroup causal effects.
PCEs are widely used in applied statistics to deal with noncompliance (Angrist et al., 1996;
Frumento et al., 2012; Mealli & Pacini, 2013), truncation by death (Ding et al., 2011; Rubin, 2006;
Wang et al., 2017), missing data (Frangakis & Rubin, 1999; Mattei et al., 2014), mediation (Elliott
et al., 2010; Gallop et al., 2009; Mattei & Mealli, 2011; Rubin, 2004) and surrogate evaluation
(Frangakis & Rubin, 2002; Gilbert & Hudgens, 2008; Huang & Gilbert, 2011; Jiang et al., 2016;
Li et al., 2010).

Due to the fundamental problem of causal inference, the two potential values of the interme-
diate variable are not simultaneously observable, rendering it challenging to identify and estimate
PCEs without additional assumptions. Angrist et al. (1996) establish the nonparametric identifi-
cation of one PCE, often called the complier average causal effect or the local average treatment
effect, under the monotonicity and the exclusion restriction (ER). The monotonicity assumes
that the treatment changes the intermediate variable only in one direction for any unit, and the
ER assumes that the treatment affects the outcome only through the intermediate variable. The
identification result of Angrist et al. (1996) has motivated various estimation methods and effi-
ciency theories (Abadie, 2003; Frolich, 2007; Ogburn et al., 2015; Tan, 2006). Although the ER is
a standard assumption, it is not plausible when the treatment affects the outcome through path-
ways other than the intermediate variable. Hirano et al. (2000) give an example of the violation
of the ER in a randomized experiment with noncompliance. Moreover, in mediation, truncation
by death, and principal surrogate evaluation problems, testing the ER is a scientific question of
interest. Thus, we cannot invoke ER a priori. Without the ER, Zhang et al. (2008) and Imai (2008)
derive the large sample bounds on the PCEs, and Li et al. (2010), Zigler and Belin (2012), and
Schwartz et al. (2011) perform model-based Bayesian analyses. Unfortunately, the bounds might
be too wide to be informative, whereas the Bayesian analyses could be sensitive to models and
priors. Assuming Normal linear outcome models within principal strata, Zhang et al. (2009) and
Frumento et al. (2012) estimate the PCEs using the likelihood approach, but these analyses can
be sensitive to the modelling assumptions and can be unstable even if the models are correctly
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specified due to the mixture distributions of the observed data (Feller et al., 2022). Auxiliary
covariates or secondary outcomes satisfying additional conditional independence assumptions
can help to improve identification and estimation of the PCEs (e.g. Ding et al., 2011; Jiang & Ding,
2021; Jiang et al., 2016; Mattei & Mealli, 2011; Mattei et al., 2013; Mealli & Pacini, 2013; Yang &
Small, 2016), but those additional assumptions may be hard to justify without prior knowledge.

We focus on an alternative nonparametric identification strategy under principal ignorability,
an assumption in parallel with ignorability for estimating the average causal effect in obser-
vational studies (Rosenbaum & Rubin, 1983). Principal ignorability assumes that the observed
covariates are adequate for controlling for confounding between the principal strata and outcome.
This identification strategy has been popular in applied statistics (Egleston et al., 2009; Feller et al.,
2017; Follmann, 2000; Hayden et al., 2005; Hill et al., 2002; Jo & Stuart, 2009; Jo et al., 2011; Stuart
& Jo, 2015).

We develop a statistical methodology for estimating the PCEs in both randomized experiments
and observational studies under principal ignorability. We first establish three identification for-
mulas for each PCE. These formulas motivate three estimators for each PCE, which rely on correct
specifications of two of the following three models:

1. the model of the treatment conditional on the covariates, called the treatment probability;

2. the model of the intermediate variable conditional on the treatment and covariates, called the
principal score with a little abuse of terminology;

3. the model of the mean of the outcome conditional on the treatment, intermediate variable and
covariates, called the outcome mean.

The existence of multiple estimators for the same parameter hints at the possibility of a com-
bined estimator for each PCE. To guide the construction of principled estimators, we derive the
efficient influence functions (EIFs; Bickel et al., 1993) for the PCEs under the nonparametric
model. These EIFs motivate novel estimators for PCEs based on the treatment probability, princi-
pal score and outcome mean. Interestingly, the novel estimators are triply robust in that they are
consistent and asymptotically Normal if any two of the three models in (a)-(c) are correctly speci-
fied, and locally efficient if all three models are correctly specified. These results extend the classic
doubly robust estimators for the average causal effect in observational studies (Bang & Robins,
2005) and are similar in spirit to the triply robust estimators in other contexts of causal inference
(Shi et al., 2020; Tchetgen Tchetgen & Shpitser, 2012; Wang & Tchetgen Tchetgen, 2018). The new
triply robust estimators offer additional protection against model misspecification compared to
other non-robust estimators. Finally, we establish an equivalence relationship between the triply
robust estimation and the model-assisted estimation, extending the existing results on the aver-
age causal effect in observational studies (Kang & Schafer, 2007; Little & An, 2004; Lumley et al.,
2011; Robins & Rotnitzky, 1998).

Previously, Ding and Lu (2017) establish some preliminary results for estimating the PCEs in
randomized experiments including an identification formula based on weighting and the corre-
sponding estimators for each PCE with and without adjusting for covariates. Their model-assisted
estimator adjusts for covariates but is neither doubly robust nor semiparametrically efficient.
So even in randomized experiments, the theory for estimating the PCEs is incomplete. We
discuss a broader class of treatment assignments in both randomized experiments and uncon-
founded observational studies, providing two additional identification formulas for each PCE and
proposing more principled estimators based on the EIFs. Our new estimators outperform those
in Ding and Lu (2017) and we recommend using them in data analyses.
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The rest of this paper proceeds as follows. Section 2 introduces notation and assumptions for
identification. Section 3 presents three different identification formulas and the corresponding
estimators of the PCEs. Section 4 derives the EIFs, proposes novel estimators and shows the triple
robustness of the estimators. Section 5 uses simulation to evaluate the finite-sample properties of
the estimators, and Section 6 applies the novel estimators to two observational studies. Section 7
concludes. The supplementary material contains the technical details including some extensions
and the proofs.

2 | NOTATION AND ASSUMPTIONS FOR PRINCIPAL
STRATIFICATION

Let Z; € {0,1} be the binary treatment, S; € {0, 1} the binary intermediate variable, Y; the out-
come and X; a vector of pretreatment covariates for unit i = 1, ..., n. We adopt the potential
outcomes framework under the Stable Unit Treatment Value Assumption, and let S;; and Y;; be
the potential values of the intermediate variable and outcome if unit i were to receive treatment
condition z (z = 0, 1). The observed intermediate variable and outcome are thus S; = Z;S;; + (1 —
Z)Siwand Y; = Z; Yy + (1 — Z;)Yi. Assume {Z;, Si1, Sio» Yi1, Yio,X; : i =1, ... ,n} are independent
and identically distributed. Thus, the observed {Z;, S;, Y;,X; : i =1, ... ,n} are also independent
and identically distributed. For simplicity, we drop the subscript i when no confusion arises.

Frangakis and Rubin (2002) use the joint potential values of the intermediate variable to define
the principal stratification variable, U = (S;, Sp). For a binary intermediate variable, U can be
(0,0),(1,0),(0,1),and (1, 1). For the ease of exposition, we will simplify (S;, Sp) as S; Sy throughout
the paper. Define the PCE as the average causal effect within a principal stratum:

Tsis = E(Yl - Y()l U= S1S()), (S1S() =00,10,11, 01)

The scientific meanings of the PCEs vary with the contexts. We review four canonical examples
below.

Example 1 (Noncompliance). In noncompliance problems, Z is the treatment assigned, S is the
treatment received and Y is the outcome. The principal strata U = (0, 0), (1, 0), (0, 1), (1, 1)
are referred to as never-takers, compliers, always-takers and defiers respectively. Angrist
and Imbens (1994) and Angrist et al. (1996) propose to estimate ;9, the complier average
causal effect, which is also called the local average treatment effect.

Example 2 (Truncation by death). In truncation-by-death problems, Z is the treatment, S is the
survival status, and Y is often a measure of the quality of life. Rubin (2006) points out
that the only well-defined causal effect is 71, which characterizes the treatment effect for
patients who would survive regardless of the treatment. Other PCEs are not well defined
because the quality of life is defined only for survived patients.

Example 3 (Mediation). In mediation analysis, S is the mediator that lies on the causal pathway
from the treatment Z to the outcome Y. The subgroup effects 7;; and ¢ can assess the direct
effect of the treatment on the outcome because the treatment does not change the mediator
in these two strata (Gallop et al., 2009; Mattei & Mealli, 2011; Rubin, 2004). In contrast, the
subgroup effects 71y and 7, are less interpretable because they consist of both direct and
indirect effects (VanderWeele, 2011).
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Example4 (Surrogate evaluation). In surrogate evaluation problems, S is the surrogate candidate
for the effect of the treatment Z on the outcome Y. Frangakis and Rubin (2002) pro-
pose the principal surrogate criterion based on ‘causal necessity’. It requires that Z
affects Y only if Z affects S, that is, 71; = 790 = 0. Gilbert and Hudgens (2008) argue
that a valid surrogate should also satisfy ‘causal sufficiency’. It requires that if the
treatment effect on the surrogate is non-zero, then the treatment effect on the out-
come is also non-zero, that is, 7390 # 0 and 7o; # 0. See Jiang et al. (2016) for a related
discussion.

We will focus on the setting with treatment ignorability for both the intermediate variable and
outcome, extending the classic treatment ignorability in observational studies.

Assumption 1 (Treatment ignorability). Z I (So, S1, Yo, Y1)|X.

Assumption 1 rules out latent confounding between the treatment and intermediate
variable and that between the treatment and outcome. It holds by the design of a ran-
domized experiment, where the treatment is independent of all the potential values and
covariates, that is, Z I (So, S1, Yo, Y1,X); Ding and Lu (2017) focus on this special case.
It also holds by the design of a stratified experiment based on a discrete X, where the
treatment is independent of all the potential values within each stratum of X. In obser-
vational studies, its plausibility relies on whether or not the observed covariates include
all the confounders that affect the treatment as well as the outcome and intermediate
variable.

Since we do not observe S; and Sy simultaneously, U is not directly observable. As a result, the
PCEs are not identifiable without additional assumptions. We impose the standard monotonicity
assumption throughout the paper, which helps to identify the distribution of U, even though the
individual U;’s are not observed for all units.

Assumption 2 (Monotonicity). S; > S,.

Assumption 2 requires that the treatment has a non-negative impact on the intermediate
variable for all units, which rules out stratum U = 01. It holds automatically when S, = 0,
for example, in one-sided noncompliance problems (Sommer & Zeger, 1991) and vaccine trials
without immune response under control (Follmann, 2006).

Under Assumptions 1 and 2, two nonparametric identification strategies exist for the PCEs,
relying on different additional assumptions. We review them below.

2.1 | Strategy one based on exclusion restriction

The first strategy assumes the ER:
711 = 7o = 0. @
A stronger version of the ERis Y; = Y; for U =11 or 00. Under Assumptions 1, 2, and Equation (1),

Angrist and Imbens (1994) and Angrist et al. (1996) establish the nonparametric identification of
the complier average causal effect

_EY|z=1)-EY|Z=0)
T ES|IZ=1)-E©S|IZ=0)"

710
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By definition, the PCE 1, represents the effect of the treatment assigned for compliers. More-
over, for compliers with U = 10, the treatment assigned is identical to the treatment received, so
710 also measures the effect of the treatment received. This formulation of the noncompliance
problem is due to Frangakis and Rubin (2002) where the potential outcome Y, corresponds to the
treatment assigned. It corresponds to the intervention Z in the actual experiment without assum-
ing that S is another hypothetical intervention. However, it might cause notational incoherence
with Angrist and Imbens (1994) and Angrist et al. (1996). Angrist and Imbens (1994) index the
potential outcome Yy by the treatment received, and thus enforce the ER assumption automat-
ically; Angrist et al. (1996) index the potential outcome Y by both the treatment assigned and
received, and reduce it to Y; under the ER assumption. These different formulations do not cause
fundamental differences. An advantage of Frangakis and Rubin (2002)’s formulation is its gener-
ality to deal with other problems with intermediate variables. In Example 1 with noncompliance,
it allows us to assess the plausibility of the ER by estimating 71; and zq; see Section 6.1 for more
details.

The ER requires that the treatment has no direct effect on the outcome, which is
sometimes implausible in open-label randomized experiments. More importantly, it can-
not be invoked in problems where 7o and 7;; are the quantities of interest, such as
truncation by death in Example 2, mediation in Example 3, and surrogate evaluation in
Example 4.

Without the ER, the PCEs are not identifiable. Under weak assumptions, the large-sample
bounds on the PCEs are often not informative (Imai, 2008; Zhang et al., 2008). In contrast,
Bayesian methods often require specifying strong mixture model assumptions and prior distribu-
tions (Li et al., 2010; Schwartz et al., 2011; Zigler & Belin, 2012). They are not easy to implement
and can be numerically unstable in practice (Feller et al., 2022). Due to these limitations, we focus
on another approach assuming principal ignorability.

2.2 | Strategy two based on principal ignorability

The principal ignorability can be viewed as the analogue of the treatment ignorability assumption
in unconfounded observational studies.

Assumption 3 (Principal ignorability). E(Y:|U =11,X) =E(Y1|U =10,X) and E(Y,|U =
00,X) = E(Yy|U = 10,X).

Assumption 3 requires that the expectations of the potential outcomes do not vary across prin-
cipal strata conditional on the covariates. It is widely used in applied statistics (Follmann, 2000;
Hill et al., 2002; Jo & Stuart, 2009; Jo et al., 2011; Stuart & Jo, 2015). Under Assumptions 1-2,
Assumption 3 is equivalent to

EY;|[U=11,Z=1,S=1X)=EY;|[U=10,Z=1,S = 1,X), 2)
E(Yo|U = 00,Z =0,S = 0,X) = E(Yo|U = 10,Z = 0,S = 0, X). (3)
The observed stratum (Z = 1, S = 1) is a mixture of two principal strata U = 11, 10. There-
fore, Equation (2) means that within the observed stratum (Z = 1, S = 1), the expecta-

tion of the potential outcome Y; does not vary across the two principal strata conditional
on the covariates. So the conditional expectations in Equation (2) simplify to the observable

95US01 SUOLILLIOD SAIERIO 3|01 dde 8 Aq PaUBACB 916 SIPILE YO 98N JO S| 10y ARIGITBUIIUO ABIA UO (SUOIPUOO-PUE-SWLBYLIC" A |1 AJRIqIRUIIUO//SANLY) SUOTIPUOD PUE SWLB 1 34} 39S *[2202/TT/22] Uo AteiqiTauiluo A1 “ASBAIUN SIEIS euljoXed YLON AJ 8EGZT GSSHTTTT OT/I0P/LOD S |IM AXe.q1PUIIUO'SS /7SN W01} POpeojumod ‘v ‘ZZ0Z ‘8986.9vT



JIANG ET AL. | 1429

conditional expectation E(Y|Z =1,S = 1,X). Similarly, Equation (3) means that within the
observed stratum (Z = 0, S = 0), the two principal strata U = 00, 10 are ignorable for the expec-
tation of the potential outcome Y, conditional on the covariates. So the conditional expectations
in Equation (3) simplify to the observable conditional expectation E(Y|Z =0, S = 0,X). Intu-
itively, principal ignorability simplifies a latent mixture problem to an observed mixture problem.
With this assumption, we can treat the subpopulation (Z = z, S = s) as a mixture of strata
defined by the observed covariates, which is easier to deal with than a mixture of latent principal
strata.

We start with Assumptions 2 and 3 because they allow for deriving simple identifica-
tion formulas and easy-to-implement estimators. These estimators are numerically stable and
statistically robust. They can be benchmark estimators in data analyses. Nevertheless, their
plausibility cannot be validated by the observed data, so they should be made with cau-
tion. To supplement the theory under Assumptions 2 and 3, we also propose corresponding
sensitivity analysis techniques for the potential violations of these assumptions. Due to the
space limit, we include the theoretical results and numerical examples in the supplementary
material.

2.3 | Principal ignorability and sequential ignorability in mediation
analysis

Before giving the nonparametric identification formulas of the PCEs based on principal
ignorability, we comment on its relationship with a commonly used assumption in medi-
ation analysis. We also make a brief comparison of principal stratification and mediation
analysis.

A stronger version of Assumption 3 is Y, IL S;_;|(S;,X) for z = 0, 1. It assumes that con-
ditional on the covariates, the potential outcome depends only on the potential intermedi-
ate variable under the same treatment condition, but not the one under a different treat-
ment condition. Importantly, principal ignorability is different from the sequential ignorabil-
ity between the intermediate variable and the outcome, which is a common assumption in
mediation analysis (Imai et al., 2010; Pearl, 2001; Tchetgen Tchetgen & Shpitser, 2012). In
particular, the sequential ignorability assumes away the dependence between the potential
outcome and the potential intermediate variable given the covariates, while principal ignor-
ability allows for such dependence but rules out the dependence between the potential out-
come and intermediate variable under different treatment conditions. Hence, the sequential
ignorability and principal ignorability focus on different relationships between the poten-
tial outcome and the potential intermediate variable and thus do not imply each other.
Forastiere et al. (2018) propose a generalized strong principal ignorability and show that under
monotonicity, it is equivalent to the sequential ignorability. Their definition does not imply
Assumption 3, and thus it is essentially different from the principal ignorability used in the
literature.

In general, principal stratification and mediation analysis can be conceptually different. Prin-
cipal stratification does not require that S is a well-defined intervention as in Examples 2 and 4. In
contrast, traditional mediation analysis requires that S is a well-defined intervention on the causal
pathway from the treatment to the outcome. VanderWeele (2011) points out this issue, whereas
Robins et al. (2020) attempt to relax this assumption with an alternative approach to mediation
analysis.
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3 | NONPARAMETRICIDENTIFICATION AND
ESTIMATION

3.1 | Identification formulas
To simplify the exposition, define
X)) =P(Z =1|X), e,X)=PU =ulX), u;sX)=EY|Z=2S=5X)

for u = 10, 00, 11 and z, s = 0, 1. The #(X) is the treatment probability given the covariates,
also known as the propensity score. The e, (X) is the principal score which equals the proportion
of principal stratum u given the covariates. The ,,(X) is the mean of the outcome within the
observed group (Z =z, S =s) given the covariates. Let 7 = E{z(X)} = P(Z = 1) and ¢, = E{e,(X)}
denote the marginalized treatment probability and principal score over the distribution of the
covariates respectively. Thus, z represents the proportion of treated units and e, represents the
proportion of units with U = u.

Under Assumption 2, Table 1 shows the relationship between the observed strata defined by
(Z, S) and the principal strata. So under Assumptions 1 and 2, the principal scores are identified

by
e10(X) = p1(X) — poX), epX)=1-pi(X), enX)=poX),

where p,(X) = P(S = 1|Z = z, X) is the probability of the intermediate variable conditional on the
treatment and covariates. Analogously, the proportions of principal strata are identified by

€10 =p1—Po, € =1—-p1, e =po,

where p, = E{p,(X)} is the marginalized probability of the intermediate variable over the
distribution of the covariates. Due to the one-to-one mapping between {p;(X),po(X)} and
{e11(X), ego(X), e10(X)}, we call both sets the principal score, and the exact meaning should be
clear from the context. The following theorem provides three identification formulas for each
PCE.

Theorem 1 (Nonparametric identification). Suppose that Assumptions 1-3 hold, e, > 0 for
u =10,00,11, and 0 < z(x) < 1 for all x in the support of X. The following identification
formulas hold for the PCEs.

(a) Based on the treatment probability and principal score,

,10=E{€10<X> s ZY}_E{elo(X) 1-5 1-z Y}’
p1 — po p1(X) n(X) Pp1—Ppo1l—poX)1—n(X)

TABLE 1 Principal strata in the observed strata defined by (Z, S) under monotonicity

Z=0 U € {00, 10} U=11
Z=1 U =00 U € {11, 10}
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coogdl=S Z y | gl 1-5 1-7Z
P 1-pr ) 1-pi1-pX)1—2(X) J’

T11=E{811(X) S Z Y}—]E{i—l_z Y}.
Po p1X) 7(X) pol—n(X)

(b) Based on the treatment probability and outcome mean,

_SZ/n(X) -SA-2)/{1 -z(X)}
P1— Do

r - SZ/n(X
L2 82/70 o) — Moo(X)}],

70=E {unX) - Moo(X)}],

T00 =K 1—
(S0 -2)/{1 - 2X)}
Po

T11=E

{unX) — M01(X)}] .

(c) Based on the principal score and outcome mean,

[ p1(X) — X
o= E [P TP xy - Moo(X)}],
P1— Do
(1 — X
00 =E %(){um(X) - #oo(X)}],
_p1
[ po(X
o =E |2 0(0 s () — u01<X>}].

Theorem 1 gives identification formulas for the PCEs based on three different combinations of
the likelihood components. Theorem 1(a) is an extension of Ding and Lu (2017) with an additional
weighting term based on the inverse of the treatment probability, which is also mentioned by
Jiang and Ding (2021). Theorem 1(b) and (c) are two additional sets of identification formulas.

Below we give some intuition based on only ;9 since the discussion for the other two PCEs
is similar. Theorem 1(a) expresses 719 as the difference between weighted averages of the out-
come under the treatment and control. The weights in the formula consist of two parts: Z/z(X)
and (1 — 2)/{1 — z(X)} correspond to the treatment probability; e;o(X)S/p1(X) and eyo(X)(1 —
S)/{1 — po(X)} correspond to the principal score. Under Assumptions 1 and 2, the conditional
expectations of the weights equal

E{ eX) S Z IX} =E{ eX) 1-S 1-Z IX} _ enX)

s 4
p1 — po p1(X) n(X) P1—DPol—poX)1—n(X) @

€10

that is, the conditional probability of principal stratum U = 10 divided by its unconditional
probability.

Theorem 1(b) expresses 719 in terms of the treatment probability and outcome mean. Under
principal ignorability, the difference between the outcome means equals

i (X) = pooX) = E(Y1|U = 10,X) — E(Y,|U = 10,X) = E(Y; — Yo|U = 10,X),

which is the PCE for stratum U = 10 conditional on X. Under Assumptions 1 and 2, the con-
ditional expectation of the unnormalized weight equals E[SZ/#z(X) — S - 2)/{1 — z(X)}|X] =
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e10(X). Dividing this by the normalizing constant, p; — po = ey, yields e;o(X) /e, which, by Bayes’
Theorem, is the density ratio of X conditional and unconditional on U = 10. Therefore, the iden-
tification formula for 79 in Theorem 1(b) averages the conditional PCE over the distribution of X
given U = 10, which gives the PCE within stratum U = 10.

Theorem 1(c) expresses 739 in terms of the principal score and outcome mean. Compared with
Theorem 1(b), the treatment probability weighting is replaced with the principal score weight-
ing {p1(X) — po(X)}/(p1 — po)- Under Assumptions 1 and 2, the weight again equals e;((X)/ejo.
Therefore, similar to the discussion of Theorem 1(b), Theorem 1(c) identifies z1¢ by averaging the
conditional PCE over the distribution of X given U = 10.

3.2 | Estimators based on the nonparametric identification formulas

For each PCE, the three identification formulas in Theorem 1 motivate three estimators, which
require correct specifications of different parts of the observed-data distribution. For descriptive
convenience, we introduce additional notation. Let P, denote the empirical average, for example,
P,h(V) = n~ 1YL h(Vy) for any h(V). Let 7 = P,Z be the moment estimator of z. Let z(X; «) be
a working parametric model for the treatment probability z(X), p,(X;y) a working parametric
model for the principal score p,(X) for z =0, 1, and p(X; f) a working parametric model for the
outcome mean p,(X) for z, s = 0, 1. Because e, (X) has a one-to-one mapping to p,(X), we use e(X;
7) to denote a working parametric model for e,(X). We focus on parametric models here and will
consider more flexible estimation strategies later. Based on the maximum likelihood estimation
or the method of moments, we obtain estimators @, 7 and . Assume they have probability lim-
its a*, y* and p* respectively. We use M with subscripts ‘tp’, ‘ps’ and ‘om’ to denote models with
the correct specification of the treatment probability, principal score and outcome mean respec-
tively. Therefore, under My,, we have 7(X; a*) = 7(X); under M, we have p,(X; y*) = p,(X) and
e,(X;7*) =e,(X) for z=0, 1 and u = 10, 00, 11; under Moy, We have p,(X; f*) = uy(X) for z,
s =0, 1. In addition, we use ‘+’ in the subscript to indicate that more than one model is correctly
specified. For example, M om denotes the model with correctly specified p,(X; y) and p(X; p).
We also use the union notation from the standard set theory to denote the correct specification
of at least one model, for example, M, U Mpsiom denotes the model with correctly specified
7(X; a) or {pz(X57), Hes(X;5 B) ).

To obtain the estimators based on Theorem 1, we need to replace the components in
the identification formulas with their estimated counterparts, and the expectations with the
empirical averages. We use {n(X;Q), p(X;7), ugs(X; ﬁ)} to denote the estimated version of
{n(X; @), p(X:7), Hzs(X: B)}. For py and po, we can simply use P, {p1(X;7)} and P, {po(X:7)} as
the estimators, which are consistent under M,s. Moreover, the doubly robust estimators (Bang &
Robins, 2005),

1 =2){S - poX:7)}
1-7(X;Q)

5 _p, [Z18=p:D)
Lo (X, ®)

+P1(X§?)], Do=Pn [ + poX; )|,

improve them, which are consistent for p; and p, under M, U M.
The identification formulas in Theorem 1(a) motivate the following weighting estimators
based on the treatment probability and principal score.

Example 5 The treatment probability—principal score (tp-ps) estimators are
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0 _p {910(X;?) S Z _y epX:y) 1-S 1-Z Y}
,tp— - A A A A - =< A~ A A~ ’
PN i =Do ;G 2(XQ) . P —Po 1-poX:7) 1 - 7(X;Q)
~ - eonX:7 - -
roo,tp_ps=]P’n{ 1 5 ZA v 00( Ay) 1-S _ 1 ZA Y},

1-p; n(X;a) 1-p1 1-poX;y)1—n(X;0a)

N en(X;¥) S Z S 1-z
Ti1tp—ps = Pn = = ~Y - =— =Y .
Do piXiy)aXsa)  pol-nlX;a)

The weighting estimators in Example 5 involve the inverse of the treatment probability. Thus,
they may be unstable if some estimated treatment probabilities are close to zero or one. A strategy
to mitigate this issue is to stabilize the estimators by normalizing the weights (Hernén et al., 2001).
For example, the stabilized weighting estimator of 7;; is

S Z
1 apps = P {en(x P—oe }/P {eu(x ?) }
thpmps T piX:7) n(X @) pl(X ) 2(X: @)
1-Z7 1-Z7
- P, S(—),\Y / Py S(—),\ .
1-7z(X;@) 1-7z(X;@)
The stabilized weighting estimators for 719 and 7o have similar forms. The estimators 7, s, ps are
consistent under Mp.ps, that is, correct specifications of the treatment probability and principal
score. However, if either model is incorrectly specified, they are inconsistent.

The identification formulas in Theorem 1(b) motivate the following estimators based on the
treatment probability and the outcome mean.

Example 6 The treatment probability—outcome mean (tp-om) estimators are

. [ZS/n(X;a) - (1-2)S/{1 -=n(X;a A~ A~
Fomon = Py | 2LZXD) (p ;/ = a)}{lln(X;ﬂ)—Moo(X;ﬂ)}],
1 — Fo
~ Z1-S X; ~ ~
T00,tp-om = P %;r(a) {Mm(X; B) — poo(X;; ﬂ)}] ,
| — F1
N [(1-2)S/{1 - X;A ~ ~
Prtipom = By | 22225/ {ﬁ al “)}{un(x;ﬂ)—mx;ﬁ)}].
| 0

Similar to the estimators in Example 5, we can also obtain the stabilized weighting version of
the estimators in Example 6. For example, the stabilized version of ?11,tp-om is

4 _p [La-2s B — o (K B (1=2)S
T tpom = P TP or {MM(X, ) — 1o (X; ﬁ)}] /Pn { 2 X.3) }

The estimators 7, tp.om are consistent under Mpom.
The identification formulas in Theorem 1(c) motivate the following estimators based on the
principal score and outcome mean.

Example 7 The principal score-outcome mean (ps-om) estimators are

p1(X;7) — po(X;7)

D1 — Do

1-pi(X:7)
1-Dp

?lo,ps—om =P, [ {#ll(X; ﬁ) — too(X; ﬁ) }] s

Foops—om = Pr [ { 100X B) = poo(X: ﬁ)}],
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~ X:7) ~ ~
T11,ps—om = Pn [Po 5 {#11(X§ P — 1o (X; ﬂ)}]~
0

The estimators 7, ps—om are consistent under Mpsyom.

4 | FROM THE EIFS TO TRIPLY ROBUST ESTIMATORS

Theorem 1 presents three identification formulas, which motivate infinitely many estimators for
each PCE. This calls for the construction of more principled estimators. In this section, we derive
the EIF for each PCE to motivate a new estimator. The EIFs below are derived under the non-
parametric model of the observed-data distribution, which is a standard strategy in the literature.
In particular, the derivation ignores the restrictions implied by the monotonicity assumption (cf.
Frolich, 2007; Hong & Nekipelov, 2010). For simplicity, we use the terminology ‘EIF’ throughout.

4.1 | EIFs and the resulting estimators

Because the PCEs have a ratio form 7, = E{(Y; — Yo)1(U = u)}/P(U = u), we will first define a
general quantity to represent the EIFs of the numerators and denominators, and then combine
them to have the EIFs for the PCEs.

Define the following quantity for any function f(Y, S, X):

1Z = JIF(Y, 5. X) ~ B{f(Y, S, 0)IX. Z = 2)]
HIes0 = P(Z = 21X)

+E{f(Y,S$.X)|X,Z=z}. (5

Under Assumption 1, we can show that E{l[/f(yzysz x} =E{f(Y;,S;,X)}. In fact, WH(Y,.5,.X) —
E{f(Yg, S;, X)} is the EIF for E{f(Y,, S;, X)}; see Lemma S5 in the supplementary material. With
f(Y, S, X) =S, Equation (5) reduces to

_ UZ=2)(S - p(X))
Ys

and w5, — [E(S;) is the EIF for E(S;). This reduces to a standard result in observational studies
(Hahn, 1998), which is the foundation for constructing the doubly robust estimator for E(S;)
(Bang & Robins, 2005). With f(Y, S, X) = YS and z = 0, Equation (5) reduces to

1Z =0){YS — X)po(X
Vs, = ( ) - Ho1(XDPpo(X) } + 101 COPo (X,
—z(X)

and yy,s, — E(YoSy) is the EIF for E(Y,So), which equals E(Yy|U = 11)P(U = 11) because Sp = 1
isequivalent to U = 11 under monotonicity. Based on the y notation in Equation (5), the following
theorem gives the EIFs for the PCEs.

Theorem 2 (EIFs). Suppose z,’s are identified in Theorem 1. The EIF for 119 is ¢10 = {110 —
$o.10 — T10(Ws, — ws,)}/(p1 — Po), where
_enX)

DPo(X)
= — X - ,
®1.10 (%) Yy,s, — H1( ){llfso pl(X)WSI}
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0,10 = elO—(X)lI/Y 1-5 _ﬂOO(X){Wl s —il(X)ll/l s, }
10T T po) T T 1-peX) T

The EIF for oo is ¢hoo = ($1.00 — do.00 — Toow1-s, ) /(1 — p1), where

epo(X) 1-piX)
= —S ), = - -S, = - .
h1.00 = Wy,a-s,>  Po.oo 1= peX) Wy,(1-s,) T Hoo(X) {II/1 S T T poX) Wi1-s,

The EIF for 711 is ¢11 = (¢p111 — o1 — T11ws, ) /Po, where

en(X
P11 = %%ﬁs1 + u11(X) {llfs0 -

mmw} oss
— Vs, (> 0,11 = VY,S,-
p1X) o

From Theorem 2, the semiparametric efficiency bounds for the PCEs are E(¢?2) for
u = 10, 00, 11 (Bickel et al., 1993). The EIFs have mean zero, so we can obtain another set of
identification formulas by solving E(¢,) = 0.

Corollary 1 Under Assumptions 1-3,

S E(¢1,10 = $010) S E(¢1,00 = $0,00) L E(¢111 — do11)
10 — —Ww, .~ 00— " - N 11 = =, ~ -
E(ws, — ws,) EQ - ws,) E(ys,)

As a sanity check of Equation (6), we can verify that the denominator of 7, in Equation (6)

equals P(U = u), and the numerator equals E{(Y; — Yo)1(U = w)}, for u = 10, 00, 11. Based on
Corollary 1, we can improve the estimators in Examples 5-7. Denote the estimator for yyy, s, x) by

(6)

1(Z = 2If (Y, S, X) - B{f(Y,$, X)X, Z = z}]

FGD (1 - 206G D)) HEUES X2 =2,

Yf(y,.s,.x) =

where I@{ f(Y,S,X)|X, Z = z} is the fitted conditional expectation of f(Y, S, X) given X and Z = z.
When f(Y, S, X) = S, we have I@U(Y, S,X)|X,Z =z} = p,(X;7), which reduces to the esti-
mated principal score and results in the estimator P, ({s,) = Dz When f(Y, S, X) = YS, we have
IAE{ fY,8,X)|X,Z =2z} = up(X; ﬁ)pz(X ;7), which relies on both the principal score and outcome
mean.

Corollary 1 motivates the following estimators:

~ Pn((;gl,lo - $0,10) ~ Pn($1,00 - $0,00) ~ Pn($1,11 - $o,11)

0= — < ~ 0= —— =~ ~ - ===~ - (7)

Pu(@s, — ws,) P.(1 - ws,) P (s,)
where
~ e10X:7) ~ ~ | . PoX37) .
P10 = ———Wy,s, — H (X;ﬂ){l//s - —~Ws, ¢
MO ey e D PGy

~ eX:7) ~ ~ | . 1-piX:7)

Po,10 = —————<Wy,a-s, — Hoo(X; B) {WI—S - ——W1-s, (>
1-po(x;7) 07 C1-poy)

~ e X;7) ~ | . 1-piX:7) .

Po,00 = —————Wy,1-s,) + Hoo(X; B) {WI—S - o ~VYi-s, (>
1-pox;7) 07 C1-poy)
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~ ell(X;?)A ~ ) A~
111 = ————Wy,s, + u1(X; ) { Ws
1210652 . ’

b100 = Wy,a-s,)

_PO(X;?){I;S}
nXy '

do11 = Wy,s,-

These estimators for the PCEs are all in ratio forms, similar to the classic Wald estimator for the
complier average causal effect under the monotonicity and ER (Angrist et al., 1996).

Motivating estimators based on EIFs is a standard approach in semiparametric statistics. This
approach, however, involves advanced statistical theory. To add more intuition for the estimators
above, we offer an alternative perspective in the supplementary material based on model-assisted
estimation from the classic survey sampling theory. This extends the results on doubly robust and
model-assisted estimation for the average causal effect in unconfounded observational studies
(Kang & Schafer, 2007; Little & An, 2004; Lumley et al., 2011; Robins & Rotnitzky, 1998).

Interestingly, although the 7,,’s involve models for the treatment probability, principal score,
and outcome, their consistency does not require the correct specification of all three models. We
will characterize this triple robustness property in the next subsection.

4.2 | Triple robustness

The following theorem shows the triple robustness and local efficiency of the estimators con-
structed based on the EIFs.

Theorem 3 (Triple robustness and local efficiency). Suppose that Assumptions 1-3 hold, § <
{m(6 %), n(x; @)} <1—=6, and {p10ey*),p1(6:7),1 = po(x;v*),1 = po(x;7)} > & for some
6 € (0, 1) and all x in the support of X. Each estimator 7, in Equation (7) is triply robust
in the sense that it is consistent for 7, under Mipips U Miprom U Mpsiom. Moreover, 7, has
the influence function ¢, and therefore achieves the semiparametric efficiency bound under

Mtp+ps+om .

The regularity condition in Theorem 3 is similar to the classic overlap condition (D’Amour
et al., 2020; Rosenbaum & Rubin, 1983), which rules out small quantities in the denominators
of the estimators. Theorem 3 states that 7,, is consistent if any two of the three models are cor-
rectly specified, and locally efficient if all three models are correctly specified. For the variance
calculation of these estimators, we use the nonparametric bootstrap.

To gain more intuition, we then give the sketch of the proof for the triple robustness of
Tio = (IP’ndA)MO - IF’né)\o,w)/(IE”an/S1 —P,s,) and relegate additional technical details to the sup-
plementary material. For simplicity in this paragraph, let Miple = Miptps U Miprom U Mpsiom
denote the set containing at least two correct models. The denominator is consistent for E(S; —
So) = P(U = 10) under M, U Mps 2 Miiple. For the terms in the numerator, we calculate their
asymptotic biases in Section S7. In particular, ]P’nq’?l,lo — E{Y11(U = 10)} has the probability limit
B; + B, — B;, where

B =E [{M11(X)P1(X) — i (X; )P X5 ) Ha(X) — n(X; a*)}]

7(X;a*)
{r(X)Ppo(X; y*)p1(X) — 7(X; a*)po(X)p1 (X5 ¥ ) Hp11(X) — 11 (X; ﬁ*)}]
(X a*)p1(X; r*) |

Bz=E|:
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g [12&0 = 23 a) HpoX) — poX: v )} i (X3 7 |

B; =
1—7n(X;a*)

The bias B; equals 0 under Msiom U Myp; the bias B, equals 0 under Mypyps U Mom; the bias
Bs equals 0 under M, U M. Each of these three sets contains Mipie. As a result, ]P’n((ﬁl,m) is
consistent for E{Y;1(U = 10)} under Mysiple. Similarly, we can show Pn(é\o,m) is consistent for
E{Yo1(U = 10)} under Mipie. So the triple robustness of 73, holds.

The bias formulas above suggest that the proposed triply robust estimator would remain con-
sistent and asymptotically Normal under some regularity conditions when using nonparametric
or machine learning estimation for the nuisance functions z(X), p,(X), and p.(X), denoted by
7Z(X), Pz(X), and Ji,s(X). This property would be similar to that of the doubly robust estimator
for estimating the average causal effect in unconfounded observational studies (Chernozhukov
et al., 2018). In other contexts involving intermediate variables, Zheng and van der Laan (2017)
and Miles et al. (2020) have established similar results for multiply robust estimators. Theorem 4
formalizes the results for the proposed estimators using nonparametric or machine learning
estimation.

Theorem 4 (Triple machine learning estimation). Suppose that Assumptions 1-3 hold,

(@) {Z(x), Pz(x), fizs(X)} = {7(x), pz(X), uzs(X)} in probability for all x in the support of X,

(b) {Z(x), Po(X), Hizs(x)} and { z(x), p,(X), uzs(x)} are in a Donsker class,

(© 6 < {n(x),7(x)} <1=86, {P1(X),P1(X),1 = po(x),1 = Po(X)} > 6 and {|Figs(X)|, | pzs(x¥)|} <
C for some § € (0, 12, C > 0, and all x in the support of X, and

(A 118X) — gX)l2 X [h(X) — h(X)|l2 = op(n~/?), for any g # h € (x,pz. pzs), where || - ||
denotes the Ly-norm, that is, |[fX)||2 = [ f(x)*dFx(x).

Then 7, in Equation (5) is asymptotically Normal, has the influence function ¢,, and
achieves the semiparametric efficiency bound.

Conditions (a)-(d) are analogous to those for double machine learning estimation of average
causal effects (e.g. Bradic et al., 2019; Kennedy, 2016). The consistency in (a) and the rates of con-
vergence in (d) are well studied for commonly used flexible models. Condition (b) restricts the
complexity of the spaces of the nuisance functions and their estimators. The cross-fitting tech-
nique can be used to relax this condition (Chernozhukov et al., 2018). The conditions in (c) may
not be necessary but enable bounding the error |7, — P,¢,| by the summation of the terms in
the form of ||g(X) — gX)||2 X ||E(X) — h(X)||, with g # h € (x, p;, Hzs)- Thus, by Condition (d), the
results in Theorem 4 follow.

Section S3 in the supplementary material extends the identification and estimation framework
to two important scenarios under randomization, thatis, Z 1L (Si, Sp, Y7, Yo, X), and strong mono-
tonicity, thatis, S; > Sy respectively. We also establish robustness properties of the corresponding
estimators there.

5 | SIMULATION

We evaluate the finite-sample properties of various estimators at sample size n = 500. Generate
covariate X € R> by X; ~ N(0.25,1) for j=1,...,4, and X5 ~ Bernoulli (0.5). We use linear pre-

dictors, Cj = Xj — 0.25, or quadratic predictors, E‘j = (Xj2 -1/ \/5 forj=1, ..., 4. Generate the
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treatment by Z|X ~Bernoulli{z(X)}, the intermediate variable by S|(Z=2,X)~
Bernoulli{p,(X)}, and the outcome by Y|(Z=2,S=s5X)~ N{u,X),1}. To assess the
robustness of the estimators to model misspecification, we consider two different choices
for each of #(X), p,(X) and u,(X), summarized in Table 2. We indicate the models by
the name of the dependent variable and whether or not the predictors are linear. For
example, ‘tp:no’ is the model with n(X):ZZ;.LlC‘j/S, and ‘ps:yes’ is the model with
pX) =2{(2z— 1) - T\_,Gj}/5.
We calculate the true value of r, based on the identification formulas in Theorem 1 and the
true models. We then compare the following estimators for z,:
1. weighting estimators: 7, y.ps and %\l;,tp—ps given in Example 5;
2. regression estimators: 7, ip-om given in Example 6 and 7, ps—om given in Example 7;
3. triply robust estimators: 7, and 7, with parametric models and with flexible generalized
additive models for nuisance functions respectively.

We also consider the weighting estimator and the regression estimator in Ding and Lu
(2017), which are proposed under randomized experiments. Under ‘ps:yes’ and ‘ps:no’, we
estimate the principal score by logistic regressions with linear predictors X and (Xi,X3)
respectively; we estimate the outcome mean by linear regressions with the linear predic-
tor X. Therefore, under generative models with the label ‘yes’, the fitting models are cor-
rectly specified, while under generative models with the label ‘no’, the fitting models are
misspecified.

We compare the estimators in 2° = 8 scenarios depending on whether the treatment prob-
ability, principal score or outcome model is correctly specified. Figure 1 presents the violin
plots based on 1000 repeated sampling of the estimators. For all the three PCEs, the weight-
ing estimators 7, ¢pps and 7, tpps (indicated by ‘w1’ and ‘w2’ in the figures) are biased when
the treatment probability or principal score model is misspecified. The bias with a misspeci-
fied treatment probability is larger than that with a misspecified principal score because the
weights corresponding to the treatment probability are unbounded while the weights correspond-
ing to the principal score are bounded within [0, 1]. The weighting estimator in Ding and Lu
(2017) (indicated by ‘w3’ in the figures) performs similarly to 7, yp.ps and %\;,tp-ps’ because the
treatment is randomized under ‘tp:yes’. As our theory predicts, the regression estimator 7, ip-om
(indicated by ‘11’ in the figures) is unbiased under M p+om; the regression estimator 7, ps—om (indi-
cated by ‘r2’ in the figures) is unbiased under Mps,om. The regression estimator in Ding and
Lu (2017) (indicated by ‘r3’ in the figures) performs similarly to 7, .om in terms of bias. The
triply robust estimator 7, (indicated by ‘tr’ in the figures) is unbiased under Mp.ps U Mipsom U
Mps+om, verifying its triple robustness. With flexible models for the nuisance functions, 7, m
is unbiased under Mpyps U Miprom U Mpsyom and is less biased than other estimators in most
scenarios.

TABLE 2 Models for simulation with two specifications for each of logit{z(X)}, logit{p,(X)}, and p(X),
indicated by “Yes’ and ‘No’

logit{z(X)} logit{p,(X)} Hzs(X)
Yes 0 2{2z-1) - X1, G} /5 YL Gl +z+5)/4
No 230,Gi/s 2{2z-1) - L1, G}/5 Yo G +z+s)/4
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6 | APPLICATIONS TO TWO OBSERVATIONAL STUDIES
6.1 | Return to schooling

The dataset from the U.S. National Longitudinal Survey of Young Men contains 3010 men with age
between 14 and 24 in the year 1966. Card (1993) uses it to estimate the causal effect of education
on earnings, utilizing the geographic variation in college proximity as an instrumental variable
for education. Thus, the treatment Z is the indicator of growing up near a 4-year college; the
intermediate variable S is the indicator of whether the individual receives education beyond high
school; and the outcome Y is the log wage in the year 1976, ranging from 4.6 to 7.8. Monotonicity
is plausible because living close to a college would make an individual more likely to receive
higher education. To make principal ignorability plausible, we include the following covariates:
race, age and squared age, a categorical variable indicating living with both parents, single mom,
or both parents, and variables summarizing the living areas in the past. Unlike Card (1993), we do
not invoke the ER that living near a college affected the earnings only through education. Rather,
under principal ignorability, our analysis can assess the plausibility of the ER. Guo et al. (2014)
and Yang et al. (2014) used similar strategies to test the ER.

We use a linear model for the outcome mean and logistic models for the treatment probabil-
ity and principal score, and estimate the asymptotic variances by the nonparametric bootstrap.
Table 3 presents the results for the estimated proportions of principal strata (¢,) and PCEs using
the weighting estimators (7, ip-ps and %\;,tp-ps)’ regression estimators (7, ip-om and 7, ps—om), and the
triply robust estimator (7). We omit 7, m because it produces similar results as 7,,. All esti-
mators are close, except for the unstabilized weighting estimator. This is due to the extreme
fitted treatment probabilities. The estimators for 7oy and ;7 are not significant, suggesting no sig-
nificant evidence of violating the ER. The estimated 7y, is positive and statistically significant,
implying education has a positive effect on earnings. This finding corroborates with previous
analyses.

6.2 | Causal effect of flooding on health
We re-analyse a dataset from Guo et al. (2018) with 774 households in Bangladesh to investigate
the effect of flooding on children’s diarrhoea. The treatment Z is the indicator of whether a house-

hold was severely affected by the flood; the intermediate variable S is the indicator of whether

TABLE 3 Analysis of the national longitudinal survey of young men (all significant effects are in bold)

u=10 u =00 u=11
2, 7% (3%, 10%) 48% (46%, 50%) 45% (42%, 49%)
?u,tp,ps —0.87 (—1.69, —0.05) 0.10 (—0.25, 0.44) 0.50 (—0.06, 1.05)
?I'Mpfps 0.15 (0.00, 0.30) 0.01 (—0.04, 0.06) 0.02 (—0.04, 0.08)
?u,tp,om 0.09 (—0.03, 0.21) 0.02 (—0.02, 0.07) 0.01 (—0.05, 0.08)
?u’ps,om 0.12(0.03, 0.21) 0.02 (—0.03, 0.07) 0.01(-0.05, 0.07)
T, 0.10 (—0.01, 0.23) 0.02 (—0.03, 0.07) 0.01 (—0.05, 0.07)
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the per capita calorie consumption of the household was less than 2000 calories; and the out-
come Y is the number of days a child had diarrhoea. Monotonicity is plausible because the calorie
consumption would be negatively affected if the household was severely affected by the flood.
To ensure principal ignorability, we include the following covariates: gender, age, the size of the
household, mother’s education, father’s education, mother’s age and father’s age. As pointed out
by Del Ninno (2001), the ER might be violated due to an alternative pathway through mother’s
health. We use our method to evaluate this assumption by estimating 7y, and ;.

Again we use a linear model for the outcome mean and logistic models for the treatment prob-
ability and principal score. Table 4 presents the results for the estimated proportions of principal
strata and PCEs. The estimated 79 and 71; are both positive and the estimated 7, is statistically
significant, indicating that being affected by the flood tends to directly increase the number of
days of diarrhoea. This also confirms the suspicion of the violation of the ER in Del Ninno (2001).
Although the estimated 7y is positive, it is imprecisely estimated and not statistically significant,
due to the small proportion of stratum U = 10.

7 | DISCUSSION

PCEs characterize subgroup causal effects of important scientific meanings, providing insights
into the underlying causal mechanism between the treatment and outcome. We develop an identi-
fication and estimation framework for PCEs under principal ignorability. The proposed estimators
are analogous to those for the average causal effect in unconfounded observational studies. They
are easy to implement which involve the model fitting of the treatment, intermediate variable and
outcome conditional on baseline covariates. They are triply robust and locally efficient, naturally
extending the classic doubly robust estimator for the average causal effect.

In mediation analysis, Tchetgen Tchetgen and Shpitser (2012) develop a general semiparamet-
ric framework for the direct and indirect effects. They focus on two scalar estimands, the natural
direct and indirect effects, in the overall population. In contrast, we focus on the treatment effects
within principal strata, resulting in more estimands in different subpopulations. Although the
PCEs and the direct and indirect effects are related in certain scenarios (Forastiere et al., 2018;
VanderWeele, 2008, 2011) there is no universal relationship between them, and the PCEs are
applicable to a number of applications other than mediation analysis. Moreover, as discussed
in Section 2, the identification assumptions in the two methods concern different aspects of the
relationship between the potential outcome and the potential intermediate variable.

TABLE 4 Analysis of the flood data (all significant effects are in bold)

u=10 u=00 u=11
2y 9% (2%, 15%) 45% (41%, 50%) 46% (41%, 51%)
?u,tp_ps 0.74 (=3.60, 5.09) 0.98 (0.19,1.77) 1.97 (-0.52, 2.47)
-?"“p_ps 0.86 (—3.35, 5.07) 0.92(0.13,1.71) 1.11 (—0.36, 2.58)
i—‘u‘tp_om 1.74 (-3.55, 7.03) 0.93 (0.10,1.77) 1.01 (—0.45, 2.47)
%‘u,ps-om 1.50 (—3.01, 6.01) 0.92 (0.09, 1.75) 1.10 (—0.33, 2.53)
7, 1.51 (—3.68, 6.71) 0.88 (0.05,1.71) 1.10 (—0.33, 2.53)
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We can generalize the theory to other causal estimands within principal strata by invoking
a stronger version of principal ignorability: Y; L U|(Z=1,S=1,X) and Y, L U|(Z=0,S=
0,X). Under this assumption, we can identify the effects on a transformation of the outcome:
E{h(Y1,X)|U = u} — E{h(Yy, X)|U = u} for any function g(-). This further ensures the identifica-
tion of distributional or quantile causal effects within principal strata. Similar to the main paper,
we can also derive EIFs and propose robust estimators for these causal estimands.

More generally, we can extend the results to deal with a continuous S, where the num-
ber of principal strata is infinity. The principal score becomes the conditional density of U =
(S1, So) given covariates, which is not identifiable even under monotonicity. Therefore, the exten-
sion requires more sophisticated identification and estimation strategies. We leave the technical
investigation to future research.
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Supplementary Material

Section [S1f establishes the balancing properties of the treatment probability and principal score,
and discusses an alternative estimation strategy for them based on these balancing properties.

Section provides an alternative motivation for the triply robust estimators based on model-
assisted estimation in survey sampling.

Section [S3] extends the identification and estimation framework for the PCEs to two scenarios
under randomization and strong monotonicity, respectively.

Section [S4] proposes sensitivity analyses for principal ignorability and monotonicity, respectively.

Section [S5] proves the identification results, including Theorem [I] in the main text, Theorem [ST]
Section and Theorems [S5] and [S§|in Section

Section [S6| proves the EIFs, including Theorem [2] in the main text, Theorems [S2] and [S4] in
Section [S3] and Theorems [S6| and [S9 in Section [S4}

Section [S7] proves the multiple robustness and local efficiency, including Theorems [3] and [] in the

main text and Theorems [S7 and in Section [S3]

S1 The role of covariate balancing

S1.1 Balancing properties

In observational studies, Rosenbaum and Rubin (1983) prove the balancing property of the treatment
probability: the covariate distributions are the same in the treatment and control groups conditional
on it or weighted by its inverse. Now we generalize this result to the balancing properties of both

the treatment probability and principal score.

Theorem S1 (Balancing properties) For any function h(X) that has finite moments E{h(X) |
U=u} < oo foru=10,00,11, the following three sets of balancing conditions hold.

(a) Corresponding to stratum U = 10, we have
SECETGIELIRES,

E{pl(X)_pO(X) > h(X)} - pr—po  1—po(X)1—7(X)

p1—po  p1(X) 7(X)
- [SZ/W(X) ~S(1-2)/{1 —w(X)},
P1— Do
_ E{pl(X)—po(X)
P1 —Po

h(X)}
)

h(X)} .

(b) Corresponding to stratum U = 00, we have

(1-9)Z B l-p(X) 1-8 1-Z2
E{u—pl)w(X)"(X)} - E{ T 1—p0(X)1—7T(X)h(X)}
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(c) Corresponding to stratum U = 11, we have

B TR ) = E )] = B0}

Under Assumptions[1] and[3, the three formulas in () ~(d) equal E{n(X) | U = u} for u = 10,00, 11,

respectively.

Theorem [S1| generalizes the two-way balancing properties in \Ding and Lu (2017) to the four-way
balancing properties. The terms involving p; and pg cancel in the above formulas. Nevertheless, we
keep them to aid interpretation.

For each principal stratum, the balancing conditions consist of the expectations of ~A(X) in pseudo-
populations defined by four different weights. Because all except one of the weights involve the
principal score, we would still have all these balancing conditions even in randomized experiments.
Therefore, Theorem provides more balancing conditions than those in |Ding and Lu (2017)). Al-
though these weights take different forms, the conditional expectations of them given X are the
same. For example, based on the discussion under Theorem [} the conditional expectations of the
weights in Theorem [S1j(a) all equal ejo(X)/e10. A similar discussion applies to the weights in Theo-
rem [S1|(b) and (c).

The identities in Theorem [S1| follow from the multiple expressions of E{h(X) | U = u}. Because
any functions of covariates are unaffected by the treatment within principal strata, the PCEs on
h(X) are all zero. Then, the first identity in each of the three formulas can be viewed as special
cases of Theorem [I|(a) with Y replaced by h(X). For example, by replacing Y with 2(X) in Theorem
[}(a), the two terms on the right-hand side both equal E{h(X) | U = u}. This yields the first
identity in Theorem [SIja). On the other hand, E{h(X) | U = u} is the expectation of h(X)
over the distribution of X within stratum U = u. Therefore, we can obtain the second and third
identities in each of the three formulas by replacing the outcome mean difference with h(X) in
Theorem [I{b) and (c). Theorem [SI|c) has one fewer identity than (a) and (b), because the identity
obtained from Theorem [l a) coincides with that obtained from Theorem[I[b). Although the heuristics
come from Theorem [I, the formulas in Theorem [S1] hold as long as the treatment probability and
principal score are correctly specified; they do not require Assumptions [IH3] If Assumptions [I] and 2]

hold, then we can connect them with the expectations of h(X) within principal strata.
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S1.2 Applications of balancing properties

First, the balancing properties in Theorem are the theoretical foundation for model checking
of the treatment probability and principal score without touching the outcome data. Theorem [S]|
holds with the true treatment probability and principal score. Therefore, any empirical violations of
the balancing properties provide the basis for refuting the models of the treatment probability and
principal score. Checking for these balance conditions does not involve modeling the outcome mean.
With such a balance checking procedure, it is reasonable to favor the estimators that are consistent
under Mpyps (€.8., Tu tp-ps and 7y,) over those that are consistent only under Moy (€.8., Ty, tp-om and
Tu,ps-om)-

Second, by choosing different h(X) in Theorem , the balancing properties imply infinitely
many moment conditions. This allows for an alternative approach to constructing more efficient
estimators. In the context of missing data, Graham (2011)) proposes a strategy to utilize all the
moment conditions from balancing properties, which turns out to be equivalent to the approach based
on the EIF. Similarly, for each PCE, we can leverage the moment conditions implied by Theorem
to improve the estimators in Examples The resulting estimator will be the same as the proposed
triply robust estimator.

Lastly, the balancing properties provide an alternative estimation strategy for 7(X; ) and p,(X; )
by constructing estimating equations based on the identities in Theorem For example, the iden-

tities in Theorem [S1|(c) imply estimating equations

' S Z B s(1—-2) B _
B {00} = e { U0 | = B (o)

for any h(X). The identities in Theorem [S1ja) and (b) imply other estimating equations. We can
choose a set of h(X), and then solve the corresponding estimating equations to obtain estimators of
and 7. This strategy is similar to the covariate balancing propensity score (Imai and Ratkovic, 2014])
for estimating the average causal effect in observational studies. We can also construct balancing
weights for estimating the PCEs based on Theorem similar to the strategies for estimating the
average causal effect (Zubizarreta, 2015; Tan, 2020). We do not pursue this direction in the current

paper and leave it to future work.

S2 Connection with model-assisted estimation

To gain more intuition about the EIFs and the identification formulas, we provide an interpretation

of @ based on the model-assisted estimation for the PCEs. In observational studies for the average
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causal effects, augmented inverse probability weighting and some model-assisted estimation strategies
are equivalent, both leveraging outcome modeling to improve efficiency and robustness (Robins and
Rotnitzky, 1998; |Little and An, 2004; Kang and Schafer, 2007, Lumley et al., 2011). However, as
far as we know, analogous connections are missing between multiply robust estimation and model-
assisted estimation. As an extension, we make a modest contribution to show that this equivalence
also holds between @ and certain forms of the model-assisted estimation for the PCEs.

We focus on 71¢g. It has the following ratio form:

_E{Mi1(U = 10)} — E{Yp1(U = 10)}
o= E(S; — So) '

(S1)

We first discuss the model-assisted estimation for the denominator E(S;—Sp). The potential outcome

S, decomposes into two terms based on its model given X, i.e., the principal score p,(X) = E(S, | X):
E(S:) = B{S: = p-(X)} + E{p-(X)}, (2=0,1). (52)

Applying the inverse probability weighting formula to E{S, — p.(X)} yields

Z{S - m(X)} (1= 2){S —po(X)}
7(X) 1 —m(X)

E(S) = E +p1<X>], E(So) =E[ (X))

This leads to E(S; — So) = E(¢s, — vs,), the model-assisted estimation formula for E(S; — Sp),
which involves the treatment probability and principal score. Subtracting p.(X) from S, reduces
the variation in S, and thus the model-assisted estimator improves the efficiency over the simple
weighting estimator. This recovers the classic doubly robust estimator (Bang and Robins, 2005).
Similarly, E{¢ ¢y, 5. x)} is the model-assisted estimation formula for E{ f(Y>, 5., X)} with the model
of (Y2, 5., X).

We then discuss the model-assisted estimation for the numerator of . Decompose it based on

the outcome mean:
E{Y1 = p11(X)}1(U = 10)] + E{p11(X)1(U = 10)}. (S3)

Applying the inverse probability weighting formula in Theorem (a) to the first term of yields

E[{(Yi — (X)L =10)] = E elo(X)I)le)W(ZX){Y—ull(X)} ;

applying the model-assisted estimation formula to the second term of yields

E{u11(X)1(U =10)} = E{p11(X)(S1 — So)} = E{p11(X)(¥s, — ¥s,)} -
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Importantly, the quantities inside the above two expectations sum to ¢ 10:

S Z

(X)) ) ()

{Y = pnn (X))} + 011 (X) (s, — hsy) = d1,10, (54)

which proves that E(¢; 10) is the model-assisted estimation formula for E{Y;1(U = 10)}. Similarly,
E(¢0,10) is the model-assisted estimation formula for E{Yp1(U = 10)}. As aresult, the model-assisted
estimation formula for 7 coincides with the one derived in @

The above perspective explains the efficiency gain of the estimator 7, (v = 10,00,11) over the
simple weighting estimators. More surprisingly, they also improve robustness over all estimators in

Examples as shown in Section [£.2]in the main paper.

S3 Extensions

We extend the general identification and estimation framework for the PCEs in Section [4] to two

important scenarios with different assumptions.
S3.1 Randomized experiments

In randomized experiments, a stronger version of Assumption [I] holds.

Assumption S1 (Randomization) Z.1(S1, Sy, Y1, Yo, X).

Under Assumption the identification formulas in Theorem (1| hold by replacing 7(X) with
7. Theorem [I|(a) reduces to the identification formulas in [Ding and Lu (2017). Moreover, Theo-
rem [1[b) and (c) provide two additional identification formulas for each of the PCEs. Under ran-

domization, the EIFs have simpler forms, as shown in the following theorem.

Theorem S2 (EIFs under randomization) Suppose 71,’s are identified by the formulas in Theo-
rem with ©(X) replacing by w. Under Assumption the EIFs for the PCEs are the same as those
in Theorem [§ with ©(X) replaced by .

Theorem [S2] demonstrates that knowing the treatment probability does not change the EIFs for
the PCEs, which is similar to |[Hahn (1998)’s result that knowing the treatment probability does not
change the EIF for the average causal effect in uncounfounded observational studies. We recommend
adopting our estimators 7, even in randomized experiments. The following theorem shows the double

robustness property of these estimators, which is a direct application of Theorem [3]

Theorem S3 (Double robustness and local efficiency under randomization) Suppose Assump-

tions[3[3, and[ST hold, § < {m, 7 (x;&)} < 1-8, and {p1(z;v*),p1(2;7), 1—po(@;7*), 1—po(z;7)} > 0
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for some 6 € (0,1) and all x in the support of X. The estimator 7, (u = 10,00,11) is doubly robust
in the sense that it is consistent for T, under MpsUMon,. Moreover, T, achieves the semiparametric

efficiency bound under Mpstom.

In randomized experiments, the treatment probability is always correctly specified by including
the null model and thus the triple robustness simplifies to the double robustness with respect to the
principal score and outcome mean. Because the treatment probability does not depend on X under
randomization, we can simplify 7, by replacing the estimated propensity score with the estimated
treated proportion. However, if Mpsiom does not hold, then using the estimated propensity score
might improve the efficiency of the estimator. This has been pointed out by Shen et al. (2014) for
the inverse probability weighting estimator of the average causal effect under randomization.

Ding and Lu (2017) propose model-assisted estimators for the PCEs. However, their estimators
are not based on the EIFs and use only the principal score model, without using the outcome model.
As a result, their estimators are neither doubly robust nor semiparametrically efficient. Even in

randomized experiments, their estimators are suboptimal, and we propose improved estimators.
S3.2 Strong monotonicity

When strong monotonicity holds, we have stronger results below.

Assumption S2 (Strong monotonicity) Sy = 0.

Assumption implies S; > Sy and is thus stronger than Assumption [2] Assumption [S2] elimi-
nates principal strata U = 11 and U = 01, and restricts po(X) = pp = 0. Therefore, there are only
two principal strata U = 10 and U = 00. The identification formulas for 7¢ and 799 can be obtained
by applying these restrictions in Theorem [1] The following theorem gives their EIFs and shows the

triple robustness property of the corresponding estimators.

Theorem S4 (EIFs and triple robustness under strong monotonicity) Suppose 119 and Ty
are identified by the formulas in Theorem |1 with po(X) = pg = 0. Under Assumption the EIFs
for 10 and 199 are the same as those given in Theorem with po(X), po and g, set to 0. Suppose
further that § < {m(z;a*),m(x;&)} <110, and {p1(x;7*),p1(z;7)} > & for some § € (0,1) and all
x in the support of X. The estimator 7, (u = 10,00) is triply robust in the sense that it is consistent
for Ty, under Mipips UMipromUMpsiom. Moreover, T, achieves the semiparametric efficiency bound

under Mipypstom-
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We use the same estimators 71¢ and 7yg for 719 and 799, because empirically the data would inform
that po(X;7) = po = 0 and 121\30 = 0. The triple robustness of Ti¢ and Ty is the same as that given
in Theorem |3 except that the models of po(X) and po1(X) are no longer needed.

S4 Sensitivity analysis

Assumptions[2|and[3|are crucial for the nonparametric identification of the PCEs. However, these two
assumptions cannot be easily justified by prior knowledge and may be violated in some applications.
Therefore, we extend the sensitivity analysis in Ding and Lu (2017)) from randomized experiments to

observational studies and derive the semiparametric efficiency theory for the sensitivity analysis.
S4.1 Sensitivity analysis for principal ignorability: method

Assumptions [3]is violated if there are latent confounders between the principal strata and outcome.

For the sensitivity analysis, we assume the following tilting model:

E(Y,|U =10,X)
EY, |U=11,X)

E(Yo | U = 10,X)
E(Yy | U = 00, X)

— a1 (X), — eo(X). (35)

Under ([S5), we can treat € (X) and eo(X) as sensitivity parameters. If €;(X) = (X) = 1, then
Assumption [3| holds. When the outcome is non-negative and €;(X) and €(X) are constant not
depending on X, effectively assumes log-linear models on the outcome on the latent U and
X, similar to [Scharfstein et al. (1999). Model also extends |Ding and Lu (2017) by allowing
the sensitivity parameters to depend on X, e.g., €,(X) = exp(—X"7,) for z = 0,1. The following
theorem establishes the nonparametric identification of the PCEs when the sensitivity parameters

are known.

Theorem S5 Under Assumptions [1, [4 and with known €1(X) and eo(X), e, > 0 for u =
10,00,11, and 0 < w(x) < 1 for all x in the support of X. Define

61(X)€10(X) + 61(X)€11(X)
e1(X)ewo(X) +en(X) 7
e10(X) + eoo(X)

wooo(X) = e0(X)e10(X) + ego(X)’ win(X) =

The following identification formulas hold for the PCEs.

eo(X)e10(X) + €0 (X)ego(X)
eo(X)e1o(X) + ego(X)
610(X) + 611(X)

61(X)€10(X) +611(X)'

wio0(X) = wo,10(X) =

(a) Based on the treatment probability and principal score,
E{wmg(X)ew(X) S A Y} _E{w0710(X)€10(X) 1 —S 1-Z Y}
pr—po  pi(X)7T(X) pi—po l-po(X)1-m(X) J’

o 1-5 Z . WQyoo(X)eoo(X) 1-5 1-Z
w = B M s T )

710 =

ST



B winn(Xen(X) S Z S 1-z
T = E{ - pl(X)ﬁ(X)Y} E{polﬁ(X)Y}'

(b) Based on the treatment probability and outcome mean,

. E { Sz s(1-2) }wl,lo(X)un(X) _WO,IO(X),UOO(X)]

. (X)) 1-7(X) L Do ’
o= SZ O\ pio(X) — wo,00(X)poo(X)

oo = B {1 W(X)} P1— Do }7

- g|81=2) w1,11(X)/~011(X)—M01(X)]

o |1 - 7(X) P1— Po '

(¢) Based on the principal score and outcome mean,

o = E -M{wl,w@()un(){) - WO,IO(X),UJOO(X)}} ;
L P1 — Do

To0 = E 11_51()(){#10()() - WO,OO(X)NOO(X)}:| )
L Y41

1 = E po}(?j() {wr 11 (X)p11(X) - ﬂOl(X)}] :

Theorem is analogous to Theorem [I] These formulas motivate the estimators for the PCEs
by replacing the components with their empirical versions. Similar to Section we can derive the

EIFs for the PCEs under (S5]) as a guidance to propose more principled estimators.

Theorem S6 Suppose 7,’s are identified in Theorem . The EIF for mg is gzb’lo = {¢ll,10 — ¢6710 —
7-10(1/}51 - 1/150)}/(?1 - pO)a where

, wi10(X)eo(X) ~ whio(X)pn (X) _ p(X)
(;51,10 pl(X) ¢Y151 El(X) {1/} 0 pl(X)l/J 1}7
p ~ wo,10(X)e1o(X) wg.10(X ) poo(X) 1 —pi1(X)
thao = SR - — R {vns - s -

The EIF fOT’ T00 18 (f)60 = ( ,1’00 — ¢6,0U — 7'001/)1_51) /(1 — pl), where (z)ll,OO = (;51700 and

& = WOvOO(X)GOO(X)w wg 00(X) 1100 (X) { R Ll(X)i/Jl ; }
" T=p(X) T () T ()
The EIF for 71y is ¢y = ( 11— o1 — T11%s,) /po, where $0.11 = ¢o,11 and

wi11(X)enn (X) wi 11 (X) 1 (X)  po(X)
) oo e

We can construct estimators for the PCEs by solving the estimating equation P, ¢!, = 0 with the

qsll,ll = wY151 +

components replaced by their empirical versions:

~ P ( /1,10— 6,10) ~ P ( /1,00_%,00) ~ P ( I1,11—¢6,11)

Tio = = = v Too = = v Tl = =~
Pn(djsl - 1/}5'0) Pn(l - wsl) Pn(wso)
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When € (X) = €p(X) = 1, these estimators reduce to 7, given in Section Unlike 7,,, they are not
triply robust but only doubly robust, similar to Tchetgen Tchetgen and Shpitser (2012)’s sensitivity

analysis for the natural direct and indirect effects.

Theorem S7 Suppose Assumptions[d,[3 and hold with known €1(X) # 0 and eo(X) # 0. Sup-
pose further that § < {m(x;a*), m(z;&)} < 1-4, and {p1(2;7*), p1(z;7), L=po(z;7*), L=po(x;7)} > 0
for some & € (0,1) and all z in the support of X. The estimator 7,, (u = 10,00, 11) is doubly robust
in the sense that it is consistent for T, under Mipips U Mpsiom. Moreover, 7, has the influence

function ¢, and therefore achieves the semiparametric efficiency bound under Mipypstom-

Our sensitivity analysis estimators require a correct principal score model, weakening the triple

robustness to double robustness.
S4.2 Sensitivity analysis for principal ignorability: examples

We first re-visit the example in Section [6.1] to assess the robustness of the conclusions to the violation
of principal ignorability. For the ease of presentation, we assume the sensitivity parameters not
dependent on X, i.e, €9(X) = €9 and €;(X) = €1, and vary them from 0.75 to 1.25. The upper panel
of Figure displays the contour plots of the estimated 79, 799, and 717 with different values of
(€0, €1). When principal ignorability holds (eg = 1,e; = 1), Tig is positive. However, the estimate
varies from negative to positive with small changes of (€p,€1) from 0.75 to 1.25. This implies that
the result is sensitive to the violation of principal ignorability. Similar discussions apply to Too and
Ti1-

We then re-visit the example in Section [6.2] The lower panel of Figure displays the contour
plots of the estimated parameters. Unlike the example in Section the result is not very sensitive
to the violation of principal ignorability. In particular, Ti¢ changes the sign only when €; becomes

close to 1.25, Ty remains positive in a wide range of €y, and 71 remains positive for all values of €;.
S4.3 Sensitivity analysis for monotonicity

Without monotonicity, we have an additional stratum U = 01. In this case, the proportions of
principal strata are not identifiable without further assumptions. Define the sensitivity parameter as
the ratio between the proportion of stratum 01 and stratum 10 conditional on the covariates,

Pr(U =01 | X)
Pr(U=10] X)’

X)) = (S6)

It characterizes the deviation from monotonicity. If £(X) = 0, then monotonicity holds. Ding and

Lu (2017) discuss a special case with £(X) being a constant.
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Figure S1: Sensitivity analysis for Sections (6.1 (top) and (bottom).

For a fixed sensitivity parameter £(X) # 1, we can identify the principal scores by

ce10(X) = PR, cen(X) = 1— po(X) — PEIRA), &
een1(X) = pr(X) = BEIRE) e () = SUREImO)

and the proportions of principal strata by e¢, = E{e¢,(X)} for all u. When £(X) = 1, strata 10
and 01 have equal proportions. This corresponds to the boundary case when the treatment has zero

average causal effect on S. We rule out this boundary case because the principal scores are not
identifiable.

Without monotonicity, we need to extend principal ignorability to include stratum 01.

Assumption S3 (Principal ignorability without monotonicity) E(Y; | U = s;1, X) = E(Y1 |
U=50,X) for s1=0,1 and E(Yp | U = 159, X) = E(Yy | U = 059, X) for so =0,1.

The following theorem establishes the nonparametric identification of the PCEs with a known

§(X).
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Theorem S8 Under Assumptions and with a known &(X) # 1, egy > 0 for u =
10,00,11, and 0 < 7(x) < 1 for all = in the support of X. The following identification formulas hold
for the PCFEs.

(a) Based on the treatment probability and principal score,

ec10(X) S Z } {6510(X> 1-5 1-Z }
= EJ{—= Yy —E{ = vy,
T10 { eg10  p1(X) m(X) eci0 1—po(X)1—7(X)

ec10(X) S Z } {6510(X) 1-5 1-Z }
= E{— Y —EL = v,
o { €¢,10 p1(X) TF(X) ee10 1 — po(X) 1-— 7T(X)

. 65711(X) S A - 65711(X) S 1-Z
o= E{ e p1<X>7r(X>Y} E{ cens po<X>1—7r<X)Y}’

- E{eg,m(X) 1-S z Y}_E{egm(X) 1-§ 1-Z Y}.
ecor 1 —pi(X) m(X) ecor 1—po(X)1—m(X)

(b) Based on the treatment probability and outcome mean,

o = E { 57 N S(L—-2) }Mn(X)—Moo(X)]
{1 =&(X)m(X) {1 =X H1L - 7(X)} €¢,10 ’
o = E {1_ SZ . X)s-2) }MO(X) —MOO(X)}
I {1-€X)n(X) {1 =X H1 - 7(X)} €£,00 ’
SR [ 5 S0-2) ) —im)]
LU {1 =&(X0m(X) - {1 = EXO)HT - (X))} eg,11 ’
o = E { §X)5z X)S(1-2) }Mlo(X)—Mm(X)]
{1-¢(X)pm(X) {1 =X)L —m(X)} e¢,01 '
(¢) Based on the principal score and outcome mean,
no = B[ (0 - )]
- c6.10 N
mo = |0 0000 o)}
- €6,00 :
= B[S 00 - (0}
mo= B 0000 0y
€¢,01 _

Theorem is analogous to Theorem [I] These formulas motivate the estimators for the PCEs
by replacing the components with their empirical versions. Similar to Section we can derive the
EIFs for the PCEs under (S6) as guidance to propose more principled estimators. For simplicity, we

only give the result for 719.

Theorem S9 Suppose 7,’s are identified in Theorem[S8. The EIF for ig is

* 1 * * TIO(w,S'l — wso)
qbl() - % {(¢1,10 - ¢0,10) - 1_5()()} )
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where

) P1(X) = po(X) 3 Mn(X) ~ po(X)

% = e 07 1) {% p1<X>‘”51}’

. p1(X) — po(X) oo (X) 1 —p1(X)

%o = e <X>}¢Y°“S°>‘1s<>{¢ = T

We can construct estimators for the PCEs by solving the estimating equation P, ¢; = 0 with the

components replaced by their empirical versions, e.g.,

~ (¢1 ,10 ¢E§ 10)
Ti0 =
(wsl wso)

When £(X) = 0, these estimators reduce to 7, given in Section The following theorem shows

the triple robustness and local efficiency of the estimators constructed based on the EIFs.

Theorem S10 Suppose Assumptions|[l, and hold with a known §(X) # 1, 6 < {m(z;a*),m(x; &)} <
1 =19, and {p1(z;7*),p1(x;7),1 — po(x;7*), 1 — po(z;7)} > & for some § € (0,1) and all x in the
support of X. The estimator 7, (u = 10,00,11,01) is triply robust in the sense that it is consistent
for 1, under Mipyps U Miprom U Mpsiom. Moreover, T, has the influence function ¢;, and therefore

achieves the semiparametric efficiency bound under Mipipstom-

S5 Proof of the identification results

Throughout the proofs, we will use f(-) to denote the probability density functions for continuous
random variables and the probability mass functions for discrete random variables. We will use the
law of total expectation repeatedly and will mark the steps with LOTE. We will use the following

lemma repeatedly, the proof of which is straightforward.

Lemma S1 Let X and Y be two random variables with densities f1(z) and fa(y). For any function

h(-) with E{h(X)} < oo, we have

E{h(X)} =E { ;EQ h(Y)} .

S5.1 Proof of Theorem

It follows from the LOTP and Lemma by conditioning on X. We omit the details due to the

length of the supplementary material. The earliest ArXiv version of our paper contains the details.
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S5.2 Proof of Theorem

We prove only the identification formulas for 779 and omit the similar proofs of the identification

formulas for 99 and 711. We have

0 = E(Y;|U=10)—-E(Y, | U = 10)

= E{E(V1 |U=10,X)|U =10} —E{E(Yp | U =10,X) | U = 10}

= E{E(Y1|U=100r 11,X)| U =10}
—E{E(Yy |U =10o0r 00,X) | U =10} (Assumption [3)

= E{E(Y|Z=1,U=10or 11,X) | U = 10}
~E{E(Y | Z=0,U=100r 00,X) | U =10} (Assumption

= E{E(Y|Z=1,8=1,X)|U=10} —E{E(Y | Z=0,5=0,X) | U = 10}

— B{n(X) | U = 10} — E{uoo(X) | U = 10}, (58)
Theorem [S1| ensures that for any h(X),
E{n(X)|U =10} = E[{ﬂf}z() - f(_lg(g}pff(ﬁo]’ (89)
_ p1(X) — po(X)
- E {pl — h(X)} . (S10)
Applying to the two terms in , we obtain
_ SZ (1-2)\ pa(X) — poo(X)
o= me 1 —w<X>} P o } |

b). Applying (S10) to the two terms in (S8), we

which is the identification formula in Theorem [I|

obtain

ro=E [191<X>—PO<X>
b1 —Ppo

which is the identification formula in Theorem [I|c)

{p11(X) - uoo(X)}] 7 (S11)

We finally prove the identification formula in Theorem (a). We have,

elo(X) S Z
g {pl — po p1(X) W(X)Y}

[ { Popl(X) (i(

Y | X}] (LOTE)

= E

|

e10(X)

1-5

1-7

b1

—pol—po(X)1—7(X)

')

pl

|
&=

6’10
{ 610
p1 — po
610

—L5=1] X)Mu(X)}

g X))
)un(X)} ,
1-S 1—

Z

_ E[E{

S13

pol —po(X)1—7(X

Y | XH (LOTE)



ew(X) P(Z=0,5=0]X) }
= E X
e e s o
X) —po(X
R GEEE W
P1— Do
which, coupled with (S11)), imply the identification formula in Theorem (a). O

S5.3 Proof of Theorem

We prove only the identification formulas for 79 and omit the similar proofs of the identification

formulas for 199 and 711. We have,

(X)) = E(ViZ=1,S=1U=10,X)P(U=10|Z=1,8=1,X)
VE(Y, | Z=1,S=1U=11L,X)P(U=11|Z=1,§=1,X) (LOTE)
= EVi|U=10,X)P(U=10|Z=1,8=1,X)
+E(Y; |U=11,X)P(U=11|Z=1,8=1,X) (Assumption 3)

= E(Y;|U =10,X) e10(X) e11(X)

+EM |U=11,X)-

e10(X) + en(X) 10(X) + enn(X)
- 06U =00 e ey O 6D)
Therefore,
E(vi|U=10,X) = ét(lﬁtﬁgi j: Zig;}““()() = wi,10(X)p1(X). (S12)
Similarly,

E(Yy|U=10,X) = 612‘?}%:%?; 1 Zgggﬁ;}uoo()() = wo,10(X) oo (X).

The above two formulas imply

0 = E{E(V1|U=10,X)|U =10} —E{E(Y | U = 10,X) | U = 10}

= E{wi,10(X)p1(X) | U =10} = E{wo,10(X)poo(X) | U = 10}. (513)

Applying to the two terms in (S13]), we obtain

B SZ  S(1—2)\ wii0(X)u11(X) — wo,10(X)poo(X)
e {5 T ) o | S

which is the identification formula in Theorem [S5{(b). Applying (S10) to the two terms in (S13)), we

obtain

o = E [m(X) —po(X)

B0 10O (X) = eoaal Ko 03 s15)
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which is the identification formula in Theorem (c)
We finally prove the identification formula in Theorem [S5|(a). We have

w1 10(X)€10(X) S A
e e

_ wi,10(X)ewp(X) S 4
- { { po p1(X) W(X)Y} |X} (LOTE)
_ wi,i0(X)e(X)P(Z=1,5=1]X)
- g o )]
= E{pl )w1,10(X)/~t11(X)}7
and
wo, 10 610 ) 1-5 1-7
E{ —po  1—=po(X)1—m(X) }
wo, 1[) elo(X) 1-S 1-Z
- E [E{ Y 1] ot
_ wo,10(X)ew(X) P(Z=0,5=0]X)
- T s ()}
- E {WWOJO(X)MOO(X)} ;
which, coupled with , imply the identification formula in Theorem a). O

S5.4 Proof of Theorem

We prove only the identification formulas for 719 and omit the similar proofs of the identification

formulas for 790, 711, and 791. Under Assumptions [I] and [S3| we have

EV1 |U=10,X) = EM | S =1X)=pun(X).

Therefore,
EY1|U=10) = E{E(Y1|U =10,X)|U =10}
= E{pu(X)|U =10}
Pr(U =10 | X)
= X L 1
E{ e —10) 1l )} ( emma
e X
= E{g’lo( )Mu(X)}-
€¢,10
Similarly,

65,10(X)

E(Y, |U=10) = E{
€¢.10

Moo(X)} :
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The above two formulas imply

o = E{M{mm—umm}] (S16)

€¢,10

which is the identification formula in Theorem [S§(c). Applying Theorem [SI|(a) to (S16), we have

S E{pl(X)—PO(X)MM(X)—MOO(X)}
1—€(X) 65’10
_ Sz S(A—-2) pu(X) — poo(X)
lE =) {1—5(X)}€£,10]

which is the identification formula in Theorem [S§|(b)

We finally prove the identification formula in Theorem (a). We have

65710(X) S A
E{ ee10 p1<X> <X>Y}

eg 10 S VA } :|
Y X LOTE
[ { 6510 Pl(X) m(X) | ( )
65 10 = 1 S =1 ’ X) }
= E X
{ 6510 p1(X)m(X) p(X)
_ E{ef (X )} (S17)
€¢,10
and
65 10 ) 1-7 }
E Y
{ 6510 1 —p()(X) 1—7T(X
€¢, 10 1 — -7 } :|
= (LOTE
|: { 65 1() ( 1 — 7T(X )
65 10 = 0 S =1 | ) }
= E foo(X)
St )t
e X
- efenl ) -
€¢,10
which, coupled with (S16)), imply the identification formula in Theorem a). O

S6 Proof of the EIFs

In this section, we prove Theorems [2] [S2] [S3| [S4] [S6] and [S9
S6.1 Proof of Theorem

S6.1.1 Preliminaries

We will use the semiparametric theory in Bickel et al. (1993)) to derive the EIFs. Let V = (X, Z,5,Y)

be the vector of all observed variables with the likelihood factorized as
fV) = fXfZ[X)f(S12,X)fY |28, X). (S19)
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For z = 0,1 and v = 10,00, 11, let p,, be the identification of E(Y, | U = u) given in Theorem
Then, we have 7, = p14 — pto,u- To derive the EIFs, we consider a one-dimensional parametric
submodel, fp(V'), which contains the true model f(V') at 8§ =0, i.e., fo(V)|g=0 = f(V). We use 6 in
the subscript to denote the quantity with respect to the submodel, e.g., pt, 46 is the value of ., in
the submodel. We use dot to denote the partial derivative with respect to 0, e.g., i, 4.0 = Optzu0/00,
and use sg(-) to denote the score function of the submodel. From , the score function under the

submodel of can be decomposed as
so(V) =so(X) +380(Z | X) +59(S | Z,X) +(Y | S, Z, X),

where syp(X) = Jlog fo(X)/00 , sp(Z | X) = Olog fo(Z | X)/00, s¢(S | Z,X) = Olog fo(S |
Z,X)/00, and sp(Y | S,Z,X) = Olog fo(Y | S,Z,X)/00 are the score functions corresponding to
the four components of the likelihood. Analogous to fp(V)|9=0 = f(V), we write so(-)|g=0 as s(-),
which is the score function evaluated at the true parameter under the one-dimensional submodel.

From the semiparametric theory, the tangent space
A=H ® Hy® H3d Hy (820)
is the direct sum of
Hy = {h(X):E{r(X)} =0},
Hy = {h(Z X):E{h(Z,X)| X} =0},
Hy = {h(S7Z>X) E{h(S,Z,X) ‘ ZaX} = 0}7
Hy, = {hY,Z,5,X):E{n(Y,Z,5X)|Z S X} =0},

where Hy, Hy, H3, and Hy are orthogonal to each other. The EIF for y, ., denoted by ¢, (V) € A,

must satisfy

ﬂz,u79|.9:0 = E{@z,u(v)s(v)}
We will derive the EIFs by calculating fi. [,_,- To simplify the proof, we introduce some lemmas.
Lemma S2 Consider a ratio-type parameter R = N/D. If Nglo—o = E{on(V)s(V)} and Dylg—o =
E{op(V)s(V)}, then Rglo—o = E{or(V)s(V)} where

1 R
V)= —=¢n(V) — =ep(V). S21
vr(V) = Hoen(V) = 5ep(V) (521)
In particular, if on (V') and op(V) are the EIF's for N and D, then ¢r(V') is the EIF for R.
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Proof of Lemma[S3 Let Ry, Ny, and Dy denote the quantities R, N, and D evaluated with respect

to the parametric submodel fy(V'). By the chain rule, we have

A
= LE{en(V)s(V)} — E{en(V)s(V))
= B |{ Gen(V) - Fenn fs(v)].
which yields (S21). 0

Lemma S3 For any h(V') that does not depend on 0, OEg{h(V)}/00 |g=o= E{h(V)s(V)}.

The proof is straightforward and thus omitted.

Lemma S4 Define pos(X) =E{f(Y,S5,X) | Z=0,X} and p1(X) =E{f(Y,5,X) | Z=1,X} for
any f(Y,S,X). We have

fof0(X)lo=0 = E [{¥rvo.00,x) — kor(X)}s(Y, S| Z, X) | X],

fire(X)lo=o = E[{tro,s.x) —mip(X)}s(Y, 5] 2, X) | X].

As a special case, for po(X) =E(S|Z=0,X) and p1(X) =E(S | Z=1,X), we have

Poo(X) lo=o = E[{vs, —po(X)}s(S | 2, X) | X],

Pro(X) lo=o = E[{vs, —p1(X)}s(5 [ Z, X) | X].

Proof of Lemma[S4 We first prove the general result:

. 0
fofe(X)le=0 = %Ee{f(Y, S, X) | Z=0,X} |p=0

= E{f(Y,5,X)xs(Y,S]|Z=0,X)|Z=0,X} (Lemmal|S3)

= E[{f(Y,S.X) — pos(X)}s(Y,S | Z=0.X) | Z =0,X]

(1= 2){f ¥, 5 X) — pos(X)}
1—m(X)

= E [{¢1(vy,5,x) — ror(X)}s(Y,S | Z,X) | X]

= E

s(Y,S12,X)| X

where the third equality follows from g0 (X)E{s(Y,S | Z =0,X) | Z =0,X} = 0. Similarly, we can

prove the result for 11 ¢(X).
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Choosing f(Y,S, X) = S, the results for p,(X) follow because

E[{vs. —p(X)}s(Y [ Z,5,X) | X] = 0.

Lemma S5 Define por = E{por(X)} and pr1p = E{p15(X)}. We have

fogelo—o = E[{¥rvo.50.x) — ports(V)]
E [{¢v,s0.x) — mrys(V)] .

f11,6|6=0
Moreover, ¥y, 50, x) — Hof and Vv, s, x) — H1f are EIFs for poy and pyy, respectively. As a special
case, for po = E{po(X)} and p1 = E{p1(X)}, we have
Poo lo=o = E{(¢s, —po)s(V)},
Pro lo=o = E{(¥s, —p1)s(V)},

and s, — po and s, — p1 are the EIF's for py and p1, respectively.

Proof of Lemma[S5 We prove the general result:

ftog0 lo—o = E{pop(X)s(V)} +E{fose(X) lo—o} (Lemma [S3)
B0 (X)s(V)} + E [{$50v50.x) — o (X)}s(Y,5 | Z,X)]  (Lemma 5)
= E{(¥fro,50,x) — Hop)s(Y, S | Z, X)}
= E{(¥fvo,50,x) — Hos)s(V)},
where the last equality follows from E{ (¢ ¢(v;,s,,x) = #os)s(Z | X)} = E{(¢¥¢(vy,50,x) — Moy )s(X)} = 0.
Because ¥y, 5,,x) — Hos lies in the tangent space, it is the EIF for pos. Similarly, we can prove

the result for pi. The results for p; and pg follow by taking f(Y, S, X) = S. Hahn (1998) gives an
alternative proof of the EIFs of p; and pyg. O

Lemma S6 For ji,s(X), we have

fn1,0(X) lo=o = E{‘Z)Ylsl Mlng)¢Sls(Y|Z,S,X)]X},
f101,0(X) lo=o = E{W’SO umgXWSOs(Y]Z,S,X)]X},
fr100(X) lo=o = E{W (1= Sllp‘il(z(())(wl‘sls(y 1 2,8, X) | X},
f100,0(X) lo=0 = E{W’l S‘i_p’g‘)(())g)wl‘%s(y|z,s,)()|X}.
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Proof of Lemma . We prove only the result for 11,9(X) and the proofs for other parameters are

similar. A key observation is the ratio representation:

E(YS|Z=1,X) EYS|Z=1X)
X)=EY|Z2=1,5=1,X)= -
p(X) = E(Y | ) E(S|Z=1,X) p1(X)

From Lemma [S4] the numerator satisfies

DE(YS | Z=1,X) lpmo=E {5, —p(X)un(X)}s(¥, 5| Z,X) | X],

and the denominator satisfies
p1(X) [o=0o=E [{vos, —p1(X)}s(Y,S | Z,X) | X].

We can then use Lemma [S2| to calculate the path derivative of 1117 ¢(X) with all distributions condi-

tional on X, yielding

Yyrs, — p11(X)s,
p1(X)

The conclusion follows by using E[{¢y, s, — p11(X)vs, }s(S| Z,X) | X] = 0. O

jro(X) lo-o=E{ (.51 2,0 | X}

S6.1.2 EIF for T10

Below, we derive the EIF for m9. The EIFs for 799 and 711 can be derived similarly.

First, from Theorem [I|c), we can write p1,10 = N/D, where

N =E[{p1(X) — po(X)}p11(X)], D =p1—po.
Lemma [S5| implies

@D(V) = (wsl - wso) - (pl _pO) = (¢51 - ¢So) - D, (822)

so based on Lemma the key is to derive ¢ (V). From the chain rule, we have

0

Nol,_y = g5 proC0) — a0 o (]|

= E[{p1(X) — po(X)}p11(X)s(X)] (LemmalS3)
+ Eg [{p1,6(X) — Po,o(X) }r11,0(X)]ly—

+ Eo [{p1,0(X) — po,o(X) }Ha1,0(X)]lg—g - (523)
Because E{Ns(X)} = 0, the first term in equals
E{p1(X) = po(X)} 1 (X)s(X)} = E ([{p1(X) = po(X)}p11(X) = N]s(X)}).
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From Lemma the second term in (S23)) reduces to

Eg [{P1,0(X) — Po,o(X) }r11,0(X)]lp_,

= E(E[{vs, — s, —p1(X) +po(X)}s(S | Z, X) a1 (X
= E{ts, — sy = p1(X) +po(X) ppaa (X

From Lemma the third term in (S23|) reduces to

Eg [{p1,0(X) — po,o(X)}r11,0(X)]|_g

— B |n(x) - ol 2

X)?/fsl

p1(X)

Plugging the above three formulas into (S23|) gives

NQ]

We can verify that

= E([{p1(X) —po(X)}p11(X) — N]s(X)})

FHE[{vs, — s, = p1(X) +po(X)Fpnn (X

)s(S ] 2, X))

) [ X1)

s(Y | 2,8, X)| .

)s(S | Z, X))

Yyvis, — m1(X)Ys,
+E (X))} 0 2,5.x).
{p1(X) = po(X)}p(X) =N € Hy,
{15, — sy, — p1(X) +po(X)}u1(X) € Hs,

[p1(X) — po(x)y s — X, g

p1(X)

Because Hy, Ho, H3, and Hy are orthogonal to each other, we can write ((S24)) as

No
6=0

= E([{p1(X) —po(X)}p11(X
+E [{1s, — ¥s, — p1(X) + po(X) tu11 (X)s(V)]

) = N]s(V)})

pa1(

X)szSl

E [{m( )~ po(x)} 8~

As a result, we obtain the EIF for NV:

en(V) = {m(X)

= (1/}51

+H{p1(X) —

610(X)
p1(X)

~ sy (X) - {

—po(X) 11 (X) = N + {¢s,

— s,
) pO(X)}¢Y151 - Mll(X)¢Sl

Pl(X)

VYyvisy — N — par (X ){w So —

521

O(X)

p1(X)

p1(X)

¢Y1 S1 ™

¢S1}7

/~L11

s(V)|.

— p1(X) + po(X) }paa(

1/}51}

X)

(S24)

(S25)
(S26)
(S27)



which equals ¢119 — N (see Theorem [2| for the expression of ¢ 19). From Lemma , the EIF for

H1,10 18
1 1,10(Ys; — Ys,
¢110(V) = G110 — b Ws, ~ ¥s0)
P1— Do P1 — Po
Similarly, the EIF for 0,10 is
1 0,10(¥s, — Vs,
wo,10(V) = $0,10 — Ho.10(¥s, 0)-
pP1— Do P1 — Po

Therefore, the EIF for 719 is

(¢1,1o - ¢o,10) — T10(¢s, — ¢SO)
P1—DPo '

S6.2 Proof of Theorems and

The proofs are almost identical to the cases without restrictions. We omit the details due to the

length of supplementary material. The earliest ArXiv version of our paper contains the details.
S6.3 Proof of Theorem
We will follow a similar route as in Section The tangent space is the same as in (S20]). To avoid

new symbols, we use the same notation as in Section [S6.1} We need the following lemma.

Lemma S7 For wy10(X), we have

w1,10,0(X)]g—g = E p(X) p1(X) €1 (X)p1(X)

{w1,10(X)¢51 B wi 10(X) (s, — Ps,) B Wi 10(X) s, } S(S |2, X)| X] _

Proof of Lemma The parameter wy 10(X) has a ratio form

e1(X){ew(X) +en(X)} e1(X)p1(X)
e1(X)ew(X) +en(X)  er(X){p1(X) —po(X)} + po(X)

wi0(X) =

Thus, we can use Lemma [S2| to calculate its path derivative with all distributions conditional on X.

From Lemma [S4] the numerator satisfies
e1(X)p1(X)[g=0 = Eler (X ){os, — pr(X)}s(S | Z, X) | X],

and the denominator satisfies

e1(X){P1o(X) = Po,o(X) }Ho=0 + Po,o(X)lo=0 = E [{e1(X) (s, — Y5, — €10(X)) + 95, — po(X)}s(5 | Z, X) | X].
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Using Lemma [S2, we can obtain wy,10,0(X)|o—0 = E{¢w,110(V)s(S | Z, X) | X}, where

e1(X){vs, — p1(X)} — wiio(X){e(X)(¥s, — ¥hs, — €10(X)) + ¥s, — po(X)}
El(X)elo(X) —|—€11(X) ’

¢w,1,10(v) =

The result then follows from simple algebra.

O

We will derive the EIF for 719 = 11,10 — £t0,10 and omit the similar proofs of the EIFs for 7; and

Too. We can write p110 = N/D, where

N =E[{p1(X) — po(X)}wi10(X)p11(X)], D = p1 — po.

Lemma [S5 implies that ¢p (V) = (s, — tbs,) — D is the EIF for D, so based on Lemma[S2] the key

is to derive the EIF for N. From the chain rule, we have

Ne’efo = ;Ee [{P1,0(X) = po,o(X)}wi,10(X)p11,0(X)]
= =0
= E[{p1(X) — po(X)}wi10(X)p11(X)s(X)]  (Lemma [S3)
+ Eg [{p1,0(X) — Do,0(X) }wi,10,0(X)11,0(X)]lg_g
+ Eg [{p1,0(X) — p0,o(X) }1,10,0(X)p11,0(X)]]g_g
+ Eo [{p1,0(X) — po,o(X) }wi,10,0(X)fr11,0(X)] ]9 - (528)

Because E{Ns(X)} = 0, the first term in (S28]) equals

E{{p1(X) — po(X) }w1,10(X)p11(X)s(X)}

E ([{p1(X) = po(X)}wi10(X) 11 (X) — N]s(X)}) .
From Lemma the second term in (S28)) reduces to

Eg [{p1,0(X) — po,0(X)}wi,10,0(X)p11,0(X)]|p_g
= E(E[{¢s, — ¥s, —p1(X) +po(X)}s(S | Z, X)wr,10(X)pu11(X) | X])

= E[{¢s, — ¥s, — p1(X) + po(X) }wi,10(X)p11(X)s(S | Z, X)].

From Lemma the third term in (S28]) reduces to

Eg [{p1,0(X) — po,0(X)}1,10,0(X)11,0(X)]|p_g

E [{p1(X) — po(X)}11(X)

w1,10(X)Ys, W%,lo(X)(?l)sl — g, B w%,IO(X)1/’SO
{ n(x) p1(X) 61(X)p1(X)}S(S | Z,X)
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From Lemma the fourth term in (S28)) reduces to

Eg [{p1,0(X) — po,o(X)}wi,10,0(X)f11,0(X)]]y_g

= E [{Pl(X) —]OO(X)}WLlo(X)wylsl ;f;;gXWSl s(Y|Z,5,X)|.

Plugging the above four formulas into (S28) yields

Nof, = E({p () — m(0)Jera0(0mn (X) - Ns(X)})
+E [{w& wSO - ( )+p0( )}wl,IO(X)NH(X)S(S ’ Z7X)]
+E [{p1(X) — po(X) }11(X)

wi,10(X)s, W%,lo(X)(¢Sl —s,) Wi 10(X) s,
{ p1(X) p1(X) (X)pl(X)} (512, %)
+E [{pl(X) —pO(X)}wl,m(X)leSl ;l'lz;;X)wSls(Y | Z, S, X)] : (S29)

We can verify that

{P(X) —po(X)}wi10(X)p11(X) — N € Hy,

{¥s, — sy — p1(X) + po(X) bwi,10(X)p11(X) € Hs,

wi,10(X)Ys, W1,10( ) (s, — ¥s,) W%,lo(XWSo
{pl(X)‘pO(X)}““X){ n ) ‘e1<X>p1<X>} =
{p1(X) —]90()()}001,10(X)Q’byls1 — i(X)vs, € Hy.

p1(X)
Therefore, we can replace all the score functions in (S29)) with s(V'). As a result, the EIF for N is

en(V) = {p1(X) — po(X)}wi10(X)p11(X) = N + {vbs, — ¥s, — p1(X) + po(X) fwi,10(X) 11 (X)
+{p1(X) _pO(X)}Mu(X) {leO(X)wSI _ wl,lO( )(d}Sl d}SO) _ w%,lO(X)¢SO}

p1(X) p1(X) e1(X)p1(X)
o () — po(X) o 10(30) D181 — P11l X s,

p1(X)
= Mdjiﬁ S1 — N + {¢S1 - ¢50}w1 10(X)M11(X)

pi(X)
SenfOm () {% R+ }
sy (X) {m,mm ) 610(); fgg)O(X)}
.



which equals ¢} 1o — N (see Theorem [S6| for the expression of ¢} ;). From Lemma the EIF for
K110 18

a0 p(vs, — vs,)
P1—Po P1 —Po

e1,10(V) =

Similarly, we can obtain the EIF for pqg 10,

Po10  po10(ts, — s
800,10(‘/) — ) _ ) ( 1 0) ]
P1— Do P1 — Po

Therefore, the EIF for 719 is

(é/l,lo - %,10) — 110(vs, — ¥s,)
P1 —Po '

Solving E(¢!,) = 0 for 7, yields the following identification formulas for sensitivity analysis:

o = E(¢1 10 — #0.10) o0 = E(¢1.00 — %0.00) A E(¢1 11 — 90.11)
E(ys, —s,) E(1-s,) E(¢¥s,)

Similar to the main text, we can construct the estimators for ,, without principal ignorability.

S6.4 Proof of Theorem

We will derive the EIF for Ti9= p1,10 — fto,10 and omit the similar proofs of the EIFs for 7y, 711, and

To1. We can write p1 10 = N/D, where

N=E {pl(‘lng(?g)()ﬂn()()} , D= E{pl(f{z;(?gg)() } .

Lemma, [S5| implies that

wsl - wsO
op(V)=—————D
D( ) 1 — f(X)
is the EIF for D, so based on Lemma [S2] the key is to derive the EIF for N. From the chain rule,
we have
\ 0 o [ P1o(X) = pos(X)
No| = B Ph : X
e s e o

= E{WMII(X)S(X)} (Lemma

+E {pl’e(ﬁg@?’f(x)mlﬁ()f )} o
ou { PR ] s




Because E{Ns(X)} = 0, the first term in (S30]) equals

P02 ) - {0t

From Lemma the second term in (S30)) reduces to
10(X) — pog(X
Ey {plﬂ( ) Do, ( )Mll,G(X)}

() - N b))

1 —¢(X) 6=0
_ E{@Dsl - @Z)Sol—_pgl((;;)) JrpO(X)un(X)S(S | Z, X)} :

From Lemma the third term in (S30f) reduces to
P1,0(X) — poo(X) .
Eq { : : f111,0(X)
1-¢(X) 6=0
_ {m(X) —po(X) ¥yis, — pn(X)bs,
1 —¢(X) p1(X)
Plugging the above three formulas into (S30|) gives

s(Y'| Z, S,X)}.

Ne)e:o = E [{pl(fzg(];?;)()un()()—N} S(X)]
¢ 1_¢ o — P (X)—I—p (X)
+E{ 5 81_51()() O (X)s(S | Z,X)}
p1(X) = po(X) ¥visy — pn(X)os,
+E{ e 0 s(Y | 2, S,X)}. (S31)

We can verify that

{W#n@f)]\f} € Hy,
Vs, — s, — p1(X) + po(X)
1 —§(X)
p1(X) = po(X) ¥vis, — p1(X)¢s,

1 —¢(X) p1(X)

Because Hy, Ho, Hs, and Hy are orthogonal to each other, we can write (S31)) as

Ne‘ o EHWUM(X)—N}S(V)]

+E {1/)51 — 1/1501—_1751(()()()) * 2olX) Mu(X)S(V)}
p1(X) — po(X) ¥yi5, — p11(X)s,
+E{ T=E0X) () S(V)}.

pi1(X) € Hs,

€ Hy.

As a result, we obtain the EIF for N:

P1(X) — po(X)
1—§(X)

Vs, — s, — p1(X) + po(X)

p1(X) — N + p11(X)
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p1(X) — po(X) Yyvis, — p11(X)s,

1—&(X) p1(X)
s — ¥ B ~ po(X) | ¥visi — pn(X)es,
= 1o @ N+{1 p1<X>} = ¢(X)

= pl(X) _pO(X) ¢Y1S1 - N - MH(X) {¢So - pO(X)wt'h} )

+

{1 -&(X)}p1(X) 1—¢(X) pi(X)
which equals ¢7 15 — N (see Theorem [S9| for the expression of ¢7 ;). From Lemma the EIF for

H1,10 18

1 *
er10(V) = — {¢1,10
€¢,10

_ N1,10(¢S1 - ¢So)}
1—¢(X) '

Similarly, the EIF for 9,10 is

poan(V) = Loy - Losslls —dm) |

ee,10 1—¢(X)

€¢,10

)

Therefore, the EIF for 71 is

1 * *
L {(asl,m ) -
€¢,10

)

T10(¢s, —¢SO)}
1 —¢(X) '

S7 Proofs of the multiple robustness and local efficiency

In this section, we prove Theorems [3] [ [S7} and
S7.1 Proof of Theorem

We prove the triple robustness and semiparametric efficiency for 719. The proofs for 7y9 and 71 are
similar and hence omitted.

Proof of the triple robustness. As discussed in the main text, the proof of the triple robust-
ness reduces to the calculation of the probability limit of ]P)n(ﬁ/b\l,lo) — E{Y11(U = 10)}. From the

equivalence relationship in (S4)), Pn(qﬁl,m) can be rewritten as

Sz R R R
Pr [elO(X A rGay X8 )}] P0G, 00s )~ Pr Do) - (832

The first term in (S32)) is consistent for

S Z .
p1(X;v*) W(X;a*){y_’ml(X’B ”}
_ ZP(Z=1,8=1]|X)
= E (E [610(X7’Y ) Pr(X iy ) (X o)
_E [{pl(X;v*) — po(X;7*)}p1(X)m(X)

p1(X;y*)m(X; %)

E [elo(X;’Y*)

(=g | 2=1.5-1.x] ) wote)

{p11(X) — pa (X 5*)}} ;

S27



the second term in (S32)) is consistent for

o [{#11()(;5*)51 — p11(X; B8)p1 (X597)}1(Z = 1)
m(X;a*)

_ i [{Mn(X;ﬁ*)pl(X) — p11(X; B%)p1 (X5 97) f(X)
(X %)

+un(X;/8*)p1(X;w*)]

+u11(X;ﬂ*)p1(X;7*)] ; (LOTE)

similarly, the third term in (S32]) is consistent for

E [{Nll(X§B*)SO - /fll(wX(}(leig(X;W*)}l(Z =0) n Hll(XQB*)pO(X;'Y*)]

_E [{MH(X;ﬂ*)pO(X) — 1 (X 8%)po (X7 ) {1 — 7(X)}
1 —m(X;a%)

+ Mn(X;ﬁ*)Po(X;’Y*)} . (LOTE)

For the ease of disposition, we suppress the dependence of the functions on X and write (7(X), 7(X; a*))

as (1, 7), (p=(X), p=(X;7%)) as (pz, p3), and (p11(X), p1 (X3 B%)) as (p11, ;). Therefore, P (¢1,10)—
E{Y11(U = 10)} is consistent for

E {W(p’{ — py)p1(par — i) } L E { (W11p1 — pip})™

+ * *
o jn H11P1 }

pi1Po — p11pp)(1 — 7 «
g (W MIDUZT) g h - o
mp1(pa1 — py P11P1 — B1PT)T
_ E{ ( - i) +< 11 - 11P7) +M11p1—M11p1}

_E { mpopr(pan = piy) | (Hapo — piapp)(d — 7)

e T o + U11Po — unpo} : (S33)
1

We simplify the terms in the two expectations of (S33|) separately. The first term reduces to

m1(pa1 — p1y) |, (Bl — pipD)™ TP 1 PIT

e + — tpnp - e = e T HIPT g
_ (puapr — piypi) (m — 1)
- ul ,

The second term reduces to

mpopr (i1 — p5y) | (Hiapo — p3app)(1 — )
T™*p] 1—*
(1 = 7")mpgpr(pa1 — piy) + (1 — m)7*pi(pi1po — piipg) + 7 pi (1 — ) (111p5 — #a1po)
T pi (1 — %)
mpop1(pa1 — piy) + 70T (ipo — piipg) + 7Pt (716 — H11po)
T pi(1 — %)

_ mpgpi(pan — piy) + 7Pt (i1po — pipg) + 7P (111P5 — H11Po)

pi(l—7*)
mpop1(pa1 — piy) + 7°pi(#i1po — p11po0)

Tpi (1 — %)
(mpp1 — T popl)pat + (mpop} — TGP — TPGP1L + TEPEDT) I
pi(l—7*)

+ Ui1po — M11Po

528



(mpopr — ™ popt) (k11 — piy)  (TpgpL — ™ popT)par — (Tpgp1 — T popt) KTy

mpi (1 —7*) pi(1—m*)
_ (mpopi — mpgpT — T popi + TGP KT
pi(l—7*)
_ (mpgpr — 7 popi) (ka1 — piy) (7 — ) (Po — PG
T} 1—7* '

Combining them yields the bias formulas in the main text.

Proof of the semiparametric efficiency. Under M, pstom, we show that the influence function
of Tyg is the same as the EIF in Theorem [2| and therefore 719 achieves the local efficiency. Let 6
denote the parameter vector containing «, 5, and ~. Let 68* be the probability limit of 0. We first
establish that for a ratio estimator P, N (V/; (9\) /P,D(V; é\), by a Taylor expansion,

?gg% N Pﬁgj\g(vvee))} - [g{{zjj((vv;;ei*))}}]z [P.D(V30) = P(D(V;6")}] +0s(n%).  (534)

For ?10 = Pn($1,10 - ;50,10)/@)71(1;51 - {p\So)a we have N(V;Q) = ¢1710(9) — (;50710(9) and D(V;Q) =
s, (0) — s, (0), where

elg(X"y) Z

¢1,10(9) pl(X ’Y) (X ){Y Nll(X /8)}S+w,uu X;B8)S1 — wl’«ll X;8)So0>
X 1-Z
¢0710(9) 1 e_lopfo(X’Y),y) 1— TI'(X ){Y IU’OO(X /8)}( ) + w,u,oo(X ;8)(1—5S0) %mo X;8)(1-51)»
S (X)) (Z =
vs.(0) = U EIREE 4 (xi) (=0,
Under Miptpstom; ¢1,10(0) = ¢1,10(V); ¢0,10(0%) = ¢0,10(V), ¥s.(0%) = s, (2 = 0,1), P{N(V;0")} =
T10(p1 — po), and P{D(V;6*)} = p1 — po . By Taylor expansions, we have
N(V;0) = P,N(V;0")+P {N(V; 9*)} @ — ) + op(n~1/?), (S35)
D(V:8) = P.D(V;0") +P {D(v; 9*)} @ — ) + op(n~1?). (S36)

By some algebra, we can verify that P {N(V; 9*)} =P {D(V; 6*)} = 0. Note that (S35) and (S36

hold under the sufficient conditions that (i) the propensity score and its estimator are bounded away
from zero and one and (ii) the principal scores p;(X;~v*) and 1 — po(X;~*) and their estimators are
bounded away from zero almost surely. When condition (i) is violated, P, N(V;6) and P, D(V;8) can
be unbounded. When condition (ii) is violated, P {N(V; «9*)} and P {D(V; 9*)} may be undefined.

Combining (S34)), (S35)), and (S36)), we obtain

) P, N (V;0)
710 — 710 = —— = —T10
P,D(V;0)
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P.N(Vi0)  P{N(V;0")}
P{D(V;0%)}  [P{D(V;6*)}]
P,N(V;0*)  P{N(V;6*)}

= B0 D) P Er P 00) ~ BIDVOH — o op(n7)

~ [IP’nD(V; 0) — P{D(V;6")}| — 110 + op(n~/?)

— PnN(V7 0*) _ P{N(V, 9*)} 0%\ . 0¥ _ -1/2
— B(D(V.6]  [PID(V.6))P [P, D(V;6%) —P{D(V;6%)}] — 110 + op(n )
P,N(V;6%) P,D(V;0%)
P{D(V;67)} P{D(V:6")}
Pr(¢1,10 — do,10) TlOIP’n(l/JSI — ¥s,) +op(n112)
P1—Po P1— Do
P, ®1,10 — P0,10 — T10(Vs, — ¥s,) 4 op(n~1/2)
P1—Po
= Pugio +op(n~'/?).

+ op(n1/?)

This completes the proof. O
S7.2 Proof of Theorem

We show that Tig using {7(z), p»(x), i.s(z)} satisfying the regularity conditions (a)—(d) in Theorem
is asymptotically normal and has the influence function ¢1g9 as in Theorem [2| therefore achieving
the semiparametric efficiency. The proofs for 7og and 711 are similar and hence omitted. Let € denote
the nuisance functions {7(x), p,(x), p.s(x)}, abbreviated to (m, p,, 1) for simplicity. Let 6* be the
probability limit of 0.

For 719 = ]P’n(ngﬁLlo - 50,10)/19”(1;51 - JSO), it is a ratio estimator IP)nN(V;g)/IP’nD(V; 5) where
N(V;0) = ¢1,10(0) — ¢o,10(0) and D(V;0) = ¥g, (0) — ¥, () with

X)) Z
¢1,10(9) = zf<<X)) 7('(X) {Y - )U“ll(X)}S + w,uu(X)Sl - QZJMH(X)SO:
X 1-Z
boa0f®) = T2 TS Y~ (N~ ) + Y-8 — Vrn(01-50)

{5 —p(X)}1(Z = 2)
P(Z =z | X)

s, (0) +p2(X).

We continue with the Taylor expansion of a ratio estimator as in (S34]). Condition (a) implies that
0" = {m(z),p=(x), pzs(z)} and thus ¢1,10(6*) = ¢1,10(V), ¢0,10(0*) = ¢o10(V), and s, (0%) = s,

(z =0,1). By the empirical process theory, we have

P,N(V;0) —PN(V;0*) = (P, —P)N(V;0)+P{N(V;0) - N(V;0%)}
= (Bo —P)N(V;0%) + P{N(V;0) — N(V;0%)} + op(n~"/?), (S37)

where the second equality follows by Condition (b). It remains to analyze the second term P{N (V; 5) -
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N(V;0*)}. Following the derivation of the bias formula, we have

PIN(V:0) — N(V:0%)}| = ‘]P’ [{Hll(X)Pl(X) - ﬁll(;g?l(X)}{W(X) - 7AT(X)}}
4P [{F(X)ﬁO(X)Pl(X) — T(X)po(X)p1 (X) Hpi (X) — ﬁll(X)}]
7(X)p1(X)
4P [{W(X) - W(X)}i{p_o(;g(; pO(X)}Mn(X)]
{p11(X) — 11 (X) }p1 (X)) {7 (X) —7(X)}
< |p| #(X) |

L lp {p1(X) — p1(X) } o (X){7(X) —7(X)}]
I m(X) l

+lp [{Po(X) = po(X)}m (X)p1 (X){p11(X) — g (X))} ]
I 7(X)p1(X) |

4P {7 (X) = 7(X) }p1(X)po(X){p11(X) — ﬁn(X)}] ‘
i 7(X)p1(X)

L lp [{p1(X) — p1(X)}7(X)po(X){p11(X) — i1 (X))} ]
I 7(X)p1(X)

+lp {r(X) - W(X)}1{p_0(%)8(; PO(X)}MM(X)] ‘ .

By the Cauchy—-Schwarz inequality and Conditions (a), (¢) and (d), it follows that for some constant

C, we have

[P{N(V;8) = N(V56)} < O x |lunn(X) = i (X)[f2 x {lIm(X) = F(X)]]2
+{Ip1(X) = Pr(X)]l2 + [lpo(X) — Po(X)||2}
+O x |[[r(X) = w(X)[2 x {l[p1(X) = p1(X)[2 + [[po(X) — po(X)] 2}

= op(n~Y?).

Continuing with (S37), we have P, N(V;8) — PN (V;6*) = (P, — P)N(V;6*) + op(n~/2). Similarly,
under Conditions (a)—(d), P, D(V; 5) —PD(V;6*) = (P, — P)D(V;6*) + op(n~"/?). Plugging these
into (S34)), we obtain 719 — 110 = Ppo10 + O]p(’rl_l/Q). This completes the proof. O

S7.3 Proof of Theorem

We prove the double robustness for 77,. The proofs for 7, and 7}, are similar and hence omitted.

We write 71, = Pn(&l,lo - %710)/1[”“(121\51 —15,). The denominator is consistent for E(S; — So) =
P(U = 10) under Mg, which is a superset of Mipyps U Mpgiom. For the numerator, we will show
that under My, P, (¢1.10) — E{Y11(U = 10)} has the probability limit

w1,10(X)e10(X){p11 (X) — p1 (X5 8") Hm (X) — 7(X;0%)
m(X;a*) ’

E (S38)
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which equals 0 if M, U Mo further holds. As a result, Pn(‘%,lo) is consistent for E{Y11(U = 10)}
under Mipips U Mpsiom. Similarly, we can show Pn(gz%ylo) is consistent for E{Yp1(U = 10)} under
Mipips U Mpgtom, which leads to the double robustness of 77,. Below we prove .

We can write Pn(cgilo) as

W%,lo(Xﬁ)Mll(X§B) {12 _ po(X;7)
e1(X) 5o

Q/)YS}_IP)n TS
. p1(X;7)

pl(Xa ’7)

The first term of (S39) is consistent for

P, {w1 10(X;57)e10(X;7)

s, }] . (839)

wi,10(X)e1o(X) [{u11(X)p1(X) — p11 (X5 8%)p1(X) }7(X) g
’ ( Pi(X) [ m(X; %) i )pl(X)D
- E <wl710(X)€10(X) |:{,U'11(X) _ﬂ-rzj’;(l(gkv)ﬁ )}W(X) + MII(XHB*):|> )
The second term of is consistent for
B Wi 10(X) 1 (X5 B%) [{So —po(X)}1(Z = ]
e1(X) 1 —7(X;a%)
o (whao(X) (X5 85)po(X) [{S1 — pi(X)}1(Z
y E( O L i)
_ W 10(X)p11 (X5 B*)po(X) Wi 10(X) 11 (X5 B )po(X )p1 (X)
- E{ (%) }‘E{ ()P (%) } (LOTE)
= 0.

These two terms, coupled with the fact that E{Y11(U = 10)} = E{wi10(X)p11(X)e1o(X)} from

(S12), imply (S38).

The proof of the semiparametric efficiency is similar to that of Theorem [3] and hence omitted. [J

S7.4 Proof of Theorem [S10

We prove the double robustness for 7. The proofs for the other three estimators are similar and
hence omitted.

We write

7o = Pu(®1 10 — 66,10)/Pn (disi f(qffs)o> |

We can show that the denominator has the probability limit

{p1(X;9") = p1(X)} — {po(X;7*) — po(X)}{n(X;a*) — 7(X)} p1(X) — po(X)
E( - €00 I (X; %) )*E{ - €(X) }

The first term is equal to zero under M, UM s and the second term is equal to P(U = 10) under (S6).

Therefore, the denominator is consistent for P(U = 10) under My, U Mg, which is a superset of

Mipps U Mipsom U Mpstom.
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From the derivation of the probability limit of the denominator, we see that the only difference
between the derivation here and that in Theorem [3]is the additional term 1 —¢(X) in the expectation.
Because £(X) is known, this does not change the formulas in the proof of Theoremother than adding
1—¢(X) in the denominators. Therefore, we can show that Pn(a’ilo) —E{Y11(U = 10)} is consistent

for

(1—&)m* (1 =&)m*pj (1= —7)

where we suppress the dependence of the functions on X for the ease of disposition. As a result,

E { (p11p1 — piyp)(m — %) (wpipr — 7 popt) (a1 — pi1) | (m — %) (po — o)1 }

Pn(&ﬁ\{’m) is consistent for E{Y;1(U = 10)} under Mipyps U Miptom U Mpstom. Similarly, we can
show Pn(%,lo) is consistent for E{Yy1(U = 10)} under Mipips U Miptom U Mpstom, which leads to
the triple robustness of 7};.

The proof of the semiparametric efficiency is similar to that of Theorem [3] and hence omitted. [
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