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A B S T R A C T  

Extern ally c ontrolle d trials are crucial in clinical developme n t whe n ra ndomize d c ontrolle d trials are unethical or impract ical . These trials con- 
sist of a full tr ea tment arm with the experimental tr ea tment and a full external con trol a rm. How ev e r, they prese n t si gnifica n t challe nges in 

le arning the tre atme n t effect due to the lack of ra ndomization a nd a pa rallel con tr ol gr oup. Be side s base l ine incomparabil ity, outcome mean 

non-exchang e ability, caused by diffe re nces in conditional outcome distribution s be twee n exte rnal con trols a nd coun te rfactual concurre n t con- 
trol s, i s infeasible to test and may introduce bi as es in evaluating the treatme n t effect. Se nsitivity a nalysis of outcome mean non-exchang e ability 
is thus critically important to as s es s the ro bustnes s of the study’s conclusion s again st such as sumption vio l ation s . More ov e r, in te rcurre n t eve n ts, 
which are ubiquitous and ine vita ble in cl inical stud ies, can further confound the tr ea tment effect and hinder the interpr eta tion of the estim ate d 

tr ea tme n t effe cts . This pa pe r es tab lishes a s e mi -pa ra metric fra mework for exte rn ally c ontrolle d trials with in te r curr e n t eve n ts, offe ring dou- 
b ly ro bus t a nd locally optimal es tim ators for prim a ry a nd se nsitivity a n alyses . We dev elop an omnibus s en sitivity an alysis th at ac c ounts for 
both outcome mean non-exchang e ability and the impacts of in te r curr e n t eve n ts sim ulta neously, e n suring root-n con sis te ncy a nd asymptotic 
normality under spec i fied conditions. The pe rforma nce of the proposed s en sitivity analysis is evaluated in simulation studies and a r eal-da ta 
pro b lem . 

KEY W OR DS : data hete roge neity; missing not at random; se mi -pa ra metric es t imat ion; t ilt ing models. 
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1 I N T R O D U C T I O N 

1.1 Why con s ider external co nt rols 
n medical r esear ch, the gold s ta nda r d for evalua ting new tr ea t-

e n ts has been rando mized co ntrolled tri als (RCTs). Re gula-
ory bodies often r equir e these rigorously c ontrolle d clinical
tudies to v alid ate the effe ctiv e ness a nd safety of these tr ea t-

e n ts for spec i fic patie n t groups . D espite the high re gard for
 andomiz ed, doub le-b lind tri als, they may not always be vi ab le
r ethical , part icularly in rare or severe dis eas es with limited

r ea tme n t options . Re cruiting enough p articip ants for such tri-
l s i s often d iffic ult, and using p l acebos in situations when al-
ern ativ e effe ctiv e tr ea tme n ts a re av ail ab le may be unethical or
mpract ical . 

In these case s, si ngle-a rm tri als (SATs) can be a practical alter-
 ativ e, though they come with limitation s. W ithout direct com-
aris on d a ta for untr ea te d s ubje cts, r esear chers ar e c ompelle d

o infer these outcomes from external sources such as previous
 tudies or real -world d atabas es. Thes e are referred to as extern a lly
ontrolled tri als (ECTs). How ev er, da ta fr om past trials might not
lw ays be relev a n t due to cha ng es in the tre atme n t la ndsca pe a nd
atie n t de mogra phic s, reduc ing its evide nce ca p acity comp ared
ith RCTs . Re c e n tly, real -w orld data h av e gaine d popularity for

xtern al c ontro l arm s due to its ac c essibility and c on te mpora ne-
ty with tr ea tme n t groups. 

e c eiv e d: July 28, 2024; Revised: March 10, 2025; Accepted: April 2, 2025 
The Author(s) 2025. Published by Oxford University Press on behalf of The In te rn ation a
 re ative Common s A ttribution Licen s e ( https://creativ ec ommons .org/lic ense s/by/4.0/ ), wh

he original work is properly cited. 
1.2 Est iman d con s iderat ion s with external co nt rols 
he Food and Drug Administration’s (FD A) lat e st dra ft guide-

ines for natural his tory s tudies in ra re dis eas e dru g deve lop-
e n t e mph asize d 5 critical c onc e rns with using exte rn al c ontrols

Food and Dru g Administration, 2023 ). The se c onc erns, out-
ined in Table 1 , may introduce bi as es in r esear ch findings when
 eal-world da ta ar e utilize d as a c on trol a rm in ECTs. For a more
 tructured a nalysis of these biases, we classified them into 2 prin-
ip al categories: b aseline incomp a rability a nd outcome mea n
on-exchang e ability. Each categ ory is cha racte rized b y unique
e ch anisms for introducing bias, as detailed in Table 1 . 
Be side s the challenge s of non-exchang e ability of the external

ontrols in clinical trials, m an aging in te r curr e n t eve n ts such as
 articip ant dropout, non-comp li anc e, or prem a tur e termina tion
f the ra p y adds more c omplexities . T ypically , the mis singnes s at
 andom (MAR) fr amework is adopted after the absence of out-
omes following these eve n ts. Whi le the M AR assumption is of-
e n dee med p l ausib le, it remain s unverifiab le and may l a ck pra c-
ical appl icabil ity sinc e it ass umes all p articip ants persist with
he study medica tion, addr essing only a the oretical aspe ct of
he tr ea tme n t effe ct, as note d in the guide line s (ICH, 2021 ).
 more p l ausib le as s umption w ould be th a t the tr ea tme n t ef-

e ct m a y quickly fade awa y, lea din g to the missin g not at ran-
l Biome tric Socie ty. Thi s i s a n Ope n Ac c ess a rticle dis tributed unde r the te rms of the 
ich permits unre stricted re use, dis tribution, a nd reproduction in any me dium, provide d 
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TABLE 1 Key con sideration s of using external controls. 

(Obs erve d) bas elin e in comparability 

Cov ari ate distribution shift Sys te matic diffe re nces exis t in the baseline cha racte ris t ics of pat ie n ts in exte rnal s tudies compa red to those 
in SATs 

(Uno bs erv e d) outc ome mean non-exch ang e ability 
Unmeas ure d c onfounding Extern al c ontro l d ata mi gh t not ca pture the sa me detailed patie n t information as SATs, lea din g to bi as es 

from unknown or unmeas ure d factors 
Lack of concurrency/ 
temporal bias 

Extern al c ontro l d ata and SATs may be collected in diffe re n t time periods or under varying healthcare 
s e ttings 

Measure me n t e rror There may exist potential inconsis te ncies in how patie n t information is collected and r ecor ded, termed here 
as measure me n t e rrors in cova riates 

Outcome val id ity Methods of measuring outcomes in external data sources mi gh t diffe r from thos e us ed in SATs, or the 
outcomes mi gh t not be clea rly defined or reli ab le 

Prope r es tima nds 
In te r curr e n t eve n ts In te r curr e n t eve n ts, such as s topping medication a nd/or a ddin g rescue the ra p y, ca n confound the causal 

effects of the r andomiz ed tr ea tme n t 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dom (MNAR) pa t tern for the in te r curr e n t eve n ts. The MNAR
as sumption can als o be put forw ard for the s en sitivity analysis,
su gge s ting that a ny treatme n t effect o bs e rved, while a pa rticipa n t
was active in the study is nullified upon their discon tin uation. To
evaluate this effect, the imple me n tation of con trol -based impu-
t ation (CBI) mode ls h as be en propose d, offe ring a n ua nc e d and
realistic as s es sme n t of tr ea tme n t outcomes in clinical trials. 

1.3 Prima ry a nal ysis a nd doubl y robust o mnibus s e n s it ivity 
a nal ysis 

Nume rous s tatis tical me thodo lo gies h av e be en dev elope d to ad-
dress the pote n tial biases from using extern al c ontrols in ECTs.
Most of these methods utilize te chniques s uch as propensity
scor e stra tifica tion, ma tching, or wei gh t ing to mit igate select ion
bi as by bal ancing bas eline cov ari ates be tw e en extern al c ontrols
and SATs. Nonethe le ss, the outc ome exch ang e ability of external
con trols ca nnot be ve rified with o bs erved d ata due to the ab-
sence of concurre n t con trols. The r efor e, s en sitivity analys es be-
come es s e n ti al to ev aluat e the impact of pot e n ti al vio l ation s of
outc ome non-exch ang e ability and to understand the effects of
in te r curr e n t eve n ts unde r diffe re n t realis tic sce na rios. 

In this c ontext, w e introduc e a s en sitivity an alysis framew ork
tailored for ECTs with in te r curr e n t eve n ts. This fra mework e n-
compas s e s mode ls such as the t ilt ing models, which control the
de gre e of outcome mea n non-excha ng e ability in external con-
trols a nd alte rations in outcome dis tributions afte r in te r curr e n t
eve n ts. Ce n tral to our framework is the es tablishme n t of iden-
t ificat ion results, the developme n t of efficie n t influe nce func-
t ions (EI Fs), and EI F-mot ivated t ilt ing est imators unde r se nsi -
tivity models, which jointly capture the effect of changes due
t o out c ome mean non-exch ang e ability and inter curr ent ev ents .
The se EIF- motivated e stim ators h av e sev e ral adva n tageous s t a -
t ist ical propert ies, such as local efficiency, double robustness,
and asymptotic normality. By analytically e st ablishing the con-
dition s for desirab le asymptot ic propert ie s, our e stimator allows
flexible models for n uisa nce pa ra mete rs while main taining root-
n consis te ncy ( Theore m 4). The refore, our m a jor c ontribution
is to derive the locally efficient estimator for evaluating the treat-
me n t effect unde r the se nsitivity models a nd to join tly assess the
ro bustnes s and reli ability of multip le as sumption s in ECTs with 

in te r curr e n t eve n ts in a more efficie n t a nd flexible ma nne r. 
Our pa pe r is orga nize d as follows: Se ction 2 prese n ts a brief 

overview of s en sitivity an alysis . Se ction 3 introduc es the nota- 
tion and develops the s emi-parame tric efficient estimator for the 
prima ry a nalysis. Section 4 details the tilting s en sitivity models 
a nd the efficie n t infe re nce for the s en sitivity an alysis . Another ef- 
ficie n t es timator for the CBI s en sitivity analysis under the jump- 
to-r efer enc e ( J2R ) mode l is pre se n ted in the Supple me n ta ry
Materials . Se ction 5 d isc usses one practical method for choosing 
the s en sitivity pa ra mete rs b y boundin g their impa cts . Extensiv e 
sim ulation s tudies for both prima ry a nd se nsitivity a nalyses a re 
prese n ted in S ection 6 . S ection 7 i l lus trates our a pproach with an
a n tide pre s s a n t trial, and Section 8 concludes with a d isc ussion. 

2 R E L AT E D  W O R K S  

Before we delve into the proposed s en sitivity analysis frame- 
w ork, w e provide a review of s en sitivity analysis me thods. Caus al 
infe re nc e inv o lving o bs erv ational studies usually r equir es no un- 
meas ure d c onfounding ass umption, th a t is, the tr ea tme n t assi gn- 
me n t is ignorable c ondition al on a set of covariates (Rosenb a um 

a nd Rubin, 1983b ; Imbe ns a nd Rubin, 2015 ). Ye t, cl aiming the 
absence of confounders in the tr ea tment-outcome r ela tionship is 
un tes table a nd ofte n imp l ausib le in practice. Thus, it i s advi sed
to conduct a series of sensitivity analyse s asse ssing how robust 
the causal findings are against the plausible violations of the un- 
c onfounde dne ss (Farie s et al., 2024 ). The problem of sensitivity 
an alyses h as be en studie d in a v arie ty of fields with the ea rlies t
work in Cornfield et al. ( 1959 ), which is lat er ext ended in Im- 
ben s ( 2003 ), Ros enb a um ( 1987 ), and Rosenb a um and Rubin 

( 1983a ). How ev er, one c onc erning iss ue re ga rding this fra me- 
w ork is th at it dem ands a spec i fic parame tric as sumption on the 
unmeas ure d c onfounder U . In m any cas es, s en sitivity analys es 
can be quite fra gile a gainst the model misspec i fication of U as 
shown in Zhang and Tchetgen ( 2019 ). 

To circumve n t modeling the c ondition al (or m argin al) dis- 
tribution for the unmeas ure d c onfounder, a p le thora of s en si- 
tivity approaches h av e be en propose d, which preserv e the crit- 
ical ele me n ts in Imbe ns ( 2003 ) a nd Rose nb a um and Rubin
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 1983a ) and allow for flexible strategies to model the distribu-
ion of U . Zhang and Tchetgen ( 2019 ) leverage the modern
e mi -pa ra metric theory to obtain a consis te n t es t imat ion in a

odel while p l a cin g no distribution al ass umptions on U . The
dea of partial misspec i fication of the n uisa nce pa ra mete rs e n-
ows the framework with an unrestricted law of late n t va riables
nd h as be en similarly c onsidere d in the context of measurement
 rror ( Tsiatis a nd Ma, 2004 ), mixed models (Ga rcia a nd Ma,
016 ), a nd s tatis tical ge netic s (A lle n et al., 2005 ). Anothe r line
f work to tackle this pro b lem is bas ed on the idea of “omitted-
 ari ab le” bi as, which can be c ompute d easily without ne e ds to
pec i fy the pa ra metric form of the pote n tial unobse rv e d c on-
ounding. The idea of ge ne ral bias form ula is introduc e d in Van-
er We ele and Arah ( 2011 ), and is further extended in Cinelli
nd Hazlett ( 2020 ) with more flexibility and ro bustnes s. 
As i l lus trated so fa r, mos t of the work blurs the line betw e en

 en sitivity analysis and model checking by introducing s en sitiv-
ty pa ra mete rs unde r s tringe n t pa ra me tric as sumption s. For ex-
 mple, Little a nd Rubin ( 2019 ) su gge s t that the i gnorability as-
umption in Heckman ( 1979 ) can be t est ed as the result of their
aus si a n pa ra me tric as sumption, the reb y inducing tes table im-
 lication s of the un tes table i gnorability as sumption . Moreover,

he lack of such “clean” separation requires that the o bs erv e d
odel to be refit for each s e tting of the s en sitivity pa ra mete rs,
hich wi l l be a n one rous task as mode rn non-pa ra metric mod -

ls may be adopted to fit the pote n tial outc omes . To address this
 onc ern, Ro bin s e t al. ( 2000 ) propos e a nd exte nded b y Fra nks
t al. ( 2020 ) and Nabi et al. ( 2024 ) to use the “t ilt ing,” or “se-
ect ion” funct ion to de c oup le the s en sitivity analys es from the
 bs erv e d data model. T ypically , such s en sitivity analysis spec i fi-
ation does not impose any parame tric as sumption s on the dis-
ribution of the o bs erv e d data or the unmeas ure d c onfounder,
ut only on a relaxed version of the unconfoundedness assump-
ion: 

f { Y (a ) , A = 1 − a | X} = f { Y (a ) , A = a | X} f { A =1 −a | Y (a ) ,X;ψ} 
f { A = a | Y (a ) ,X;ψ} , (1) 

here Y (a ) is the potential outcome under tr ea tment a , A is the
r ea tme n t assi gnme n t, a nd X is the bas eline cov ari a tes. Her e, the
rs t te rm cons titutes the o bs erv e d d ata den sity, while the s ec-
nd term is the selection function gov erne d by the s en sitivity
a ra mete r ψ . Othe r a pproa ches in B la ckwell ( 2014 ) a nd Ya ng
nd Lok ( 2018 ) take a different track by r epr ese n ting the con-
ounding as a function of the o bs erv e d c ov ari ate s, and de scribe
he c ondition al pote n tial outcomes diffe re nce va ried b y the
r ea tme n t assi gnme n t as q (a, X ;α) = E { Y (a ) | A = a, X } −
 { Y (a ) | A = 1 − a, X } , where the confounding function q is

ha racte rized b y the single se nsitivity pa ra mete r α. As the ob-
erv e d data distribution is free of the s en sitivity parame ters
 ψ or α), it achieves the “clean” factorization of the ide n ti -
ed and unidentified parts of the s en sitivity analysis framework.
eitch a nd Zave ri ( 2020 ), exte nding from Imbe ns ( 2003 ), posit
 probabilistic model to bypass the ne e d to spe c i fy a ny dis tri -
ution al ass umption on U , which also de c ouples the sensitiv-

ty analyses from the observ e d data and leads to tractable bias

alcul ation s. a
3 S  I N G L  E - A  R M T R I A  L  DATA  W I T H  

E X  T E R N A  L  CO N T R O L S : P R I M A RY  A N A LY  S  I S  

o ground ideas, we first focus on cross - se ction al studies . Let
 = 1 denote trial p articip ation, and the tri al d ata con sist of
 V i = (X i , A i , R i , Y i , S i = 1) : i ∈ R} , where R = 1 indicates
he absence of inter curr ent ev ents (e g, tr ea tment discontinua-
ion) during follo w -up and 0 otherwi se. L et S = 0 denote the
xte rnal pa rt icipat ion, and the external data consist of { V i =

(X i , A i , R i , Y i , S i = 0) : i ∈ E} . Assume (X i , A i , R i , Y i , S i ) are
ndepe nde n t a nd ide n tically dis tributed, a nd we omit the sub-
cript i for the simplicity of notation. Let V = (X , A, R, Y , S )
e the random v e ctor of all o bs erv e d v ari ab les and follow the
 bs erv e d data distribution P 0 . The treatment p ol icy strate gy des-

gna tes a tr ea tment effe ct estim and th at meas ure s the tot al ef-
ect of the tr ea tme n t assi gnme n t a nd the in te r curr e n t eve n t on
he outcome. Ther efor e, to define the es tima nd una mbi guously,
e extend the causal framework in Lipkovich et al. ( 2020 ) and

n troduce the pote n tial outcomes fra mework for R and Y . De-
ote R(a ) as the pote n tial indicator for the absence of inter-
urre n t eve n ts unde r tr ea tme n t a , Y (a, r) as the pote n tial out-
ome under tr ea tment a with inter curr ent event status r, and
 (a ) = Y { a, R(a ) } . 
The es tima nd of in te res t is the averag e tre atme n t effect (ATE)

or the trial, defined as 

τ = E [ Y { 1 , R(1) } − Y { 0 , R(0) } | S = 1] 

= E { Y (1) − Y (0) | S = 1 } , 

hich is a treatment p ol icy estim and, as the oc currenc e of in-
er curr ent events is c onsidere d irreleva n t. How ev er, due to the

issing outcomes following these eve n ts, the treatment p ol icy
 trategy ca nnot be imple me n ted for in te r curr e n t eve n ts that a re
ermin al, s uch as tr ea tment discontinua tion . Tab le 2 (A) outlines
ever al k ey causal assumptions to ide n tify the tr ea tme n t effect for
he primary an alysis . 

As sumption s 1 and 2 ar e standar d causal assumptions for iden-
 ificat ion (Rosenb a um and Rubin, 1983b ). Ass umption 1 m aps
he pote n tial out comes t o the o bs erv e d d ata, and As sumption
 ens ures th at each p articip ant has a positive probability of be-

ng re cruite d into the SAT or external con trols, a nd not having
n te r curr e n t eve n ts. Assumption 3 st ate s that the conditional ex-
ectation of Y (0) is the same for the trial and the external con-

ro ls. As sumption s 4 and 5 imply that the in te rcurre n t eve n ts oc-
ur at random for SAT and the external contr ols, r e spective ly.
hes e as sumption s are s atisfie d if the c ov ari a tes X captur e all

he confounding v ari ab les. Take a wei gh t-los s tri al for a n exa m-
le, whe re the in te rcurre n t eve n ts a re the non-comp li ance with

he pres cribed die t. If we as sume that the cov ari ates, such as
ge, baseline wei gh t, a nd othe r lifes tyle factors, ca pture all the
onfounding v ari ab les, it fo llow s that g ive n the sa me cova riates
or 2 p articip ants, they h av e the same l ikel ihood of being non-

comp li a n t with the diet, r egar dless of their wei gh t loss. The re-
ore, w e can c onclude th at the w ei gh t loss wi l l not be affe cte d by
he oc currenc e of the non-c omp li anc e c ondition al on these co-
 ari at es, and the post-int er curr ent ev ent outc omes are exch ange-

ble to the observ e d outc omes . 
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TABLE 2 Lists of (A) key as sumption s for primary analysis (B) neces s ary notation . 

(A) Assumptions Details 

1. Causal consis te ncy R = R(A ) , and Y = Y 
{

A, R(A ) 
}

2. Positivity P(S = 1 | X ) > 0 and P(R = 1 | X , S = s ) > 0 for s = 0 , 1 
3. Outcome exchang e ability of the 
extern al c ontrols 

E { Y (0) | X , S = 1 } = E { Y (0) | X , S = 0 } = μ0 (X ) 

4. Ignorability of in te r curr e n t eve n t for 
SAT data 

R(a ) ⊥ Y (a, r) | X , S = 1 , for all a, r

5. Ignorability of in te r curr e n t eve n t for 
extern al c ontrols 

R(a ) ⊥ Y (a, r) | X , S = 0 , for all a, r

(B) Formula Details 
πS (X ) p articip a tion pr opensity, defined as πS (X ) = P(S = 1 | X ) 
q S (X ) p articip a tion pr ope nsity de nsity ratio, defined as q S (X ) = πS (X ) / { 1 − πS (X ) } 
πR s (X ) propensity of not having inter curr ent event for s = 0 , 1 , defined as 

πR s (X ) = P(R = 1 | X , S = s ) 
q R s (X ) prope nsity de nsity ratio of in te rcurre n t eve n t for s = 0 , 1 , defined as 

q R s (X ) = { 1 − πR 1 (X ) } /πR 1 (X ) 
μs (X ) outcome means for s = 0 , 1 , defined as μs (X ) = E (Y | X , S = s, R = 1) 
c ( X ; γR 0 ) , c ( X ; γR 1 ) , c ( X ; γS ) , 
c (X ; γS + γR 0 ) 

Nor malizing ter ms, defined as c (X ; γR 0 ) = E [ exp { γR 0 , Y (0) } | X , S = 0 , R = 1] , 
c (X ; γR 1 ) = E [ exp { γR 1 Y (1) } | X , S = 1 , R = 1)] , 
c (X ; γS ) = E [ exp { γS Y (0) } | X , S = 0 , R = 1] , 
c (X ; γS + γR 0 ) = E [ exp { (γS + γR 0 ) Y (0) } | X , S = 0 , R = 1] 

b (X ; γR 0 ) , b (X ; γR 1 ) , b (X ; γS ) , 
b(X ; γS + γR 0 ) 

Tilt ed out come means, defined as b(X ; γR 0 ) = E [ Y exp { γR 0 , Y (0) } | X , S = 0 , R = 1] , 
b(X ; γR 1 ) = E [ Y exp { γR 1 Y (1) } | X , S = 1 , R = 1] , 
b(X ; γS ) = E [ Y exp { γS Y (0) } | X , S = 0 , R = 1] , 
b(X ; γS + γR 0 ) = E [ Y exp { (γS + γR 0 ) Y (0) } | X , S = 0 , R = 1] 

d(X ; γR 0 , γS ) , e (X ; γR 0 , γS ) d(X ; γR 0 , γS ) = πR 0 ( X ) b( X ; γS ) c ( X ; γR 0 ) + { 1 − πR 0 ( X ) } b( X ; γS + γR 0 ) , 
e (X ; γR 0 , γS ) = πR 0 ( X ) c ( X ; γS ) c ( X ; γR 0 ) + { 1 − πR 0 ( X ) } c ( X ; γS + γR 0 ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem 1 provides 3 ide n t ificat ion formulas for τ under the
as sumption s in Table 2 (A), and Table 2 (B) s umm arizes the nec-
es s ary models for the ide n t ificat ion. 

T heore m 1 (Ide n tification): Under the ass umpt io ns in Table 2 ,
τ is i dentifiab le by 

(a) tria l p articip ation pro p ensity a n d o u t co m e m ean s: 

τ = 

E { πS ( X ) μ1 ( X ) − πS ( X ) μ0 ( X ) } 
P (S = 1) 

, 

(b) tria l p articip ation pro p ensity a nd res p onse pro p ensity: 

τ = 

1 

P (S = 1) 
E 

{
SRY 

πR 1 (X ) 
− (1 − S ) Rq S (X ) Y 

πR 0 (X ) 

}
, 

(c) res p onse pro p ensity a n d o u t co m e m ean: 
τ = 

1 
P(S =1) E 

{
SπR 1 (X ) Y + S { 1 − πR 1 ( X ) } μ1 ( X ) − Sμ0 (X ) 

}
. 

We give some intuitions behind these ide n t ificat ion formu-
las . The orem 1(a) de scribe s that the individual treatme n t effect
giv en the c ov ari ates X is μ1 (X ) − μ0 (X ) . Taking the expect a -
tion over the trial population yields the ide n tification for ATE.
Theore m 1(b) ca n be unde rs tood as a tra n sportability pro b-
le m. The firs t te r m, cor responding to πS ( X ) μ1 ( X ) , adjusts the
outcomes from SAT SY by R/πR 1 (X ) , which wei gh ts the ob-
serv e d s ubje cts by their response propensity. The se c ond term,
corresponding to πS ( X ) μ0 ( X ) , adjusts the outcomes (1 − S ) Y 

from the external controls by Rq S ( X ) /πR 0 ( X ) , which trans -
ports the external controls to the trial via the density ratio q S (X ) 
a fter re spon s e propen sity weighting. In Theorem 1(c), it pre- 
dicts the outcomes for the tr ea tme n t group by πR 1 (X ) Y + { 1 −
πR 1 ( X ) } μ1 ( X ) , which imputes the pos t-in te r curr e n t eve n t out-
comes b y μ1 (X ) . Simila rly, it pre dicts the outc omes of the exter- 
n al c on trols b y μ0 (X ) . The diffe re nc e betw e en these 2 pre dic-
tions m argin alize d ov er the tri al popul ation qua n t ifies the ATE . 

Based on these ide n t ificat ion formulas, infinitely many e stima - 
tors can be c onstructe d. To dev elop a more principle d estim ator, 
w e deriv e the EIF for τ , and the result ing EI F-mot ivated t ilt ing
estim ator achiev es the rate doub le ro bustnes s, local efficiency, 
and asymptotic normality. The details of the estimator and these 
prope rties a re rele gate d to Theorems S1 and S2 in the Supple- 
me n ta ry Mate rials. 

4 S  E N S  I T I V I T Y  A  N A  LY  S  I S  U N D E R  T I LT I N G  

M O D E L S  

4.1 Assu mpt ion s an d a graphic a l r epr esent ation 

As sumption s 3-5 in Table 2 are critical for the ide n tification of 
τ . How ev er, thes e as sumption s m ay be s ubje ct to vio l ation s in
practice and are unverifiab le bas ed on the o bs erv e d da ta. Her e, 
w e dev elop the t ilt ing s en sitivity models to as s es s whe ther the
prima ry a nalysis result is s en sitive to the vio l ation of these as- 
s umptions . 

M o del 1 ( Til ting sen sitivity m odels): Assum e t hat t h e til ting m odels
fo r EC ou t co m e m ean n on -e xcha ngeabil ity a nd the effects of i ntercur-



Biometrics , 2025, Vol. 00, No. 0 � 5 

r

f  

T

 

i  

a  

l  

c  

w  

s  

m
 

s  

a  

(  

s  

i  

t  

γ  

t  

(  

g  

t  

s

R  

m  

s  

t

w  

fi  

u
v

w  

a  

S

 

a  

t  

i  

D  

t  

i  

i  

t  

c

T  

c  

fi

T  

e  

γ

w  

n  

b

 

s  

h

 

 

w  

e  

γ  

t  

S  

t

T  

a
 

i

 

 

 

w  

E  

m

 

(  

S  

w  

c  

Y  

t  

γ  

S  

c  
en t even ts are 

d F { Y (s, 0) | X , S = s, R = 0 } = d F { Y (s, 1) | X , S = s, R = 1 } exp { γR s Y (s ) } 
c (X; γR s ) 

, 

d F { Y (0) | X , S = 1 } = d F { Y (0) | X , S = 0 } exp { γS Y (0) } 
E [ exp { γS Y (0) } | X , S = 0] 

, 

or s = 0 , 1 , wh ere th e n orm a lizing terms c (X ; γR s ) are define d i n

able 2 (B). 

Model 1 posits that each uno bs erved outcome distribution
s a “tilted version” of the o bs erv e d outc omes, where γS , γR 0 ,
 nd γR 1 a r e tr ea ted as the s en sitivity pa ra mete rs, e n tailing the
ev el of EC outc ome non-exch ang e ability and the effect of in te r-
urre n t eve n ts within each a rm; see Fi gure 1 for a n i l lustration
hen As sumption s 3-5 in Tab le 2 are vio l at ed due t o unmea-
 ure d c onfounders U S , U R 0 , a nd U R 1 unde r the t ilt ing s en sitivity

odels. 
Giv en ne gativ e (or positiv e) s en sitivity pa ra mete rs, the unob-

erv e d outc ome di stribution i s tilt ed t o the left (or ri gh t) rel -
tive to the distribution of o bs erv e d outc ome s, with s maller
or la rge r ) values r e c eiving gr ea te r wei gh t. For exa mple, if γS is
malle r (or la rge r) tha n 0, Mode l 1 implie s that trial p articip ants,
f untr ea t ed, t end t o h av e sm alle r (or la rge r) outc omes c ompare d
o the external control s, g iven the same cov ari ates. Simil arly, if
R 0 and γR 1 are both smaller (or larger) than 0, Model 1 implies

hat p articip ants with inter curr ent events tend to h av e sm aller
or la rge r) outc omes c ompare d to those without s uch ev e n ts,
iven the same cov ari ates. In particul ar, γS = 0 leads to Assump-
ion 3, γR 0 = 0 leads to Assumption 4, and γR 1 = 1 leads to As-
umption 5. 

 emark 1 (L og i s tic se lection): T h e til ting sen sitivity m odels are
ot iva t ed by the logis t ic model fo r the bi nary i ndic a t o rs S and R. As-

um e th e lo g od ds of bei ng i n the tri al a re l i ne ar i n Y (0) a nd X u nder
he logis t ic sele ct io n s p e cific a t io n: 

P (S = 1 | Y (0) , X ) = logit −1 { αS (X ) + γS Y (0) } , (2) 

here logit −1 (x ) = { 1 + exp (−x ) } −1 , and αS (X ) can be identi-
ed by the observed data once γS is s p ecifie d. Usi ng the Bayes rule, the
nobserv e d ou t co me dis tribu t io n f ( Y ( 0) | S = 1 , X ) is a “t ilt ing”
ersion of the observ e d outcomes: 

f ( Y ( 0) | S = 1 , X ) = f ( Y ( 0) | S = 0 , X ) 
P(S = 0 | X ) 
P(S = 1 | X ) 

× P(S = 1 | Y (0) , X ) 
P(S = 0 | Y (0) , X ) 

= f ( Y ( 0) | S = 0 , X ) 
exp { γS Y (0) } 

E [ exp { γS Y (0) } | X , S = 0] 
, 

 hich is fre e of αS (X ) ; si mil ar lo gis t ic sele ct io n s p e cific a t io ns c a n b e
pp l ied to model the indic a t o r of the inter curr ent ev ent withi n the
AT and external controls as well. 

Re ma rk 1 implies that our t ilt ing s en sit ivity model , also known
s the expone n t ial t ilt ing model , is c onne cte d to the log i s-
 ic select ion spec i fication ( 2 ) with flexib le formul ation, includ-
ng ma ny non-pa ra metric models, s uch as siev e approxim ation,

irichle t proces s mixture s, and Baye sian additiv e re gression
re es . The log i st ic select ion model , despite its drawbacks noted
n Copas and Li ( 1997 ), is widely used to assess selection bias
n missing data (Robins et al., 2000 ; Dahabreh et al., 2023 ) and
o conduct s en sitivity analys es for unmeasured confounding in
ausal infe re nce (Fra nks e t al., 2020 ; Nabi e t al., 2024 ). 

4.2 Ident ificat ion an d EIF 

he following theore m es tablishes the non-pa ra metric ide n tifi-
ation of τ when the s en sitivity parame ters γS , γR 0 , and γR 1 are
xed. 

 heore m 2 (Ide n tification unde r tilting se nsitiv it y mod-
 ls): Under Assu mptions 1 and 2 in Table 2 , an d M o del 1 with fixed
R 0 , γR 1 , and γS , the f ollowi n g iden t ific a t io n fo rmula holds for τ : 

τ = 

1 
P(S = 1) 

E 

[
πS ( X ) πR 1 ( X ) μ1 ( X ) + πS (X ) { 1 − πR 1 ( X ) } b( X; γR 1 ) 

c ( X; γR 1 ) 

]

− 1 
P(S = 1) 

E 

{
πS ( X ) d( X; γR 0 , γS ) 

e (X; γR 0 , γS ) 

}
, 

h ere th e til ted outcom es b(X ; γR 1 ) and d(X ; γR 0 , γS ) and the
orm a lizing terms c (X ; γR 1 ) and e (X ; γR 0 , γS ) are define d i n Ta-
le 2 (B). 

The ide n t ificat ion form ula in Theore m 2 is de riv e d under the
 ame lo gic as Theorem 1. Under the t ilt ing s en sit ivity model , we
 av e 

b( X ; γR 1 ) /c ( X ; γR 1 ) = E { Y (1) | X , S = 1 , R = 0 } , (3)

d(X ; γR 0 , γS ) /e (X ; γR 0 , γS ) = E { Y (0) | X , S = 1 } , (4)

her e ( 3 ) r e duc es to μ1 (X ) when γR 1 = 0 as the in te r curr e n t
ve n ts occur at random for SAT, and ( 4 ) re duc es to μ0 (X ) when
R 0 = γS = 0 as external con trols a re excha ng e able to SAT and

he in te r curr e n t eve n ts occur at random for external controls.
imila rly, we ca n de rive the EIF for τ unde r Model 1 t o motivat e
he se mi -pa ra metric efficie n t es timator. 

 heore m 3 (EIF under tilting sensitiv it y m odels): Under th e
ss umpt io n s in Th e o rem 2, the EIF for τ with fixed γR 0 , γR 1 , and γS

s 

φt 
eff (V ; P 0 , γS , γR 0 , γR 1 ) = 

SRY 
P(S =1) , (5)

+ 

S 
P(S =1) 

{ 

(1 − R) b(X;γR 1 ) 
c (X;γR 1 ) 

+ Rq R 1 (X ) g(V ; γR 1 ) 
} 

, (6)

− 1 
P(S = 1) 

{
S 

d(X; γR 0 , γS ) 
e (X; γR 0 , γS ) 

+ (1 − S ) q S (X ) h (V ; γR 0 , γS ) 
}

− Sτ

P(S = 1) 
, (7)

h ere th e augm enta t io n t erms E { g(V ; γR 1 ) } = 0 and
 { h (V ; γR 0 , γS ) } = 0 with detailed definit io n s in th e Supple-
entary Ma t erials. 

T he EIF in T he orem 3 is c onstitute d b y 3 pa rts. The firs t pa rt
 5 ) is c ontribute d by the SAT with no in te r curr e n t eve n ts (ie,
 = 1 , R = 1 ); the se c ond part ( 6 ) is c ontribute d by the SAT
ith in te r curr e n t eve n ts. Whe n γR 1 = 0 , indicating the in te r-

urre n t eve n t occ ur s at random for SAT, g(V ; γR 1 ) equals to
 − μ1 (X ) , a nd pa rt ( 6 ) re duc es to (S10) for prim a ry a nalysis;
he third part ( 7 ) is c ontribute d by the extern al c ontrols . When
R 0 = γS = 0 , indicating extern al c ontr ols ar e exchang e able to
AT a nd the in te r curr e n t eve n t occ ur s at ra ndom for exte rnal
ontrols, h (V ; γR 0 , γS ) equals to R{ Y − μ0 ( X ) } /πR 0 ( X ) , and



6 � Biometrics , 2025, Vol. 00, No. 0 

FIGURE 1 Schematic plot of the t ilt ing sensit ivity models s ubje ct to unmeas ure d c onfounde rs U S , U R 0 , a nd U R 1 . 

 

 

 

T heore m 4: Under the ass umpt io ns in The o rem 3 and other regu- 
la rity cond itions in Assumption S1, we have 

̂ τ t = 

1 
N R 

∑ 

i ∈R 
R i Y i + 

1 
N R 

∑ 

i ∈R 

[ 
(1 − R i ) ̂

 b (X i ; γR 1 ) ̂ c (X i ; γR 1 ) 
+ R i ̂  q R 1 ( X i ) ̂  g ( V i ; γR 1 ) 

] 

− 1 
N R 

∑ 

i ∈R 

̂ d (X i ; γR 0 , γS ) ̂ e (X i ; γR 0 , γS ) 
− 1 

N R 

∑ 

i ∈E ̂
 q S ( X i ) ̂ h ( V i ; γR 0 , γS ) . 

= τ + 

1 
N 

∑ 

i ∈R∪E 
φt 

eff (V i ; P 0 , γS , γR 0 , γR 1 ) + ‖ Rem 

t ( ̂  P , P) ‖ L 2 + o P (N −1 / 2 ) , 

where ‖ Rem 

t ( ̂  P , P 0 ) ‖ L 2 is b ou nded by 
the part ( 7 ) re duc es to (S11). Next, w e c ons truct a n es timator
for τ by s o lving the empirical mean of φt 

eff (V ; P 0 , γS , γR 0 , γR 1 )
with P 0 rep l ac e d by its estim ate d c ounterpart, and present the
asymptot ic propert ies for ̂  τ t in Theorem 4. 
{‖ ̂  q R 1 (X ) − q R 1 (X ) ‖ L 2 + ‖ ̂  c (X ; γR 1 ) − c (X ; γR 1 ) ‖ L 2 
} × {‖ ̂  c (X ; γR 1 ) − c (X ; γR 1 ) ‖ L 2 + ‖ ̂

 b (X ; γR 1 ) − b(X ; γR 1 ) ‖ L 2 
}

+ 

∑ 

γ∈{ γR 0 ,γS ,γS + γR 0 } 
‖ ̂

 b (X ; γ ) − b(X ; γ ) ‖ L 2 

×
⎧ ⎨ ⎩ 

‖ ̂  q R 0 (X ) − q R 0 (X ) ‖ L 2 + ‖ ̂  q S (X ) − q S (X ) ‖ L 2 + 

∑ 

γ∈{ γR 0 ,γS ,γS + γR 0 } 
‖ ̂  c ( X ; γ ) − c ( X ; γ ) ‖ L 2 

⎫ ⎬ ⎭ 

+ 

⎧ ⎨ ⎩ 

‖ ̂  q S (X ) − q S (X ) ‖ L 2 + 

∑ 

γ∈{ γR 0 ,γS ,γS + γR 0 } 
‖ ̂  c ( X ; γ ) − c ( X ; γ ) ‖ L 2 

⎫ ⎬ ⎭ 

×
⎧ ⎨ ⎩ 

∑ 

γ∈{ γR 0 ,γS ,γS + γR 0 } 
‖ ̂  c (X ; γ ) − c (X ; γ ) ‖ L 2 + 

∑ 

γ∈{ γR 0 ,γS ,γS + γR 0 } 
‖ ̂

 b ( X ; γ ) − b( X ; γ ) ‖ L 2 

⎫ ⎬ ⎭ 
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erate the ind icator s of the in te r curr e n t eve n ts a nd the outcomes 
up to some multip l icative consta nts. 

Theorem 4 shows that ̂ τ t is root- n consis te n t a nd asymp-
otically normal for fixed s en sitivity parame ters γS , γR 0 , and
R 1 when the remainder term N 

1 / 2 ‖ Rem 

t ( ̂  P , P 0 ) ‖ L 2 is o P (1) .
n tuitively, whe n γS = γR 1 = γR 0 = 0 , w e h av e ‖ ̂  c (X ; γ ) −
 (X ; γ ) ‖ L 2 = 0 for any γ , and 

‖ ̂  b (X; γR 1 ) − b(X; γR 1 ) ‖ L 2 = ‖ ̂  μ1 (X ) − μ1 (X ) ‖ L 2 , ∑ 

γ∈{ γR 0 ,γS ,γS + γR 0 } 
‖ ̂  b (X; γ ) − b(X; γ ) ‖ L 2 = ‖ ̂  μ0 (X ) − μ0 (X ) ‖ L 2 . 

hus, the remainder term re duc es to 

‖ Rem 

t ( ̂  P , P 0 ) ‖ L 2 � ‖ ̂  q R 1 (X ) − q R 1 (X ) ‖ L 2 × ‖ ̂  μ1 (X ) − μ1 (X ) ‖ L 2 
+ ‖ ̂  μ0 (X ) − μ0 (X ) ‖ L 2 ×

{‖ ̂  q R 0 (X ) − q R 0 (X ) ‖ L 2 + ‖ ̂  q S (X ) − q S (X ) ‖ L 2 
}
, 

hich is at the same c onv ergenc e rate as ‖ Rem ( ̂  P , P 0 ) ‖ L 2 
or the primary analysis in Theorem S2. The re mainde r te rm
 Rem 

t ( ̂  P , P 0 ) ‖ L 2 su gge s ts that the e rror of ̂  τ [ t] is only affe cte d
 y the es t imat ion e rrors of the n uisa nc e models in se c ond-
rde r te rms. The refore, ̂  τ [ t] is more robus t a nd re m ains c on-
is te n t whe n flexible machine lea rning me thods us ed for n ui -
a nce es t imat ion converge a t ra t es fast er than N 

−1 / 4 . This con-
ition is satisfied by some machine learning methods (Kennedy,
016 ; Bradic et al., 2019 ), which is the so-called rate double
o bustnes s (Cherno zhuko v et al., 2018 ). Note that the condi-
ion al expe ctations b(X ; γ ) and c (X ; γ ) are critical to obtain
ccurate t ilt ing est imates for the s en sitivity an alysis . In general,
hese c ondition al expe cta tions r equir e heavy computa tion or
tr ong r estrictions on the outc ome model. Fortun ately, these
e rms a re a nalytically tractable whe n the o bs erv e d outc ome

ode l be longs to the cl as s of expone n tial fa mily mixtures, for
xamp le, the Dirichle t proces s es mixture models (Dorie et al.,
016 ). 

emark 2 (Exponential family mixture s): Let th e
bserv e d ou t co me follow Y (0) | S = 0 , R = 1 , X ∼
 

k πk N ( μ0 k ( X ) , σ 2 
0 k ( X )) . Under th e til ting sen sitivity m od-

 ls, we can sho w that c (X ; γR 0 ) = 

∑ 

k πk exp { μ0 k (X ) γR 0 +
2 

R 0 σ
2 
0 k ( X ) / 2 } , and b( X ; γR 0 ) = 

∑ 

k πk { μ0 k (X ) +
R 0 σ

2 
0 k (X ) } exp { μ0 k (X ) γR 0 + γ 2 

R 0 σ
2 
0 k (X ) / 2 } . An a logo usly,

hese co ndit io nal expe cta t io ns a re a nal yt ic all y obta inab le if an
 nv ertib le fu nction of Y follows the expo nent i al fa m il y m i xt ure s (eg,
o x-Co x transfo rma t io n); oth er advan ced m eth ods are also avail-
ble to compute the con dition a l expect ations in exchange for heavy
o mpu ta t io n, fo r exa mp le, model ing the co ndit io nal dis tribu t io n of
he observ e d d ata (Ch i a ng a nd Hua ng, 2012 ). 

5 C A L  I B R AT I N G  S  E N S  I T I V I T Y  PA R A M ET E R S  

he magnitude of the s en sitivity parame ter s ind icates the
 tre ngth of the non-ignorability of the ind icator s (R, S ) given
he cov ari ates, which is commonly caus ed b y the exis te nce
f unmeas ure d c onfounders . How ev er, it is practically infea-
ible to ide n tify the se nsitivity pa ra mete rs with the observ e d
ata . Further more, as s es sing whe the r a confounde r with such
 tre ngth p l ausib ly exi sts, g iven the prior kno wledg e and do-

ain experti se, i s ar gua bly challen gin g as wel l. Whi le s en sitiv-
ty pa ra mete rs a r e not dir ectly ide n tifiab le from the d ata, it is
eas onab le to bound their relative s tre n gth usin g the o bs erv e d
ata. 
Following the calibration approach proposed b y Fra nks et al.

 2020 ), w e introduc e a me thod to de termine the p l ausib le quan-
 it ies for s en sitivity analysis bas ed on the o bs erv e d data. As-
ume the log i st ic select ion spec i fication outlined in Re ma rk 1
olds . Next, w e ass ume th at the relative s tre ngth of the un-
eas ure d c onfounde r ca nnot exc e e d th at of the o bs erv e d c o-

 ari ates, meaning it should not ac c ount for more v ari ation of
he ind icator s as the mos t importa n t cova ria te. To measur e the
 ela tive str en gth, we a dopt the “implicit R 

2 ” c onc ept from Im-
ens ( 2003 ), which gener aliz es v ari ance-exp l ained measures to

he case of binary outcomes. For example, the partial va ria nces
2 
Y (0) | X exp l aine d by Y (0) giv en X is 

ρ2 
Y (0) | X = 

σ 2 
Y γ

2 
S 

var { m S (X ) } + π2 / 3 + σ 2 
Y γ

2 
S 
, 

P (S = 1 | X ) = logit −1 { m S (X ) } , 

he re σ 2 
Y = E [ va r { Y (0) | X , S = 0 } ] . The n, we propose a ta r-

e t v alue (ρ∗) 2 for the unide n tified ρ2 
Y (0) | X using the o bs erv e d

ata . In spec i fic, we compute the partial va ria nc e explaine d
y ea ch co v ari ate X j given all other cov ari ates X − j , and s e t

( ρ∗) 2 = max j ρ2 
X j | X − j 

/ ( 1 − max j ρ2 
X j | X − j 

) . Her e, (ρ∗) 2 r epr e-
e n ts the maxim um pa rti al v ari ance exp l ained by a ddin g one
ov ari ate X j to the others, r ela tive to the baseline va ria nc e th at
e e ds to be exp l ained, r eferr ed to as the parti al Co hen’s f in
inelli and Hazlett ( 2020 ). Setting ρ2 

Y (0) | X = (ρ∗) 2 allows us
 o calibrat e γS by γ ∗

S , which implies that the inform ation gaine d
y a ddin g Y (0) t o X as a predict or of S is comparable t o the
 aximum inform ation gain by the mos t importa n t cova riate. To

alibrate the s en sitivity parame ter γS , the following one-to-one
apping is adopted: 

| γ ∗
S | = 

1 

σY 

√ 

(ρ∗) 2 

1 − (ρ∗) 2 
[ var { m S (X ) } + π2 / 3] . (8)

 imilar boundin g proc e dures apply to the calibration of γR 0 and
R 1 . 

6 S I M U L AT I O N  ST U DY  

e first conduct a s e t of simul ation s to ev aluate the operating
ha racte ris tics of the pr oposed estima tors under pos sib le model
isspec i ficat ion when Assumpt ions 3-5 in Table 2 are sat isfied .

et the sample sizes of the SAT and EC to be around N R 

=
00 and N E = 500 with total size N = 700 . The cov ari ates
 ∈ R 

5 a re ge ne rated b y X j ∼ N(0 . 25 , 1) for j = 1 , · · · , 4
 nd X 5 ∼ Be rnoulli (0 . 5) . Conside r a nonlinea r tra nsformation
f the cov ari ates a nd de note Z j = { X 

2 
j + 2 sin (X j ) − 1 . 5 } / √ 

2
or j = 1 , · · · , 4 and Z 5 = X 5 . We ge ne ra te the indica tor of be-
ng sele cte d to SAT or EC by S | X ∼ Bernoulli { πS (X ) } , where

S (X ) = logit −1 (αS + 0 . 1 

∑ 5 
j=1 Z j ) and αS is chosen adap-

ively to ensure the average of S is about N R 

/N. Next, we gen-
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for SAT and EC by 

R | X , S = s ∼ Bernoulli { πRs (X ) } , πRs (X ) 

= logit −1 (αR S + 

5 ∑ 

j=1 

Z j / 6) , s = 0 , 1 , 

 | X , S = 1 ∼ N ( 
∑ 5 

j=1 Z j / 2 , 1) , and Y | X , S = 0 ∼
N ( 

∑ 5 
j=1 Z j / 3 , 1) , where (αR S 1 , αR S 0 ) are ad aptively chos en to

ens ure the av erage propensity of R is around 0.5. With a large
s amp le size of Monte Carlo simulation, we compute true ATE
τ = 0 . 13 . First, we as s es s the ro bustnes s of the proposed es ti -
mator ̂  τ t when the s en sitivity parame ters γS = γR 0 = γR 1 = 0 .
Denote the t ilt ing est imator ̂  τ t with fixe d zero-value d sensitivity
pa ra mete rs as ̂  τ [0] , we consider 2 model spec i fications of the
propensity (PS) of the p articip ation πS (X ) and the inter curr ent
eve n ts πR s (X ) , a nd the outcome models (OM). In pa rticula r,
we fit the corresponding pa ra metric models with the cov ari ates
Z as the c orre ctly spe cifie d models or with the cov ari ates X 

as the misspec i fied models. We compare our proposed EIF-
mot ivated t ilt ing est imator with othe r 2 es timators, which a re
c onstructe d solely base d on PS or OM, denoted by ̂ τ PS and

 τ OM , respe ctiv ely. Figure 2 A shows the point est imat ion results
based on 500 Mon te Ca rlo expe rime n ts. Whe n PS a nd OM a re
c orre ctly spe cifie d, the c onsidere d estim a tors ar e all unbi as ed.
How ev e r, ̂  τ PS a nd ̂  τ OM a re bi as e d when their re quire d models
are misspec i fied. Our proposed t ilt ing est imator is shown to be
doub ly ro bus t with fixed ze ro-v alued s en sitivity pa ra mete rs as it
i s consi s te n t if eithe r PS or OM is c orre ctly spe c i fied. 

Table 3 (A) shows the abs o lute bi as, s ta nda rd e rrors (SE),
mea n squa red e rror (MS E), c ov er age r ates (CRs), and the aver-
ag e C I lengths of e ach estim ator. We c onstruct the c orrespond-
ing 95% Wald-type CIs for infe re nce, whe re the va ria nces a re es-
tim ate d by non-par ametric bootstr ap with size B = 50 . We ob-
serv e th at both ̂  τ [0] and ̂  τ OM exhibit the s malle s t ave rage con-
fide nce in te rval le ngths . How ev e r, whe n the OM is misspeci-
fied, the CR for ̂  τ [0] is closer to the nomin al lev el c ompare d
to ̂  τ OM . This o bs erv ation unders cores the doub le ro bustnes s of

 τ [0] , aligning with the results shown in Figure 2 and supporting
our cl aim s in The orem S2 for the prim a ry a n alysis . 

Next, we as s es s the pe rforma nce of our proposed t ilt ing es-
timators ̂  τ t when As sumption s 3-5 in Table 2 are vio l ated. We
keep the same dat a -ge ne rating process for the X , Z, and Y but
ge ne rate the ind icator s using Bernoulli s amp ling with diffe re n t
propensities: 

P{ S = 1 | X , Y (0) } = logit −1 (αS + 0 . 1 
5 ∑ 

j=1 

Z j + γS Y (0)) , 

P{ R = 0 | X , Y (s ) , S = s } = logit −1 (−αR s −
5 ∑ 

j=1 

Z j / 6 + γR s Y (s )) , s = 0

where (γS , γR 1 , γR 0 ) control the strength of the unmeas ure d
confounder, describing how the propensity depends on the po-
te n tial outcome afte r ac c ounting for the cov ari ates . We c on-
side r a ra nge of se nsitivity pa ra mete rs whe r e the indica tors ar e
e qually c onfounde d by the pote n tial outc omes, th at is, γ =
γS = γR 1 = γR 0 . Under the hypothetically fixed sensitivity pa-
ra mete rs (γS , γR 1 , γR 0 ) and assuming that all the n uisa nce mod -
els ar e corr ectly spec i fied, Figure 2 (B) shows the point esti-
mation for all 3 es timators, a nd Tab le 3 (B) pres e n ts the finite-
s amp le perform anc es of ̂  τ t in details. One importa n t finding is
that our proposed estimator is always consis te n t across a range
of fixed s en sitivity pa ra mete r s, as ind icate d by its sm all bias and
appr oxima tely corr ect CRs. In con tras t, the othe r 2 es timators 
are unable to handle the joint s en sitivity analysis for multiple 
as sumption s, su gge s ted b y their non-negli gib le bi as es for fixed 

non-ze ro se nsitivity pa ra mete rs. 

7 R E A  L - DATA  A  P P L I C AT I O N 

We examine a study designed to estimate an antide pre s s ant drug 
effect on the scores of the Hamilton De pre ssion Rating Scale 
for 17 items (HA MD-17). Thi s study was c onducte d under 
the Auspices of the Drug Information As s oci ation, which co l- 
lects the da ta a t baseline and w e eks 1, 2, 4, 6, and 8 for N =
196 patie n ts with 99 in the con tr ol gr oup and 97 in the tr ea t-
me n t group. How ev e r, some patie n ts may drop out during the 
s tudy for va rious reas on s . Our prim a ry in te res t is the ATE on
the change of HAMD-17, irrespective of the in te r curr e n t eve n ts 
such as dr opout-r ela ted missing da ta. Ac c ording to the guide- 
lines in ICH ( 2021 ), the ATE is defined as the mean difference 
of the change in the HAMD-17 scores from the baseline to the 
final time point in w e ek 8. We adhere to the sa me a nalysis p l an
as Liu et al. ( 2024 ) with covariates X , including the inves ti ga- 
tion sites and baseline HAMD-17 sc ores . Let Y (a ) and R be the 
change of HAMD-17 scores under treatme n t a a nd the indicator 
of whether a patient stayed in the study at w e ek 8. 

In our application, we consider the original trial as a single- 
arm trial, with the concurre n t con trol group being c onsidere d 

as external controls to i l lustrate the propos ed s en sitivity anal- 
ysis . We ass ume the pote n ti al outcomes Y (a ) fo llow a Gaus- 
sian mixture model fitted using the R package flexmix . Next, 
we bound the magnitude of the s en sitivity parame ters using the 
approach described in Section 5 . We i l lustrate this approach 

with the baseline HA MD-17 score, which i s the most important 
pred ictor s in terms of partial va ria nc e explaine d, with (ρ∗

S ) 
2 ≈

0 . 02 , ( ρ∗
R 1 ) 

2 ≈ 0 . 11 , and ( ρ∗
R 0 ) 

2 ≈ 0 . 04 . To map these values
to the s en sitivity pa ra mete rs, we a pply the one-to -one map - 
ping form ula ( 8 ), a nd obtain the calibrated s en sitivity parame- 
ters | γ ∗

R 0 | ≈ 0 . 02 , | γ ∗
R 1 | ≈ 0 . 02 , and | γ ∗

S | ≈ 0 . 01 . Figure 3 i l lus-
trates the ATE estimates across a range of hypothetical sensitiv- 
ity pa ra mete r s, ad justing for the pote n tial outcomes as the un- 
meas ure d c onfounder in the log i st ic select ion spec i fication. The 
sh ade d area indicates the unmeas ure d c onfounder with impacts 
up to the values of the calibrated s en sitivity pa ra mete rs. He re, 
“NS” denotes “not significant,” meaning the 95% c onfidenc e in- 
terval of the ATE contains 0. 

When the as sumption s are s at isfied , that is, all the s en sitiv- 
ity pa ra mete rs equal 0, the ATE es timates a re ̂  τ t = −1 . 42 with 

the 95% boots tra p CI as (−2 . 80 , −0 . 05) , which is s tatis tically
si gnifica n t. Next, w e ass ume the impact of the c onfounders acts 
towa rd h urting our prefe rre d hypothesis, th at is, γ ∗

S < 0 . Here, 
a ne gativ e value of γS s u gge sts that the uno bs erv e d ch ange in
HAMD-17 scores in the concurre n t con tr ol gr oup t ends t o be 
lowe r (ie, bette r) tha n the o bs erv e d extern al c ontr ols, r educ-
ing the abs o lute v alue of the effe ct size. This c ould oc cur if pa-
tie n ts a r e mor e likely to p articip ate in the single-a rm trial whe n
le ss de pre ssed. Whe n γS = −0 . 01 a nd γR 0 = γR 1 = −0 . 02 , the
estim ate d treatme n t effect of the a n tide pre s s a n t drug be c omes

 τ t = −1 . 28 , where the unmeas ure d c onfounder is as strong as 
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FIGUR E 2 Per form anc e of the PS-based, OR-based, and EIF-motivated tilting estimator with fixed s en sitivity parame t ers: ( A) zero-valued 

under 4 different model spec i fications, and (B) non-zero-valued when all the nuisance models are c orre ctly spe c i fie d, base d on 500 Monte 
Ca rlo sim ul ation s. 

t  

b  

1  

i  

s  

H  

i  

b  
he baseline HAMD-17 sc ores . Although the t ilted est imate is
e low 0, su gge st ing the effect iveness of the drug on the HAMD-
7 scores, it is no longe r s tatis tically si gnifica n t, as its 95% CI

s (−2 . 65 , 0 . 09) . Thus, following our sensitivity an alyses, w e
how that the magnitude of the pos sib le drug effects on the

A MD-17 scores i s robus t, but the si gnifica nc e of s uch effe cts
s not robust against unmeas ure d c onfounding at the s tre ngth of
aseline HAMD-17 sc ores . How ev er, dom ain knowle dge is sti l l
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TABLE 3 The bias, s ta nda rd e rrors (SE), mea n squa red e rror (MS E), c ov er age r ates (CR ), and the av erag e C I width based on 500 Mon te Ca rlo 

expe rime n ts of (A) the PS- based, OR- based , and EI F-mot ivated est imator under 4 different model spec i fication s when As sumption s 3-5 in Table 
2 hold; (B) the EI F-mot ivated t ilt ing est imates with the fixed s en sitivity pa ra mete rs whe n As sumption s 3-5 in Tab le 2 are vio l ated. 

(A) Bias SE MSE CR CI width 

PS- based e stimator ̂  τ PS 

PS = yes OM = yes 0 .01 0 .22 0 .05 95 .8% 0 .86 
PS = yes OM = no 0 .01 0 .22 0 .05 95 .8% 0 .86 
PS = no OM = yes 0 .07 0 .18 0 .04 91 .4% 0 .86 
PS = no OM = no 0 .07 0 .18 0 .04 86 .4% 0 .86 

OM- based e stimator ̂  τ OM 

PS = yes OM = yes 0 .02 0 .14 0 .02 95 .0% 0 .55 
PS = yes OM = no 0 .05 0 .17 0 .03 86 .4% 0 .55 
PS = no OM = yes 0 .02 0 .14 0 .02 95 .0% 0 .55 
PS = no OM = no 0 .05 0 .17 0 .03 86 .4% 0 .55 

EI F-mot ivated t ilt ing est imator ̂  τ [0] 

PS = yes OM = yes 0 .02 0 .14 0 .02 94 .2% 0 .56 
PS = yes OM = no 0 .02 0 .18 0 .03 93 .2% 0 .56 
PS = no OM = yes 0 .02 0 .14 0 .02 95 .2% 0 .56 
PS = no OM = no 0 .04 0 .17 0 .03 89 .8% 0 .56 

(B) γS = γR 1 = γR 0 bias SE MSE CR CI width 

EI F-mot ivated t ilt ing est imator ̂  τ t 

−0 . 5 0 .01 0 .15 0 .02 95 .2% 0 .58 
−0 . 3 0 .01 0 .13 0 .02 95 .4% 0 .52 
−0 . 1 0 .01 0 .14 0 .02 96 .2% 0 .54 

0.0 0 .00 0 .14 0 .02 94 .2% 0 .56 
0.1 0 .01 0 .16 0 .02 94 .8% 0 .61 
0.3 0 .02 0 .22 0 .05 93 .6% 0 .80 
0.5 0 .03 0 .31 0 .09 93 .4% 1 .09 

FIGURE 3 Average tr ea tme n t effects of an antide pre s s ant drug effect on the HAMD-17 scores over a grid of hypothesized s en sitivity 
pa ra mete rs unde r the t ilt ing s en sitivity models. 

 

 

 

 

 

 

 

 

 

 

r equir ed to consider the plausibility of unmeas ure d c onfounders
of such s tre ngth level under this situation. 

8 D I S  C U S S  I O N 

In this pa pe r, w e dev elop a se mi -pa ra metric efficie n t fra me-
work for s en sitivity a nalysis unde r the t ilt ing models. Mot i-
vated by Tukey’s factorization, this framework effectively sep-
arate s the mode l checking from the s en sitivity analysis, which
does not rely on any modeling assumption and fits perfectly
well with the EI F-mot ivated t ilt ing est im ators . D e c oupling the
s en sitivity analysis from the model fit as s es sme n t is crucial and 

ubiquitous within the mode l- bas ed s en sitivity an alysis . Ho w - 
eve r, join t se nsitivity a nalysis for multiple assumptions remains 
l argely unexp lored to the best of our kno wledg e. By sim ulta ne- 
ously as s es sing the EC outcome mean non-exchang e ability and 

the effects of in te r curr e n t eve n ts, our fra me work hope s to shed
more li gh t on the adva nce me n ts of join t modeling for se nsitivity 
an alysis . 

Future w ork c ould exte nd our fra mew ork to longitudin al tri- 
als with in te r curr e n t eve n ts, pa rticula rly those with irregula r a nd
inform ativ e o bs erv ation pattern s, as dis cus s ed by Yang ( 2021 )



Biometrics , 2025, Vol. 00, No. 0 � 11 

a  

n  

a  

t  

s  

i  

i  

a  

i  

p  

r  

c  

t  

i  

f  

p  

fl  

c  

e

W  

f  

m

S

 

o  

f  

B  

p  

c  

n

N

N

T  

a  

D  

j  

b  

h

A  

 

B  

B  

 

C  

 

C  

 

C  

 

C  

C  

 

 

D  

 

 

D  

 

F  

 

 

F  

 

 

F  

 

G  

 

G  

 

H  

I  

 

I  

I  

K  

 

L  

 

L  
nd Smith et al. ( 2024 ). Such an extension may increase the
 umbe r of s en sitivity parame ters acros s multip le time points,
 nd in troduc e addition al ch alle nges in de riving the EIFs condi -
ioned on the historical information. Anothe r pote n tial exte n-
ion could focus on the choices of s en sitivity parame ters, which
s profoundly useful in practice. Our approach re lie s on bound-
ng the magnitude of s en sitivity parame ters using o bs erv e d data,
 nd subs ta n tive domain expe rtise should be c ons ulte d to exam-
ne whethe r a n unmeas ure d c onfounder with s uch s tre ngth is
 l ausib le. For s ome hybrid contro l design s, the s en sitivity pa-
a mete rs ca n be pa rtially ide n tifie d with the help of c oncurre n t
ontro ls; simil ar ideas h av e be en explore d in Gao et al. ( 2024 )
o adjust for EC outcome mea n non-excha ng e a bility. T hus, the
n te rnal val id ity fr om the hybrid contr ols ca n be leve raged to in-
orm the choices of s en sitivity parame ters . In s umm ary, our pro-
os ed s e mi -pa ra me tric s en sitivity analysi s i s both efficie n t a nd
exible as it is rate-doubly robust, locally opt imal , a nd ca n be in-
 orporate d with a range of models with a modern causal infer-
nc e w orkflow. 
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