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SUMMARY

In recent years, real-world external controls have grown in popularity as a tool to
empower randomized placebo-controlled trials, particularly in rare diseases or cases where
balanced randomization is unethical or impractical. However, as external controls are not
always comparable to the trials, direct borrowing without scrutiny may heavily bias the treat-
ment effect estimator. Our paper proposes a data-adaptive integrative framework capable
of preventing unknown biases of the external controls. The adaptive nature is achieved by
dynamically sorting out a comparable subset of external controls via bias penalization. Our
proposed method can simultaneously achieve (a) the semiparametric efficiency bound when
the external controls are comparable and (b) selective borrowing that mitigates the impact of
the existence of incomparable external controls. Furthermore, we establish statistical guar-
antees, including consistency, asymptotic distribution and inference, providing Type-I error
control and good power. Extensive simulations and two real-data applications show that
the proposed method leads to improved performance over the trial-only estimator across
various bias-generating scenarios.

Some key words: Adaptive lasso; Calibration weighting; Dynamic borrowing; Study heterogeneity.

1. INTRODUCTION

Randomized controlled trials have been considered the gold standard of clinical research
to provide confirmatory evidence on the safety and efficacy of treatments. However, ran-
domized placebo-controlled trials are expensive, require lengthy recruitment periods and
may not always be ethical, feasible or practical in rare or life-threatening diseases. In
response, quality patient-level real-world data from disease registries and electronic health
records have become increasingly available and can generate fit-for-purpose real-world evi-
dence to facilitate healthcare and regulatory decision-making (FDA, 2021). Studies using
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real-world data may have advantages over randomized placebo-controlled trials, includ-
ing longer observation windows, larger and more heterogeneous patient populations, and
reduced burden on investigators and patients (Visvanathan et al., 2017; Colnet et al., 2020).
There is interest in novel clinical trial designs that leverage external controls from real-world
data to improve the efficiency of randomized placebo-controlled trials while maintaining
robust evidence on the safety and efficacy of treatments (Silverman, 2018; FDA, 2019;
Ghadessi et al., 2020). The focus of this paper is on hybrid control arm designs using
real-world data, where the concurrent control arm is augmented with real-world external
controls to form a hybrid comparator group.

The concept of hybrid controls dates back to Pocock (1976), who combined the trial data
and historical controls by adjusting for data-source-level differences. Since then, numerous
methods for using external controls have been developed. However, regulatory approvals
of external control arm designs as confirmatory trials are rare and limited to ultra-rare
diseases, pediatric trials or oncology trials (FDA, 2014, 2016; Odogwu et al., 2018). Con-
cerns regarding the validity and comparability of the external controls have limited their use
in a broader context. Guidance documents from regulatory agencies, including the recent
FDA draft guidance (FDA, 2023), note several potential issues with the external controls,
including selection bias, lack of concurrency, differences in the definitions of covariates,
treatments or outcomes, and unmeasured confounding (FDA, 2001, 2019, 2023). Without
proper scrutiny, each of these concerns may lead to biased treatment effect estimates and
misleading conclusions.

Selection bias is a type of data heterogeneity often encountered in nonrandomized stud-
ies. In the context of external control augmentation, it arises when the real-world baseline
subjects’ characteristics differ from those in the trial data. Multiple methods are available to
adjust for selection bias by balancing the baseline covariates’ distributions across the differ-
ent data sources. For example, matching and subclassification approaches select a subset of
comparable external controls to construct the hybrid control arm (Stuart, 2010). Matching
on the propensity score or the probability of trial inclusion can balance numerous baseline
covariates simultaneously (Rosenbaum & Rubin, 1983). Weighting approaches that reweight
external controls using the probability of trial inclusion or other balancing scores have also
been proposed, e.g., empirical likelihood (Qin et al., 2015), entropy balancing (Lee et al.,
2022b; Wu & Yang, 2022b; Chu et al., 2023), constrained maximum likelihood (Chatterjee
etal., 2016; Zhanget al., 2020) and Bayesian power priors (Neuenschwander et al., 2010; van
Rosmalen et al., 2018). Furthermore, matching or weighting can be combined with outcome
modelling to enhance robustness against model misspecification in addressing selection bias
of external controls (Li et al., 2023).

Differences in the outcomes may still exist between the concurrent controls and the exter-
nal controls after matching or weighting due to differences in study settings, time frame,
data quality or the definition of covariates or outcomes (Phelan et al., 2017). Methods
were proposed to adaptively select the degree of borrowing or adjust the outcomes for
external controls based on observed outcome differences with concurrent controls. Some
researchers suggested first testing the heterogeneity in control outcomes before deciding
whether to incorporate external subjects into the hybrid control arm (Viele et al., 2014; Li
et al., 2023). More dynamic borrowing approaches were also proposed, including match-
ing and bias adjustment (Stuart & Rubin, 2008), power priors (Ibrahim & Chen, 2000;
Neuenschwander et al., 2009), Bayesian hierarchical models including meta-analytic pre-
dictive priors (Neuenschwander et al., 2010; Schoenfeld et al., 2019) and commensurate
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priors (Hobbs et al., 2011). While these existing methods seem appealing, simulation stud-
ies could not identify a single approach that could perform well across all scenarios where
hidden biases exist (Shan et al., 2022). The surveyed Bayesian methods often have inflated
Type-I errors, while frequentist methods suffer lower power when hidden biases exist. Nearly
all methods performed poorly in the presence of unmeasured confounding and could not
simultaneously minimize bias and gain power. Furthermore, many existing methods rely
on parametric assumptions that are sensitive to model misspecification and cannot capture
complex relationships that are prevalent in practice.

In this paper, we propose an approach to achieve an efficient estimation of treatment
effects that is robust to various potential discrepancies that may arise in the external controls.
When handling the selection bias of external controls, our proposal is based on calibration
weighting (Lee et al., 2022b) so that the covariate distribution of external controls matches
with that of the trial subjects. Furthermore, leveraging semiparametric theory, we develop
an integrative augmented calibration weighting estimator, motivated by the efficient influ-
ence function (Bickel et al., 1998; Tsiatis, 2006), which is semiparametrically efficient and
doubly robust against model misspecification. Despite the potential to view the selection
bias problem as a generalizability or transportability issue (Lee et al., 2022b), our frame-
work fundamentally diverges from theirs as our context encompasses the outcomes from
both the trial data and external controls, while Lee et al. (2022b) solely considered the trial
outcomes.

To deal with potential outcome heterogeneity, we develop a selective borrowing frame-
work to determine an optimal subset from the external controls for integration. Specifically,
we introduce a bias parameter for each external subject entailing his or her comparability
with the concurrent control. To prevent bias in the integrative estimator, the goal is to select
the comparable external controls with zero bias and exclude any others with nonzero bias.
Thus, this formulation recasts the selective borrowing strategy as a model selection problem,
which can be solved by penalized estimation (e.g., the adaptive lasso penalty; Zou, 20006).
Subsequent to the selection process, comparable external controls are utilized to construct
the integrative estimator. Prior works such as those by Chen et al. (2021), Liu et al. (2021)
and Zhai & Han (2022) although able to identify biases, exclude the entire external sample
when confronted with incomparability. Moreover, compared to these existing selective bor-
rowing approaches, our method leverages off-the-shelf machine learning models to achieve
semiparametric efficiency and does not require stringent parametric assumptions on the
distribution of outcomes.

2. METHODOLOGY

2.1. Notation, assumptions and objectives

Let R represent a randomized placebo-controlled trial and £ represent an external con-
trol source, which contain Nz and N¢ subjects, respectively. The total sample size is N =
Nr+N¢. An extension to multiple external control groups is discussed in the Supplementary
Material. A total of N, and N, subjects receive the active treatment and control treatment
in R, while we assume that all Ng subjects in £ receive the control. Each observation i € R
comprises the outcomes Y;, the treatment assignment 4; and a set of baseline covariates
X;. Similarly, each observation i € &£ comprises Y;, A; and X;. Let R; represent a data
source indicator, which is 1 for all subjects i € R and 0 for all subjects i € £. To sum
up, an independent and identically distributed sample {V;: i € R U £} is observed, where
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V =(X,A, Y,R).Let Y(a) denote the potential outcomes under treatment ¢ (Rubin, 1974).
The causal estimand of interest is defined as the average treatment effect among the trial
population, T = w1 — g, where u, = E{Y (@) | R =1} for a = 0, 1. The clinical trials for
treatment effect estimation satisfy the following assumption.

Assumption 1 (Consistency, randomization and positivity). Suppose that

(1) Y=4Y(1)+ (1A - A4)Y(0),
(i) Y(@) L A|(X,R=1)fora=0,1and
(iii) the known treatment propensity score satisfies

l>m4x)=prd=1|X=x,R=1)>0
for all x such that pr(X =x,R=1) > 0.

Assumption 1 is standard in the causal inference literature (Rosenbaum & Rubin,
1983; Imbens, 2004) and holds for the well-controlled clinical trials guaranteed by the
randomization mechanism. Under Assumption 1,  is identifiable with the trial data.

Moreover, the external controls should ideally be comparable with the concurrent
controls.

Assumption 2 (External control compatibility). Suppose that

(i) E{Y(0)| X =x, R=0}=E{Y(©0)| X =x, R=1} and
(i) pr(R=1| X = x) > 0 for all x such that pr(X = x, R=0) > 0.

Assumption 2 states that the conditional mean of Y (0) is the same for the trial data
and external controls. This assumption holds if X captures all the outcome predictors that
are correlated with R. From the guidance in FDA (2023) for drug development in rare dis-
eases, there are five main concerns regarding the use of external controls: (i) selection bias,
(i1) unmeasured confounding, (iii) lack of concurrency, (iv) data quality and (v) outcome
validity. Assumption 2 does not require the covariate distribution of external controls to
be the same as that of the trial data, which is referred to as selection bias in the guidance.
Under Assumption 2, borrowing external controls to improve treatment effect estimation is
similar to a transportability or covariate shift problem. However, the presence of concerns
(i1)—(v) can result in violation of Assumption 2. Our paper has two main objectives: (i) under
Assumption 2, similarly to the work of Li et al. (2023), we develop a semiparametrically effi-
cient and robust strategy to borrow external controls to improve estimation while correcting
for selection bias (§ 2.2); (ii) considering that Assumption 2 can be potentially violated, we
incorporate a selective borrowing procedure that will detect the biases and retain only a
subset of comparable external controls for integration (§2.3).

2.2. Semiparametric efficient estimation under the ideal situation

From the semiparametric theory (Bickel et al., 1998), we derive efficient and robust esti-
mators for t under Assumptions 1 and 2. The derivation reaches the same estimator as
Li et al. (2023), and will serve as the base for our selective borrowing strategy. The semi-
parametric model is attractive as it exploits the observed data without making assumptions
about the nuisance parts of the data generation process that are not of substantive interest.
We derive the efficient influence function of 7 in Theorem 1 below, which shall serve as the
foundational component of our proposed framework.
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THEOREM 1. Under Assumptions 1 and 2, the efficient influence function of t is

R ALY = 1 (X))
T [{m(X) o) =) + A }

_RA-4H+d-BrX) g(XO{Y — puo(X)}
pr(R=1) g1 = m4(X)} +r(X)’

l/fr,eff(V; Mla Moa qa r) =

where

urX)=EY | X,R=1,4=1),

poX)=E(Y | X,R=1,4=0)=E(Y | X,R =0),
r(X)=var(Y | X,R=1, A =0)/var(Y | X, R = 0),
g(X) =pr(R=1]X)/pr(R=01 X).

Based on Theorem 1, the semiparametric efficiency bound for 7 is V. =
E{vlf (Vs 11, o, ¢, 1)} Hence, a principled estimator can be motivated by solving the
empirical analogue of E{vr; ot (V; 11, 1o, q,7)} = 0 for 7.

Let the estimators of (uo, 11,4,7) be (fto, 1,4, 7), and define é,; = Y; — [1,(X;) (a =
0,1). Then, by solving the empirical version of the efficient influence function for t, we
have

1 . . A€y

== > Rl-{muc-) — Ao(X) + ——==

NR (ERTe TA(X0)
Ly (RO = A0+ (- RO
Nw G = (XD} + F(XD) !

>

(1)

ieERUE

We now discuss the estimators for the nuisance functions (ug, i1, ¢, r). To estimate g (X),
w1(X) and r(X), one can follow the standard approach by fitting parametric models based
on the trial data.

For estimating weight ¢(X), a direct approach is to predict pr(R = 0 | X), which however
is unstable due to inverting probability estimates. To achieve stability of weighting, the key
insight is based on the central role of ¢(X) as balancing the covariate distribution between
two groups: E{(1—-R)q(X)g(X)} = E{Rg(X)}forany g(X) = {g1(X), ..., gx(X)}, whichisa
K-dimensional function of X. Thus, we estimate ¢(X) by calibrating the covariate balance
between the trial data and external controls. In particular, we assign a weight ¢; for each
subject i € £, then solve the following optimization problem for Q = {¢g;: i € £}:

min L(Q) = ) _qilogy;

ie€E

subjectto (i) ¢; > 0, i € &, (1) )_;ce 9i8(Xi) = Y _jcr &(X)). First, L(Q) is the entropy of the
weights; thus, minimizing this criterion ensures that the calibration weights are not too far
from uniform, so it minimizes the variability due to heterogeneous weights. Constraint (i)
is a standard condition for the weights. Constraint (ii) forces the empirical moments of the
covariates to be the same after calibration, leading to better-matched distributions of the
trial data and external controls.
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The optimization problem can be solved using constrained convex optimization.
The estimated calibration weight is ¢; = g(X;; 1) = exp{nTg(X;)}, and 7 solves U(n) =
Yics exp{n'g(X»}g(X) — Y ;e &(X;) = 0, which is the Lagrangian dual problem to the
optimization problem. The dual problem also entails that the calibration weighting
approach makes a log regression model for ¢(X). We refer to £ with calibration weights
as the augmented calibration weighting estimator Tacy.

Remark 1. The variance ratio r(X) quantifies the relative residual variability of Y (0)
given X between the trial data and external controls. In general, estimating the condi-
tional variance ratio involves nonparametric regression, which can be challenging; see
Shen et al. (2020) and the references therein. Fortunately, the consistency of Tacw does
not rely on the correct specification of r(X). For example, if 7(X) is set to be zero, Tacw
reduces to the trial-only estimator without borrowing any external information, which is
always consistent. In order to leverage external information and estimate »(X) practically,
we can make a simplifying homoscedasticity assumption that the residual variances of
Y (0) after addressing X are constant over studies. In this case, #(X) can be estimated by

P=NeNUY (1 — AN(Y: — flo(X) Y2/ X jeel Yi — Ro(X0))2.

We show that T,cy has the following desirable properties. (i) Local efficiency: T,cw achieves
the semiparametric efficiency bound if the nuisance functions are correctly specified.
(i1) Double robustness: 7,cyw is consistent for t if either the model for u,(X) or that for
q(X) is correct; see the proof in the Supplementary Material.

The doubly robust estimators were initially developed to gain robustness to paramet-
ric misspecification, but are now known to also be robust to approximation errors using
machine learning methods (e.g., Chernozhukov et al., 2018). We investigate this new doubly
robust feature for the proposed estimator T,cw, and use flexible semiparametric or non-
parametric methods to estimate both p,(X) (¢ = 0,1), r(X) and ¢(X) in (1). First, we
consider the method of sieves (Chen, 2007) for ¢(X). In comparison with other nonparamet-
ric methods such as kernels, the method of sieves is particularly well suited for calibration
weighting. We consider general sieve basis functions such as power series, Fourier series,
splines, wavelets and artificial neural networks; see Chen (2007) for a comprehensive review.
The number of bases can be selected by cross-validation. Second, we consider flexible
outcome models, e.g., generalized additive models, kernel regression and the method of
sieves for uq(X) (¢ = 0, 1). Using flexible methods alleviates bias from the misspecification
of parametric models. The following regularity conditions are required for the nuisance
function estimators.

Assumption 3. For a function f(X) with a generic random variable X, define its L, norm
as [|f (X))l = {/ f(x)*>dpr(x)}'/2. Assume that

@) N12a(X) = pa(X)|l = 0p(1), @ = 0,1 and [|g(X) — g(X)| = op(1),
(i) [1/20(X) — oIl x 1§(X) — g(X)|| = 0,(N '3,
(iii) |7 (X) — r*(X)|l = o0p(1) for some r*(X),
(iv) the additional regularity conditions Assumptions S1 and S2 in the Supplementary
Material hold.

Assumption 3 is a set of typical regularity conditions for M-estimation to achieve rate
double robustness (Van der Vaart, 2000). Under these regularity conditions, our proposed
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framework can incorporate flexible methods for estimating the nuisance functions, while
maintaining parametric rate consistency for Tacy.

THEOREM 2. Under Assumptions 1-3, we have N2 (Taeq — 1) 2N 0,V,), where V,; =
E{vlf et (Vs 1 10, ¢, 7)) I 7°(X) = 1(X), Tacw achieves semiparametric efficiency.

Theorem 2 motivates variance estimation by @'r =N"! Y icRUE wf o (Vis L1, flo, q, Tacw),
which is consistent for V; under Assumptions 1-3.

2.3. Bias detection and selective borrowing

In practical situations, Assumption 2 may not hold, and the augmentation in (1) can
be biased. We develop a selective borrowing framework to select external subjects that are
comparable with the concurrent controls for integration. To account for potential violations,
we introduce a vector of bias parameters by = (b1, ...,bn. o) for alli € &, where b;p =
bo(X;) = E(Y; | X;,4i =0, R; =0) — E(Y; | X;, 4; = 0, R; = 1) = poe(Xy) — no(Xy).
When Assumption 2 holds, we have by = 0. Otherwise, there exists at least one i € £ such
that b;p + 0. To prevent bias in Tacw from incomparable external controls, the goal is to
select the comparable subset with b; o = 0 and exclude any others with b, = 0.

Let b = flo.e(X;) — f1o(X;) be a consistent estimator for b; o, where jig e (X;) is a consis-
tent estimator for 1o g(X;). Let b= (bl, .. bNg) be an initial estimator for by. We propose
a refined estimator of by by penalized estlmatlon

I;=argmin{(lg—b)Tf]b_l(lA)—bH-kN Zp(lbil)}- (2)
b

ie€

Here f]b is the estimated variance of l;, p(bil) = 1bil/ |IA),'|U is the adaptive lasso penalty term
and (A, v) are two tuning parameters. Intuitively, if b; is close to zero, the associated penalty
will be large, which further shrinks estimate b; towards zero. According to Zou (20006),
Huang et al. (2008) and Lin et al. (2009), the adaptive lasso penalty can lead to a desirable
property under the following regularity conditions.

Assumption 4. Suppose that

(i) an max;{to(X;) — no(Xy)} = Op(1) and ay max;{/io g (X;) — po.e(Xi)} = Op(1) for all
ief,
(i1) there exist constants 71 and 7 such that 0 < 71 < Ty min < Thmax < T2, Where 7 min
and 7, max are the smallest and largest eigenvalues of >,
(ii)) anbmin — 00, where by, = min{b;,7 ¢ A}, and
(iv) an/bUH — 0and ayay — oo.
LEMMA 1. Suppose that the assumptions in Theorem 2 and Assumption 4 hold except that
Assumption 2 may be violated. We have limy_, oo pr(A = A) = 1.

Lemma 1 shows that the adaptive lasso penalty has the ability to select zero-valued
parameters consistently when using an ay-consistent initial estimator b; and proper choices
of (An,v), provided that the minimum of the nonzero bias by, does not diminish too
fast and the initial estimator b; is sufficiently good. In practice, the initial estimator b;
can be obtained by leveraging off-the-shelf machine learning models with a guaranteed
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convergence rate, and (Ay, v) are selected by minimizing the mean square error using cross-
validation. Given b, the selected set of comparable external controls is A = {i: b; = 0}. The
modified integrative estimator is

1 A€ ;
palasso _ _© R|:,&1(X) — (X)) + ——* i|
acw N ie%g ! ! ! m4(X})

Ly (Ri(1 = 4) + (1 = R)P(X)1(b; = 0)}4(X)) S
R (e QX1 — (X))} + 75 (Xppr(b; =0 | X,R=0) ~ ’

where 7, (X)) is the estimated function of r,(X) =var(Y | X,R=1, A =0)/var(Y | X,R =
0, by = 0), which is used to adjust for changes in the covariate distribution from all external
controls in € to A.

Following the suggestions of Ho et al. (2007) to improve the finite-sample performances,
nearest-neighbour matching based on the estimated probability of trial inclusion e(X) =
pr(R = 1 | X) is performed after selecting the comparable subset A, which ensures a
more balanced allocation ratio between the treated group and the hybrid control arm; see
Algorithm 1 below for an overview of our selective borrowing framework.

Algorithm 1. Proposed selective integrative estimator.
Input: a randomized controlled trial with size Nz = N; + N, and external controls.

Step 1. Fit the models for the outcome means pi1, (o, (to.c and weights ¢.

Step 2. Construct the initial estimator b for the bias parameter by.

Step 3. Select the comparable subset A = {i: b; = 0} via the bias penalization (2).

Step 4. If |A| > N, — N, then perform the nearest-neighbour matching to select
N, — N. external controls as the final A; otherwise, jump to step 5.

Step 5. Compute 72125 in (3) using the selected external controls in A.

We show the efficiency gain of the proposed estimator compared to the trial-only
estimator.

THEOREM 3. Suppose that the assumptions in Theorem 2 and Assumption 4 hold except that
Assumption 2 may be violated. Let ry(X) = ry(X). The reduction of the asymptotic variance
of rj‘éf‘,vsso compared to the trial-only estimator is

1 [ pr(R=1|X)rp(X)L(bg = O)var(Y | X,R=1,4=0) ] @
pri(R=1)"Llg){l — m4(X)} + rp(X)pr(bo = 0 | X, R = 0)|{1 — w4 (X)} |’

which is strictly positive unless rp(x) = 0 or by =0 orvar(Y | X,R=1, A =0) =0 for all x
such that pr(X = x) > 0.

We derive (4) using orthogonality of the efficient influence function of 7 to the nuisance
tangent space, and relegate the details to the should be highlighted. Theorem 3 showcases the
advantage of including external controls in a data-adaptive manner, where the asymptotic
variance of £2125%° should be strictly smaller than the trial-only estimator unless the external
controls all suffer exceeding noise, i.¢., 1, (X;) = 0, or the compatible subset A of the external
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controls is an empty set, i.e., by & 0, or the covariate X captures all the variability of Y (0)
in the trial data, i.e., var(Y | X,R = 1, A = 0) = 0. Below, we establish the asymptotic
properties and provide a valid inferential framework for the proposed integrative estimator;
more details are provided in the Supplementary Material.

THEOREM 4. Suppose that the assumptions in Theorem 2 and Assumption 4 hold except
that Assumption 2 may be violated. We have N/ 2( A“ldsso — 1) — N(0, V?lasso). Furthermore,
the (1 — a) x 100% confidence interval [L,, U] for 1: can be constructed as

[L,,U,] = [A;ésvsso Za/z(ledsso/N)l/Z "ac'igdWSSO + Za/z(@eglasso/N)l/Z]’
where Q’;‘lasgo is a variance estimator of V‘;lasso, zq2 18 the 1 — /2 quantile for the standard
normal distribution and [L,, U] satisfies pr(t € [L;,U;]) > 1 —a as N — oc.

3. SIMULATION

In this section, we evaluate the finite-sample performance of the proposed framework to
estimate treatment effects under potential bias scenarios via plasmode simulations. First,
a set of d = 12 baseline covariates X € R is generated by mimicking the correlation
structure and the moments (up to the sixth) of variables from an oncology randomized
placebo-controlled trial (i.e., the trial data) and the Flatiron Health Spotlight Phase 2 cohort
(© 2020 Flatiron Health, all rights reserved; external controls).

Next, we generate the data source indicator R; as R; | X;, U; ~ Ber{ngr(X;, U;)} given
the sample sizes (Nr, N¢), where U; represents an unmeasured confounder. The treatment
assignment for the trial data is completely at random (i.e., pr(4; = 1 | R; = 1) = N;/Ngr),
while all external subjects receive the control (i.e., pr(4; = 0 | R; = 0) = 1). The outcomes
Y; are generated as

Yi | (Xi, Aj, U, Ry = 1) ~ N{uo(X;, Ui, A)), 03},
Yi | (Xi, Ui, Ri = 0) ~ N{po.e(Xi, Up), 0%},

We consider three data-generating scenarios in Table 1(a), where g is chosen adaptively to
ensure the desired sample sizes (N, N¢), and (1, B, 7, B, oY) are chosen empirically based
on the model fits using the observed oncology clinical trial data. In all the scenarios, we
use the linear predictor of X to fit (¢, 1o, (o), and thus the models are correctly specified
under the model choices C, where the linear predictor of X governs the true data generation,
but are misspecified under choices W, where the data generation depends on a new set of
covariates X which include the quadratic and cubic terms of the (¢ — 1)th and dth covari-
ates (i.e., X;_ |, X3 2 Xj 1> 3) addition to the baseline covariate X. Moreover, we utilize the
cross—ﬁtting procedure to select tuning parameters for the gradient boosting model.

The proposed framework is evaluated on imbalanced trial data, where N, =
(20, 30,40, 50,75,100) and N, = 200 with an external control group of size Ng¢ = 3000.
We investigate the performance of our proposed estimator under two levels of unmea-
sured confounding (w = 0 and 0.3) by comparing with other estimators in Table 1(b). The
trial-only augmented inverse probability weighting estimator Z,jipy (Cao et al., 2009) and
the augmented calibration weighting estimator 7,y with full borrowing (Li et al., 2023)

ive i ; i ~alasso ~alasso
are used as benchmarks. Two data-adaptive integrative estimators, T ey, and 7, ("%, are
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Table 1. Simulation settings: (a) model choices (C and W), where X = [X, X 571, Xj,
X 371, X 3], and (b) descriptions of the five estimators
(a) Model choices

logit{mr(X, U)} mo(X, U, 4) Ho.e (X, U)

C no+n"X +0U BT™X +A4a"(1,X)+wUocy B'X +wUoy + woy
W o+ X+oU B'X +A4d"(1,X)+wUoy B'X +wUoy + woy

(b) Estimators

Taipw  The augmented inverse probability weighting estimator without borrowing (Cao et al., 2009)
Taow  The integrative augmented calibration weighting estimator with full borrowing (Li et al., 2023)

zalasso The data-adaptive integrative estimator using the linear regressions for (1, i0.)

galasso  The data-adaptive integrative estimator using the tree-based gradient boosting for (49, ito.)

acw,gbm
Tppp  The Bayesian predictive p-value power prior estimator (Kwiatkowski et al., 2023)

considered, where linear regressions and tree-based gradient boosting are used to estimate
the nuisance models. Other machine learning algorithms that satisfy pointwise consistency,
such as the generalized additive model, can also be utilized to select a comparable subset of
external controls consistently. The Bayesian predictive p-value power prior estimator, Tppp,
is an extension of the power prior, which discounts each external control according to its
outcome compatibility using Box’s p-value (Kwiatkowski et al., 2023).

Figure 1 displays the average bias, variance, mean squared error and Type-I error when
E{t(X) | R = 1} = 0, and power for testing T > 0 when E{t(X) | R = 1} = 0.3 based
on 1000 sets of data replications. Over the three model scenarios, the trial-only estimator
Taipw 18 always consistent, but lacks efficiency as it only utilizes the concurrent controls
for estimation, especially when N, is small. When the conditional mean exchangeability
in Assumption 2 holds (i.e., @ = 0), the full-borrowing estimator 7,y is most efficient,
shown by its low mean squared error and high power for detecting a significant treatment
effect. Our proposed selective integrative estimators, f;‘clawsso and ffclgisg‘{)m, may be less efficient
than 7,cy due to finite-sample selection error. However, they maintain smaller variance and
improved power compared to Tajpw, regardless of whether the nuisance models are misspeci-
fied. When Assumption 2 is violated (i.e., @ = 0.3), T,cw becomes biased, leading to an
inflated Type-I error and low power. The Bayesian estimator f,,, requires correct para-
metric specification of the outcome model and performs poorly when the model omits a
key confounder that is imbalanced between data sources. In our simulations, high weights
were assigned to the external control subjects, which led to some bias in the treatment effect
estimates when N, was small. However, both £31255¢ and f;‘clf}g{)m achieve smaller mean
squared errors than the trial-only estimator by incorporating external control subjects. In
cases where the outcome model is incorrectly specified and w = 0.3, the benefit of using
machine learning methods becomes apparent. Specifically, the flexibility of the gradient
boosting model ensures the convergence rate assumption for b;, i.e., any(b; — bip) = O,(1)
for a certain sequence ay (Zhang & Yu, 2005). By incorporating compatible external con-
trols more accurately, f;clgssg‘]’am better controls bias and achieves comparable power levels
to £3lass° However, the adaptive lasso estimation based on the misspecified linear model
lacks such properties and may not provide gains in power. One notable trade-off of our
proposed estimators is the slight Type-I error inflation when N, is small and Assumption 2
is violated, which can be attributed to finite-sample selection error and was also observed by
Viele et al. (2014).
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Fig. 1. Simulation results under various levels of w, and different model choices of ¢(X) and 1¢o(X).

4. REAL-DATA APPLICATION

In this section, we present an application of the proposed methodology to investigate the
effectiveness of basal insulin lispro against regular insulin glargine in patients with Type-I
diabetes. When combined with preprandial insulin lispro, basal insulin lispro and insulin
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Table 2. Point estimates, standard errors and 95% confidence intervals of the
treatment effect of BIL against regular GL based on the IMAGINE-1 and

IMAGINE-3 studies
faipw faCW fa?cl?vsso f:tl:;l/g?g?nm fPPP

Est. (SE) —0.25(0.072) —0.22(0.057) —0.24 (0.065) —0.25 (0.070)  —0.27 (0.062)
CI (—0.39,-0.11) (-0.33,-0.11) (-0.37,-0.08) (—0.39,—-0.12) (—0.39,-0.15)

Est., estimate; SE, standard error; CI, confidence interval; BIL, basal insulin lispro; GL, regular
insulin glargine.

glargine are two long-acting insulin formulations used for patients with Type-I diabetes
mellitus. We analyse the IMAGINE-1 study, a randomized controlled trial where partic-
ipants were unevenly assigned to either basal insulin lispro (treatment group) or insulin
glargine (control group). Additionally, external control subjects from the IMAGINE-3 trial
were used. In the Supplementary Material we also explore the effectiveness of solanezumab
versus the placebo in slowing Alzheimer’s disease progression using external observational
data.

Our primary objective is to test the hypothesis of whether basal insulin lispro is supe-
rior to regular insulin glargine at glycemic control for patients with Type-I diabetes mellitus.
This can be achieved by comparing the deviation of the hemoglobin Alc level from base-
line after 52 weeks of treatment. Both studies contain a rich set of baseline covariates X,
such as age, gender, baseline hemoglobin Alc (%), baseline fasting serum glucose (mmol/L),
baseline triglycerides (mmol/L), baseline low-density lipoprotein cholesterol (mmol/L) and
baseline alanine transaminase (U/L). The primary analysis population in IMAGINE-1 was
the randomized patients who received at least one treatment dose. To mimic the full-analysis
population from IMAGINE-1, external control subjects with missing baseline assessments
are discarded from IMAGINE-3. The last observation carried forward is used to impute
missing postbaseline outcomes. The IMAGINE-1 study consists of Nz = 439 subjects with
286 in the treated group and 153 in the control group, while the IMAGINE-3 study includes
N¢ = 444 patients in the control arm. In our statistical analysis, we first use the baseline
covariates X to model the trial inclusion probability by calibration weighting under the
entropy loss function. Next, we assume a linear heterogeneity treatment effect function for
the outcomes with X as the treatment modifier, and compare the same set of estimators in
the simulation study.

Table 2 reports the estimated results. The trial-only estimator T, shows that basal
insulin lispro has a significant treatment effect on reducing the glucose level solely based on
the IMAGINE-1 study. Because of potential population bias, the naively integrative estima-
tors Tacw and Tppp, albeit significant, are slightly different from 7, which may be subject to
possible biases of the external controls. After filtering out the incompatible patients from the
external controls by our adaptive lasso selection, the final integrative estimates £2125¢ and
f;clgs’sg‘]’am are closer to the benchmark, but have narrower confidence intervals. According to
our adaptive analysis result, basal insulin lispro is significantly more effective than regular
insulin glargine at glycemic control when used for patients with Type-I diabetes mellitus.

Next, we compare the performances of 7,ipy with our data-adaptive integrative estimates
to highlight the advantages of our dynamic borrowing framework. To this end, we retain the
size of the treatment group, but create 100 subsamples by randomly selecting N; patients
from its control group, where N} = 10, ...,153. Then, the patients treated with regular
insulin glargine in the IMAGINE-3 study are augmented to each selected subsample and
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Fig.2. Probability of success for detecting t < —0.1 by Zaipw, galasso g d f;‘l”s" with varying control group
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sizes in the IMAGINE-1 study.

the treatment effect is evaluated upon the hybrid control arm design. Figure 2 presents the
average probabilities of successfully detecting t < —0.1, the so-called probability of success,
against the size of subsamples. When solely utilizing patients from the IMAGINE-1 study,
Taipw Produces a probability of success larger than 0.8 only if the size of the control group is
larger than 25. Combined with the IMAGINE-3 study, 721355 and f;é;s’sg%m refine the treat-
ment effect estimation and only 15 patients are needed in the concurrent control group to
attain a probability of success higher than 0.8. Therefore, by properly leveraging the exter-
nal controls, we may accelerate drug development by decreasing the number of patients on

the concurrent control, thereby reducing the duration and cost of the clinical trial.

5. DiscussioN

Interest in the use of external control arms for drug development is becoming more
common. However, concerns regarding their quality and validity have limited their use for
healthcare decision-making thus far, necessitating careful and appropriate assessment. To
adjust for potential selection bias, our proposed method calibrates the covariate moments
across two data sources, ensuring that the covariate distributions in both sources match each
other. Alternative predictive model-based strategies are applicable when only a subset of
covariates is shared (Stuart et al., 2011; Tipton, 2014). To address differences in outcomes,
we select comparable external subsets based on the adaptive lasso penalty. Alternative penal-
ties can be considered if the selection consistency property is attained, such as the smoothly
clipped absolute deviation penalty (Fan & Li, 2001). Moreover, our framework can be
easily extended to augment observational studies with external data, which may require
additional modelling and assumptions to achieve double robustness. Slight Type-I error
inflation is observed in our simulations when the concurrent control group is small, attrib-
uted to selection error in finite samples. One future direction will be to rigorously construct
a data-adaptive confidence interval to account for finite-sample selection uncertainty with-
out being overly conservative (Lee et al., 2016; Tibshirani et al., 2016). Other future
directions include extending the proposed integrated inferential framework to survival out-
comes (Lee et al., 2022a), estimating heterogeneous treatment effects (Wu & Yang, 2022a;
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Yang et al., 2022) and combining probability and nonprobability samples (Yang et al., 2020;
Gao & Yang, 2023).
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SUPPLEMENTARY MATERIAL

The Supplementary Material includes all technical proofs, additional simulation results
and other real-data applications. An open-source software R package (R Develop-
ment Core Team, 2025) is available for implementing our proposed methodology at
https://github.com/IntegrativeStats/Selectivelntegrative.
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