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Summary. We consider integrating a non-probability sample with a probability sample which
provides high dimensional representative covariate information of the target population. We
propose a two-step approach for variable selection and finite population inference. In the first
step, we use penalized estimating equations with folded concave penalties to select important
variables and show selection consistency for general samples. In the second step, we focus
on a doubly robust estimator of the finite population mean and re-estimate the nuisance model
parameters by minimizing the asymptotic squared bias of the doubly robust estimator. This
estimating strategy mitigates the possible first-step selection error and renders the doubly robust
estimator root n consistent if either the sampling probability or the outcome model is correctly
specified.

Keywords: Data integration; Double robustness; Generalizability; Penalized estimating
equation; Variable selection

1. Introduction

Probability sampling is regarded as the gold standard in survey statistics for finite population
inference. Fundamentally, probability samples are selected under known sampling designs and
therefore are representative of the target population. However, many practical challenges arise
in collecting and analysing probability sample data such as data collection costs and increasing
non-response rates (Keiding and Louis, 2016). With advances of technology, non-probability
samples become increasingly available for research purposes, such as remote sensing data and
web-based volunteer samples. Non-probability samples provide rich information about the tar-
get population and can be potentially helpful for finite population inference. These complemen-
tary features of probability samples and non-probability samples raise the question of whether
it is possible to develop data integration methods that leverage the advantages of both sources
of data.
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Existing methods for data integration can be categorized into three types. The first type is
the so-called propensity score adjustment (Rosenbaum and Rubin, 1983). In this approach, the
probability of a unit being selected into the non-probability sample, which is referred to as the
propensity or sampling score, is modelled and estimated for all units in the non-probability sam-
ple. The subsequent adjustments, such as propensity score weighting or stratification, can then
be used to adjust for selection biases; see, for example, Lee and Valliant (2009), Valliant and De-
ver (2011), Elliott and Valliant (2017) and Chen, Li and Wu (2018). Stuart et al. (2011, 2015) and
Buchanan et al. (2018) used propensity score weighting to generalize results from randomized
trials to a target population. O’Muircheartaigh and Hedges (2014) proposed propensity score
stratification for analysing a non-randomized social experiment. One notable disadvantage of
propensity score methods is that they rely on an explicit propensity score model and may be bi-
ased and highly variable if the model is misspecified (Kang and Schafer, 2007). The second type
uses calibration weighting (Deville and Siarndal, 1992; Kott, 2006; Chen, Valliant and Elliott,
2018; Chen et al., 2019). This technique forces the moments or the empirical distribution of aux-
iliary variables to be the same between the probability sample and the non-probability sample, so
that after calibration the weighted distribution in the non-probability sample appears similar to
that in the target population (DiSogra et al., 2011). The third type is mass imputation, which im-
putes the missing values for all units in the probability sample. In the usual imputation for missing
data analysis, the respondents in the sample constitute a training data set for developing an im-
putation model. In the mass imputation, the non-probability sample is used as a training data
set, and imputation is applied to all units in the probability sample; see, for example, Breidt ez al.
(1996), Rivers (2007), Kim and Rao (2012), Chipperfield ez al. (2012) and Yang and Kim (2018).

Let X € R? be a vector of auxiliary variables (including an intercept) that are available from
two sources of data, and let Y be a general-type study variable of interest. We consider combining
a probability sample observing X, referred to as sample A, and a non-probability sample observ-
ing (X, Y), referred to as sample B, to estimate i the population mean of Y. Because the sampling
mechanism of a non-probability sample is unknown, the target population quantity is not iden-
tifiable in general. Researchers rely on an identification strategy that uses the non-informative
sampling assumption imposed on the non-probability sample. To ensure that this assumption
holds, researchers try to control for all covariates that are predictors of both sampling and the
outcome variable. In practice, subject matter experts recommend a rich set of potentially useful
variables but typically will not identify the set of variables to adjust for. In the presence of a
large number of auxiliary variables, variable selection is important, because existing methods
may become unstable or even infeasible, and irrelevant auxiliary variables can introduce a large
variability in estimation. There is a large literature on variable-selection methods for predic-
tion, but little work on variable selection for data integration that can successfully recognize
the strengths and the limitations of each source of data and utilize all information captured
for finite population inference. Gao and Carroll (2017) proposed a pseudolikelihood approach
to combining multiple non-survey data with high dimensionality; this approach requires that
all likelihoods are correctly specified and therefore is sensitive to model misspecification. Chen,
Valliant and Elliott (2018) proposed a model-based calibration approach using lasso regression;
this approach relies on a correctly specified outcome model. To our knowledge, robust inference
has not been addressed in the context of data integration with high dimensional data.

We propose a doubly robust variable-selection and estimation strategy that harnesses the
representativeness of the probability sample and the outcome information in the non-probability
sample. The double robustness entails that the final estimator is consistent for the true value
if either the probability of selection into the non-probability sample, which is referred to as
the sampling score, or the outcome model is correctly specified, but not necessarily both (a
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double-robustness condition); see, for example, Bang and Robins (2005), Tsiatis (2006), Cao
et al. (2009) and Han and Wang (2013). To handle high dimensional covariates, our strategy
separates the variable selection step and the estimation step for the finite population mean to
achieve two different goals.

In the first step, we select a set of variables that are important predictors of either the sampling
score or the outcome model using penalized estimating equations. We assume that the sampling
score follows a logistic regression model with unknown parameter o € R” and the outcome
follows a generalized linear model with unknown parameter 5 € RP. Importantly, we separate
the estimating equations for o and 3 to achieve stability in variable selection under the double-
robustness condition. Specifically, we construct the estimating equation for « by calibrating
the weighted average of X from sample B, weighted by the inverse of the sampling score, to the
weighted average of X from sample A (i.e. a design-unbiased estimate of population mean of X).
We construct the estimating equation for 5 by minimizing the standard least squared error loss
under the outcome model. To establish the selection properties, we consider the ‘large n, diverging
p’ framework. The major technical challenge is that, under the finite population framework, the
selection indicators of sample A are not independent in general. To overcome this challenge, we
construct martingale random variables with a weak dependence that enables the application of
the Bernstein inequality. This construction is used in establishing our selection consistency result.

In the second step, we re-estimate («, 3) on the basis of the joint set of covariates selected from
the first step and consider a doubly robust estimator of p, fi4, (&, ). We propose to use different
estimating equations for (a, 3), derived by minimizing the asymptotic squared bias of [ig4, (&, B).
This estimation strategy is not new; see, for example, Kim and Haziza (2014) for missing data
analyses in low dimensional data; here, we demonstrate its new role in high dimensional data to
mitigate the possible selection error in the first step. In essence, our strategy for estimating («, [3)
renders the first-order term in the Taylor series expansion of fi4, (&, ) with respect to (v, 3) to be
exactly zero, and the remaining terms are negligible under regularity conditions. This estimating
strategy makes the doubly robust estimator root n consistent if either the sampling probability
or the outcome model is correctly specified. This also enables us to construct a simple and
consistent variance estimator allowing for doubly robust inferences. Importantly, the estimator
proposed enables model misspecification of either the sampling score or the outcome model. In
the existing high dimensional causal inference literature, the doubly robust estimators have been
shown to be robust to selection errors by using penalization (Farrell, 2015) or approximation
errors by using machine learning (Chernozhukov ez al., 2018). However, this double-robustness
feature requires both nuisance models to be correctly specified. We relax this requirement by
allowing one of the nuisance models to be misspecified. We clarify that, even though the set of
variables for estimation may include the variables that are solely related to the sampling score
but not the outcome and therefore may harm efficiency of estimating i (De Luna et al., 2011;
Patrick ez al., 2011), it is important to include these variables for /iy, (&, ) to achieve consistency
in the case when the outcome model is misspecified and the sampling score model is correctly
specified; see Section 6.

The paper proceeds as follows. Section 2 provides the basic set-up of the problem. Section 3
presents the proposed two-step procedure for variable selection and doubly robust estimation of
the finite population mean. Section 4 describes the computation algorithm for solving penalized
estimating equations. Section 5 presents the theoretical properties for variable selection and
doubly robust estimation. Section 6 reports simulation results that illustrate the finite sample
performance of the method. In Section 7, we present an application to analyse a non-probability
sample collected by the Pew Research Center (PRC). We relegate all proofs to the on-line
supplementary material.
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2. Basic set-up

2.1.  Notation: two samples

Lett/={1,..., N} be the index set of N units for the finite population with N known. The finite
population consists of Fy ={(X;, ¥;) :i €U }. The parameter of interest is the finite population
mean y=N _12?’: 1Yi. We consider two sources of data: a probability sample, referred to as
sample A, and a non-probability sample, referred to as sample B. Table 1 illustrates the observed
data structure. Sample A consists of observations Op ={(da_; = W/K,li’ X;):i € A} with sample
size np, where ma ; = P(i € A) is known in sample A. Sample B consists of observations O =
{(X;,Y;) :i € B} with sample size ng. We define /5 ; and Ip; to be the selection indicators
corresponding to sample A and sample B respectively. Although the non-probability sample
contains rich information on (X, Y), the sampling mechanism is unknown, and therefore we
cannot compute the first-order inclusion probability for Horvitz-Thompson estimation. The
naive estimators applied to sample B without adjusting for the sampling process are subject to
selection biases (Meng, 2018).

2.2. An identification assumption

Before presenting the proposed methodology for integrating the two sources of data, we first
discuss the identification assumption. Let f(Y|X) be the conditional distribution of ¥ given X
in the superpopulation model ¢ that generates the finite population. We make the following
assumption.

Assumption 1.

(a) The selection indicator /g of sample B and the response variable Y are independent given
X,ie P(Ig=1|X,Y)= P(Ig=1|X), which is referred to as the sampling score 7g(X), and
(b) mp(X)>N""16g>0 for all X, where v (%, 1].

Assumption 1(a) implies that m(X) = E(Y|X) = E(Y|X, Ig = 1) can be estimated solely on the
basis of sample B. Assumption 1(b) specifies a lower bound of 7g(X). A standard condition in
the literature imposes a strict positivity in the sense that g (X) > 6 > 0; however, it implies that
ngl = O(N~1), which may be restrictive in survey practice. Here, we relax this condition and
allow ng I'— O(N), where ~ can be strictly less than 1.

Assumption 1 is a key assumption for identification. Under assumption 1, E(yu) is identifiable
on the basis of sample A by E{Iam(X)} or sample B by E{IgY/mp(X)}. However, this

Table 1. Two sources of datat

Sample Sampling weight 7= Covariate X~ Study variable Y
Probability sample 1 J "
" J ;
Non-probability sample  na .+ 1 " J J
na -t ) v v

tSample A is a probability sample, and sample B is a non-probability sample. ‘,/* and ‘?" indicate
observed and unobserved data respectively.
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assumption is not verifiable from the observed data. To ensure that this assumption holds,
researchers often consider many possible predictors for the selection indicator Ig or the out-
come Y, resulting in a rich set of variables in X.

2.3. Existing estimators

In practice, the sampling score function 7g(X) and the outcome mean function m(X) are un-
known and need to be estimated from the data. Let 7g(XTar) and m(XT3) be the postulated
models for 7g(X) and m(X) respectively, where o and  are unknown parameters. Various esti-
mators of 1 have been proposed in the literature, each requiring different model assumptions and
estimation strategies. We provide examples below and discuss their properties and limitations.

2.3.1.  Example 1 (inverse probability of sampling score weighting)
Given an estimator ¢, the inverse probability of sampling score weighting estimator is

1 N

. R . I ;
frpw = fppw (@) = — > — Y.
N Zimxfa)

D

The justification for fijpy relies on a correct specification of g (X) and the consistency of &.
There are different approaches to obtain &. Following Valliant and Dever (2011), we can obtain
& by fitting the sampling score model on the basis of the combined data Op U Op = {(w; =
dai, Xi, [;=0):ie A} U{(w;=1, X;, [;=1) :i € B}, weighted by w;. The resulting estimator & is
valid if np is relatively small (Valliant and Dever, 2011). Elliott and Valliant (2017) proposed
an alternative strategy based on the Bayes rule: 7g(X) oxc P(Io = 1|X)Op(X), where Op(X) =
P(Ig=1|X,0AU0B)/P(Ig =0|X, Ox UOp) is the odds of selection into sample B among the
combined sample. This approach does not require ng to be small; however, if X does not
correspond to the design variables for sample A, it requires postulating an additional model for
P(Io =1]|X). Moreover, variable selection based on this approach is not straightforward with a
high dimensional X. To obtain &, we use the following estimating equation for a:

N { Ig,i IAi

; m(XTa) T

}h(X,-;oz):O, 2

for some h(X;; ) such that equation (2) has a unique solution. Kott and Liao (2017) advocated
the use of 1(X; ) = X and Chen, Li and Wu (2018) advocated the use of A(X; ) =7(XT; ) X.

2.3.2.  Example 2 (outcome regression based on sample A)
The outcome regression estimator is

. a1 .
fireg = freg (3) = 1 X i, im (X[ B), 3)

i=1

where {3 is obtained by fitting the outcome model based solely on O under assumption 1.
The justification for /i, relies on a correct specification of m (X T3) and the consistency of 3.
If m(XT3) is misspecified or /3 is inconsistent, fireg can be biased.

2.3.3.  Example 3 (calibration weighting)
The calibration weighting estimator is
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N . 1 XN
fcal = fcal = N Z wilg,iYi, 4)

where {w; :i € B} satisfies constraint (i) Xies,wiXi = Yies,da,;X; or constraint (ii)
E,eng,m(X,,ﬁ) =YicAda, m(Xi; ) (McConville et al., 2017; Chen, Valliant and Elliott, 2018;
Chen et al., 2019).

The justification for /i, subject to constraint (i) relies on the linearity of the outcome model,
i.e. m(X)=XT5* for some 3*, or the linearity of the inverse probability of sampling weight, i.e.
m(X)~! = XTo* for some o* (Fuller (2009), theorem 5.1). The linearity conditions are unlikely
to hold for non-continuous variables. In these cases, fi., may be biased. The justification for
[ica1 SUbJject to constraint (ii) relies on a correct specification of m (X; 3).

2.3.4.  Example 4 (doubly robust estimator)
The doubly robust estimator is

= fig: (&, ﬁ)—— z (Yi—m(XB)} + Inida,m(X] B)]|. (5)

N3 '/TB(XT )

The estimator fi4, is doubly robust with fixed dimensional X (Chen, Li and Wu, 2018), in the
sense that it achieves consistency if either 7(XTav) or m(XT3) is correctly specified, but not
necessarily both. The double robustness is attractive; therefore, we shall investigate the potential
of [iq, in a high dimensional set-up.

3. Methodology in high dimensional data

In the presence of a large number of covariates, not all of them are relevant for making inference
of the population mean of the outcome. Including unnecessary covariates in the model makes the
computation unstable and increases estimation errors. Variable selection is required to handle
high dimensional covariates. For any vector oo € R?, denote the number of non-zero elements in
aas lalo=%"_1(a;j#0), the Li-norm as [laf; =X 1|a]| the Lp-norm as ||a||2—J2p ,
and the Loo-norm as |lafleo =max;gj<p loj|. For any J<A{l,..., p}, let a7 be the subvector
of a formed by elements of o whose indices are in 7. Let 7€ be the complement of 7. For
any J1, > €{1,..., p} and matrix ¥ € R”*?, let ¥ 7, 7, be the submatrix of ¥ formed by rows
in 71 and columns in />. Following the literature on variable selection, we first standardize
the covariates so that they have variances approximately equal to 1, which makes the variable-
selection procedure more stable. We make the following modelling assumptions.

Assumption 2 (sampling score model). The sampling mechanism of sample B, 7 (X), follows
a logistic regression model 7g(XT ), i.e. logit{mp(XTa)} = XTa for a € RP.

Assumption 3 (outcome model). The outcome mean function m(X) follows a generalized
linear regression model, i.e. m(X) =m (X 3) for 3 € RP, where m(-) denotes the link function.

Define a* to be the p-dimensional parameter that minimizes the Kullback—Leibler divergence,

o =arg min E[WB(X) log {WB(X)} +{1 —WB(X)}log{l_ﬁB(X)}]’

m(XTa) 1 —-mp(XTa)

and B* =argmingcpr E[{Y —m(X'3)}*].
In assumption 2, we adopt the logistic regression model for the sampling score following
most of the empirical literature; but our framework can be extended to the case of other models
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such as the probit model. The models 7g(X ) and m(XT3) are working models, which may
be misspecified. If the sampling score model is correctly specified, we have mp(X) = mp(XTa*).
If the outcome model is correctly specified, we have m(X) =m (X1 3*).

The procedure proposed consists of two steps: the first step selects important variables in the
sampling score model and the outcome model, and the second step focuses on doubly robust
estimation of the population mean.

In the first step, we propose to solve penalized estimating equations for variable selection.
Using equation (2) with 4(X; «) = X, we define the estimating function for « as

1 N I ; 1A ;
Ui(a)=— {B”T _ Ak }Xi.
N o \mp(X; ) A,

To select important variables in m (X T 3), we define the estimating function for /3 as
Ux(B)= v S Igi{Yi—m(X; B} X;.
i=1

Let U0) = (Ui ()T, U2(8))T be the joint estimating function for # = (o, 3T)T. When pislarge,
following Johnson et al. (2008), we consider the penalized estimating function for («, 3) as

P _ N qxa(lozl)sgn(oz)>
ey =tte = (eI ) ©

where ¢, (@) = (gx, (Iao]), - -, gx, ()T and g5, (B) = (gr, (150D, - -, 42, (18,))T are some
continuous functions, g, (Ja|)sgn(a) is the elementwise product of g, (a) and sgn(c), and
qx;(18))sgn(B) is the elementwise product of gy,(8) and sgn(B). We let g)(x) =dpx(x)/dx,
where p)(x) is some penalization function. Although the same discussion applies to differ-
ent non-concave penalty functions, we specify p)(x) to be a folded concave smoothly clipped
absolute deviation penalty function (Fan and Lv, 2011). Accordingly, we have

(aX—10D+

‘I)\(|9|):>\{I(|9| <A+ W

1(|9|>>\)}, (N

for a> 0, where ()4 is the truncated linear function, i.e., if x >0, (x); =x and, if x <0, (x)4 =0.
We use a =3.7 following the suggestion of Fan and Li (2001). We select the variables if the cor-
responding estimates of coefficients are non-zero in either the sampling score or the outcome
model, indexed by C.

Remark 1. To help to understand function (6) we discuss two scenarios. If || is large, then
qx.(laj]) is 0, and therefore U; () is not penalized. In contrast, if |«;| is small but non-zero,
then gy, (la|) is large, and U, j(«a) is penalized with a penalty term. The penalty term then
forces & to be 0 and excludes the jth element of X from the final selected set of variables. The
same discussion applies to U>(3) and g, (I5])-

In the second step, we consider the doubly robust estimator /4, (4, 3) in equation (5) with
(a, B) re-estimated on the basis of X. As we shall show in Section 5, the set C contains the true
important variables in either the sampling score model or the outcome model with probability
approaching 1 (the oracle property). Therefore, if either the sampling score model or the outcome
model is correctly specified, the asymptotic bias of /iy, (a*, 3*) is 0; however, if both models are
misspecified, the asymptotic bias of fig4, (™, %) is
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a.bias(a™, %) = E{fig; (™, %) — u}
1 XN Ip,;
:E{NZ{B’I—I}{Y,-—m(XiTﬂ*)}]
i=1

(X! a*)

N
+ E{]lv S (I dai— 1)m<X?ﬂ*>}.

i=1

To minimize a.bias(a, 5)2, we consider the estimating function

1
B {1 =T
W —2a.bias(a, ) ”B,S(TO‘) ®)
Qp, 5 T
c-Pe e (XT) dA[A}am(X $/dbc
and the corresponding empirical estimating function
— ; Yi—m(XI 3} X,
J(a, B) = Ji(a, B) ) _ Z > { B(X] a ) }{ e 9)
T\ N, ) 1 N

Ip.; am (X} B)
_ s L _dA 'IA .}l
N ; {wB(X,-Ta) S B TO%

for estimating (v, 3), constrained on {(aT, 1T € R?*”: a¢e =0, fec =0}.
To summarize, our two-step procedure is as follows.

Step 1 solve the pqnalized joint estimating eguatiop UP(a, 3) =0, denoted by (a, ). Let

Mo={j:a;#0}, Mg={j:3;#0} and C=MyUMg.

Step 2: obtain the proposed estimator as

1 X Yi —m(X] )
Igi———

Mp dr = :up ar (@, 6)— = WB(XT&)

v +1A,idA,im(X,~TB)}, (10)
i=1

where & and f3 are obtained by solving J(c, 8) =0 for o and 3 with ace =0 and Bee =0.

Remark 2. The two steps use different estimating functions (6) and (9) for selection and
estimation with the following advantages. First, function (6) separates the selection for o and 3
in U} () and U, (0), so it stabilizes the selection procedure if either the sampling score model
or the outcome model is misspecified. Second, using equation (9) for estimation leads to an
attractive feature for inference about 1. We point out that, although the joint estimating function
(9) is motivated by minimizing the asymptotic bias of fi4(a™*, 3*) when both nuisance models
are misspecified, we do not expect the proposed estimator for ;1 to be unbiased in this case.
Instead, using function (9) has the advantage in the case when either the sampling score or the
outcome model is correctly specified. It is well known that post-selection inference is notoriously
difficult even when both models are correctly specified because the estimation step is based on a
random set of variables being selected. We show that our estimation strategy based on function
(9) mitigates the possible first-step selection error and makes /iy, (&, ) root n consistent if either
the sampling probability or the outcome model is correctly specified in high dimensional data.
Heuristically this is achieved because the first Taylor series expansion term is set to be 0 because
of function (8). We relegate the details to Section 5.

Remark 3. Variable selection circumvents the instability or infeasibility of direct estimation
of (a, 8) with high dimensional X. Moreover, in step 2, we consider the union of covariates
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Xc, where C= M, U Md It is worth comparing this choice with two other common choices
in the literature. The first considers separate sets of variables for the two models, i.e. the sam-
pling score is fitted on the basis of M,, and the outcome model is fitted on the basis of M 8-
However, we note that in the joint estimating equations Ji(«, ) and Jy(«, 3) should have the
same dimension; otherwise, a solution to J(a, §) =0 may not exist. Moreover, Brookhart ez al.
(2006) and Shortreed and Ertefaie (2017) have shown that including outcome predictors in the
propensity score model will increase the precision of the estimated average treatment effect
without increasing bias. This implies that an efficient variable-selection and estimation method
should take into account both sampling—covariate and outcome—covariate relationships. As a
result, fiq4:(&, () may have a better performance than the oracle estimator that uses the true
important variables separately in the sampling score and the outcome model. Second, many
researchers have suggested that including predictors that are solely related to the sampling score
but not the outcome may harm estimation efficiency (De Luna et al., 2011; Patrick et al., 2011).
However, this strategy is effective when both the sampling score and the outcome models are
correctly specified. When the sampling score model is correctly specified but the outcome model
is misspecified, restricting the variables to be the outcome predictors may make the sampling
score misspecified by using the wrong set of variables. The simulation study suggests that /1,4,
restricted to the set of variables in M 3 is not doubly robust.

4. Computation

In this section, we discuss the computation for solving the penalized estimating equation (6). Fol-

lowing Johnson et al. (2008), we use an iterative algorithm that combines the Newton—-Raphson

algorithm for solving estimating equations and the minorization-maximization algorithm for

the non-convex penalty of Hunter and Li (2005).

First, by the minorization—maximization algorithm, the penalized estimator = (&, 3) solving
equation (6) satisfies

9 (161)sgn(@) - a || |

UP@)=U(®f) — =0, (11

16|
(
qx; 16] Yy

where € is a predefined small number. In our implementation, we choose € to be 107°.

Second, we solve equation (11) using the Newton—Raphson algorithm. It may be challenging
to implement the Newton—-Raphson algorithm directly, because it involves inverting a large
matrix. For computational stability, we use a co-ordinate decent algorithm (Friedman et al.,
2007) by cycling through and updating each of the co-ordinates. Define m® (r) = d*m (¢) /d*t for
k>1:

V()= (12)

8U(0)_d.a U1 (o) oU>(B)
0T dal 7 9pT J”
Wi _ 1N 1-mp(X[a)
0T T NS T
UL (B3)
98T

X: X},

1 N
=-5 X 1g,mV(xIp)?x; xT,
i=1

and
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g (0D ... 0
A(Q): . .

0 cee G, (102D

Let 0 start at an initial value 5[0]. With the other co-ordinates fixed, the kth Newton—Raphson
update for 6; is

Ak _ Ak

k—1]
Gj Gj

k=11, Ak—1]

L v @ Y+ va; @ o @ - va @, a)

where V;;(6) and A ;;(0) are the jth diagonal elements in V(§) and A(0) respectively. The pro-
cedure cycles through all the 2p elements of 6 and is repeated until convergence.

We use K-fold cross-validation to select tuning parameters (A, Ag). More specifically, we
partition both samples into approximately K equal sized subsets and pair subsets of sample A
and subsets of sample B randomly. Of the K pairs, we retain one single pair as the validation
data and the remaining K — 1 pairs as the training data. We fit the models on the basis of the
training data and estimate the loss function on the basis of the validation data. We repeat the
process K times, with each of the K pairs used exactly once as the validation data. Finally, we
aggregate the K estimated loss function. We select the tuning parameter as the parameter that
minimizes the aggregated loss function over a prespecified grid.

Because the weighting estimator uses the sampling score 7g(X) to calibrate the distribution of
X¢ between sample B and the target population, we use the following loss function for selecting

Ao
2
Xi,j) )

where a(),) is the penalized estimator & with tuning parameter \,. We use the prediction error
loss function for selecting \g:

Ll Ip Ini
Loss(Aq) =) <Z [71' B, A,
B

j=1 \i=l {X?&(/\u)} - K,l

N _
Loss(\g) = Zl I[Y;i — m{XiTﬂ()‘ﬂ)}]z’

where B()\g) is the penalized estimator 3 with tuning parameter Ag.

5. Asymptotic results for variable selection and estimation

We establish the asymptotic properties for the proposed double variable-selection and doubly
robust estimation method. We assume that sample A is collected by simple random sampling
or Poisson sampling with the following regularity conditions. Although it appears restrictive,
our results extend to high entropy sampling designs; see remark 4.

Assumption 4. Forall 1 <i<KN, a2 NY~164 >0, where v € (%, 1].

Similarly to assumption 1(b), we relax the strict positivity on 7a ; and assume np = O(N7)
for « possibly strictly less than 1. Let n =min(na, ng), which is O(N7) under assumptions 1 and
4.

Remark 4. We discuss the applicability of our asymptotic framework to sample A with high
entropy sampling designs. Examples of high entropy sampling designs include simple random
sampling, correlated Poisson sampling designs, normalized conditional Poisson sampling de-
signs, Rao—Sampford sampling, the Chao design and the stratified design; see Berger (1998a,b),
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Brewer and Donadio (2003) and Grafstrom (2010). The asymptotic properties for high entropy
sampling designs are determined solely by their first-order inclusion probabilities. Therefore,
for two high entropy sampling designs with the same first-order inclusion probabilities, their
asymptotic behaviours are the same. In particular, we can consider the conditional Poisson sam-
pling design (Hajek, 1964; Till¢, 2011), which appears when conditioning the Poisson design on
a fixed sample size na. Let ps ={pa.;:i=1,..., N} with ZfilpA,i =np be the inclusion proba-
bilities for the conditional Poisson sampling design. Given pa, it is possible to find 7o = {7 ;:
i=1,...,N} with Efi 1TA,i =na such that the conditional Poisson sampling design with pj is
asymptotically equivalent to the Poisson sampling design with the inclusion probabilities 7a
(Hajek, 1964; Conti, 2014). Therefore, for a high entropy design, to apply our theoretical results,
we check the conditions for the corresponding inclusion probability w4 under Poisson sampling.

Let Mo ={1<j<p:af#0}, Mg={1<j<p:6} #0} and Myp=M,U{p+ Mg}. Define
sa = lla*llo, s5=16%ll0 » S9 =5a + 55 and Ag=min(Aa, Ag).

Assumption 5. The following regularity conditions hold.

Condition 1. The parameter 6 belongs to a compact subset in R*”, and 6* lies in the interior
of the compact subset.

Condition 2. {X;:i €U} are fixed and uniformly bounded.

Condition 3. There are constants ¢; and ¢, such that
1 X or 1L X ot
0<c1 <Amin *ZXiXi < Amax *ZX,‘Xi < <00,
Ni:l Ni:l

where A\ (+) and Apax (+) are the minimum and the maximum eigenvalue of a matrix respectively.

Condition 4. Let ¢;(8)=Y; — m(XiTﬁ) be the ith residual. There is a constant c3 such that
E{|6;(8%)|>T%} <c3 for all 1 <i< N and some & > 0. There are constants ¢4 and cs such that
Elexp{cale (%)} X;]<cs forall 1 <i<N.

Condition 5. mM(XT3), m® (XT3) and m® (X[ 3) are uniformly bounded away from oo on
Nor={0eR?P: 101, — 0}"\49 | <7/ (sg/n), Ops = 0} for some 7> 0.

Condition 6. min jepq,, |a;‘ |/Aa — 00 and mingea, |71/ Ag — 00, asn— oo.

Condition7. sg=0n'"?), Ao, Ag—0, log(n)? =o(n)\§), log(p) =o{n)\§/ log(n)z}, psg log(n)®

= 0(n3)\§) and psg log(n)8 =0(n4/\g), asn— oo.

These assumptions are typical in the literature on penalization methods. Condition 2 specifies
a fixed design which is well suited under the finite population inference framework. Condition
4 holds for Gaussian distributions, sub-Gaussian distributions, and so on. Condition 5 holds
for common models. Condition 7 specifies the restrictions on the dimension of covariates p and
the dimension of the true non-zero coefficients sy. To gain insight, when the true model size sg
is fixed, condition 7 holds for p= O(n), i.e. p can be the same size as n.

We establish the asymptotic properties of the penalized estimating equation procedure.

Theorem 1. Under assumptions 1-5, there is an approximate penalized solution 0, which
satisfies the selection consistency properties:

P{IUT(0)] =0, je Mg} — 1, (14)
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- A
P{lU}’((‘))Klog?n),jeMg.}—ﬂ, (15)
P(Ops=0)— 1 (16)
and
Oty — Oy, = OP{/(s0/m)}, 17
as n — 0.

Results (14) and (15) imply that U(f) =o0p{\g/log(n)}. Results (16) and (17) imply that, with
probability approaching 1, the penalized estimating equation procedure would not overselect
irrelevant variables and estimate the true non-zero coefficients at the ./(sg/n) convergence rate,
which is the so-called oracle property of variable selection.

We now establish the asymptotic properties of /4. (&, f3). Define a sequence of events D, =
{Mg CC}, where we emphasize that D, depends on n but we suppress the dependence of My
and C on n. Following the same argument as for equation (17), given the event D,,, we have
{(G—a™T, = 9Ty = 0,{/(sg/n)}. Combining with P(D,) — 1, we have

{@=amT.(B-5""}=0p{V(s0/m)}. (18)
By Taylor series expansion,

S A fp-ar (@, ) (4 —a*
P2 g8 ) =) = gan(a®, 5 = ) PEEEES (400

1/2 d—a* 2
corf (325) L}
~ 2
2”1/2{ﬂp-dr(a*,ﬂ*)—,u}+OP{nl/z (%:g:) } (19)
2
:nl/z{ﬂp-dr(a*aﬁ*)_U}+0P(1)’ (20)

where fi,_g, (v, B) is defined in equation (10). Equation (19) follows because we solve equation
(9) for (o, B). Equation (20) follows because of equation (18) and assumption 5. As a result, the
way for estimating («, 3) leads to asymptotic equivalence between ,&p_dr (a, B) and ﬂp_dr (a*, B%).

We now show that /i,,-q, (a*, 3*) is asymptotically unbiased for i if either 75 (X T a) or m(X™ )
is correctly specified. We note that

1/2 N In :
12 prs % ok _n B.i . : T g%y, v,
n'cE _dgr(a”, — =— ) E|Eq —————1|X; y E{Y;—m(X: X:H. (21
[{;updr( B8%) ,u}] N i; [ {WB(X;ra*) | l} { i ( ,ﬁ)| l} (21

If mp(XTa) is correctly specified, then 7p(XTa*) = w(X) and therefore equation (21) is 0; if
m(XiTﬁ) is correctly specified, then m(Xl-Tﬁ*) =m(X;) and therefore equation (21) is 0.

Following the variance decomposition of Shao and Steel (1999), the asymptotic variance of
the linearized term is

VI {fipear (@*, %) — pl=n" P E[V{ fipear (@, 5%) — il I8, X, Y }]
+n' PVIE{fip-q: (@, 3%) — ulIg, X, Y}]:= Vi + V3,
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where the conditional distribution in E(:|Ig, X, Y) and V(:|Ig, X, Y) is the sampling distribution
for sample A. The first term V) is the sampling variance of the Horvitz—Thompson estimator.
Thus,

n NN m(XT 3%y m(X] 5*)
Vi :E{Nz > D (WAL — TATA, ) —— ! } (22)
i=1j=1 A TA,j
For the second term V5, note that
E{/l -dr(a*aﬁ*)_:‘”IBaX’ Y}Zl % {IBJ_l}{Yl_m(XlTﬂ*)}
P N 5 Ump (X[ o)
Thus,
n X I, ? T g% 2}
Vio=— S E : -1 {Yi—m(X; . 23
? N2i§1 HWB,,'(X,'TOZ*) }{ =m0 @9

Theorem 2 summarizes the asymptotic properties of /i, 4. (&, B).
Theorem 2. Under assumptions 1-5, if either 7g(XTcv) or m(X T 8) is correctly specified,
2 {fipeae (6, B) — 1} > N (0, V),

as n — 0o, where V =1im,,_, .o (V] 4+ V3), and V; and V; are defined in equations (22) and (23)
respectively.

To estimate Vi, we can use the design-based variance estimator applied to m (X ITB) as

. i —mauma ;s m(XT3) m(XTB)
v, :% Z Z TA,ij —TALITA,j m( ,ﬁ) ey (24)
N ieSa jeSA TA,ij TA,i TA,j
To estimate V,, we further express V; as
n N Ip, 21, } T a%\12 T % 2}
Vo=— E : — - Yi—m(X; +{Y; —m(X; . (25
=N [{WB,i(X;ra*)z B (XTa*) i=m O+ i =m X O | G

Let o%(X} 3*) = E[{Y; —m(XT 3*)}?], and let 6°(X;) be a consistent estimator of o2(X} 3*).
We can then estimate V; by

n N Ig; 21]3’,'

et
N> S L mp(X[d)? mp(X[@)

A

}{Y,- —m(X] B} + IA,,»dA,I-é%Xi)} :

By the law of large numbers, V, is consistent for V» regardless of whether one of WB’i(X?a) or
WB,i(XiTﬁ) is misspecificed, and therefore it is doubly robust.

Theorem 3 (double robustness of V). Under assumptions 1-5, if either 7(XTev) or m(XT3)
is correctly specified, V=V + V, is consistent for V.

Remark 5. It is worth discussing the relationship of our proposed method to existing
variable-selection methods in the survey literature. On the basis of a single probability sam-
ple source, McConville et al. (2017) proposed a model-assisted survey regression estimator of
finite population totals using the lasso (the least absolute shrinkage and selection operator) to
improve the efficiency. Chen, Valliant and Elliott (2018) and Chen et al. (2019) proposed model-
based calibration estimators using the lasso based on non-probability samples integrating with
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auxiliary known totals or probability samples respectively. However, their methods require that
the working outcome model includes sufficient population information and therefore are not
doubly robust. To the best of our knowledge, our paper is the first to propose doubly robust
inference of finite population means after variable selection.

6. Simulation study

6.1. Set-up
In this section, we evaluate the finite sample performance of the procedure proposed. We first
generate a finite population Fy ={(X;,Y;):i=1,..., N} with N =10000, where Y; is a contin-
uous or binary outcome variable, and X; = (1, X1,...,X p_l,i)T is a p-dimensional vector of
covariates with the first component being 1 and other components independently generated from
the standard normal distribution. We set p = 50. From the finite population, we select a non-
probability sample B of size ng ~ 2000, according to the selection indicator Ig; ~ Ber(mp ).
We select a probability sample A of the average size na = 500 under Poisson sampling with
A, ¢ (0.25+41X1;14+0.03|Y;]). The parameter of interest is the population mean y = N1 Ei’il Y;.
For the non-probability sampling probability, we consider both linear and non-linear sam-
pling score models:

(a) logit(mp,;) =aOTX,-, where ag=(—-2,1,1,1,1,0,0,0,...,0)T (model PSM I);
(b) logit(mp,;)=3.5+ aOT log(Xiz) —sin(X3,;+ X4,;) — X5, — X¢,;, where o9 = (0, 0,0, 3,3, 3, 3,
0,...,0)T (model PSM II).

For generating a continuous outcome variable Y;, we consider both linear and non-linear
outcome models with 3y =(1,0,0,1,1,1,1,0,...,0)T:

(@) Yi=BLX;+e,e~N(0,1) (model OM I);
(b) Yi=1+exp{3sin(3] X))} + X5+ X, + €, e ~N (0, 1) (model OM II).

For generating a binary outcome variable Y;, we consider both linear and non-linear outcome
models with 3y=(1,0,0,3,3,3,3,0,...,0)T,

(a) Y ~Ber{ny(X)} with logit{ny(X)} = ﬁgX (model OM I11);
(b) Y ~Ber{ny(X)} with logit{ny(X)}=2— log{(ﬁoTX)z} +2Xs5,;+2X¢,; (model OM IV).

We consider the following estimators:

(a) naive, [ihaive. the naive estimator using the simple average of Y; from sample B, which
provides the degree of the selection bias of sample B;

(b) oracle, fiy,, the doubly robust estimator /iy, (Gora, Borg)s Where Gora and f,,, are based
on the joint estimator restricting to the known important covariates for comparison;

(¢) p-ipw, flp-ipw, the penalized inverse probability of sampling weighting estimator fijpy =
N~ Eiegﬁg’li Y;, where logit(7p ;) = Xl-ToQ using a logistic regression model, and & is ob-
tained by a weighted penalized regression of /g ; on X; based on the combined data from
sample A and sample B, with the units in sample A weighted by the known sampling
weights and the units in sample B weighted by 1.

(d) p-reg, fip-reg the penalized regression estimator (i, oo = N 15 Adp im(X; ), where (3 is
obtained by a penalized regression of ¥; on X; based on sample B;

(e) p-dr0, fiy-gr0, the per}alized double estimating equation estimator based on the set of
outcome predictors M g;



Doubly Robust Inference 459

() p-dr, fi,-q;, the proposed penalized double estimating equation estimator based on the
union of sampling and outcome predictors M, U Mg.

We also note that /iy, without variable selection is severely biased and unstable and therefore is
excluded for comparison.

6.2. Simulation results

All simulation results are based on 500 Monte Carlo runs. Table 2 reports the selection per-
formance of the proposed penalization procedure in terms of the proportion of underselecting
(‘Under’) or overselecting (‘Over’), the average false negative results, FN (the average number
of selected covariates that have the true 0 coefficients), and the average false positive results,
FP (the average number of selected covariates that have the true 0 coefficients). The procedure
proposed selects all covariates with non-zero coefficients in both the outcome model and the
sampling score model under the true model specification. Moreover, the number of false positive
results is small under the true model specification.

Fig. 1 displays the simulation results for the continuous outcome. The naive estimator /i, ive
shows large biases across all scenarios. The oracle estimator /i, is doubly robust, in the sense
that, if either the outcome or the sampling score is correctly specified, it is unbiased. The pe-
nalized inverse probability of sampling weighting estimator fi,.;,,, shows largest biases except
for scenario (ii). This approach is justifiable only if the sampling rate of sample B is relatively
small compared with the population size. The penalized regression estimator iy, is only singly
robust. When the outcome model is misspecified as in scenarios (ii) and (iv), it shows large bi-
ases. The proposed estimator /i, 4, based on MaUM 3 is doubly robust, and its performance
is comparable with the oracle estimator that requires knowing the true important variables.
Moreover, fiyq; is slightly more efficient than fi,, . This efficiency gain is due to using the union
of covariates selected for the sampling score model and the outcome model. This is consistent

Table 2. Simulation results for selection performance for the proposed double-
penalized estimating equation procedure under four scenariost

Scenario B* o*

Under Over FN FP  Under Over FN FP

(x 10%) (x10%) (x10%) (x 102

Continuous outcome
(i)OM Iand PSM 1 0.0 31.8 00 14 0.0 0.0 0.0 0.0
(i) OM IT and PSM 1 70.6 15.0 09 0.2 0.0 0.0 0.0 0.0
(iii) OM I and PSM 11 0.0 32.8 0.0 1.4 100.0 100.0 4.0 1.0
(iv) OM II and PSM 11 0.0 0.4 0.0 04 100.0 100.0 3.5 4.3
Binary outcome
(i) OM IIT and PSM 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
(i) OM IV and PSM 1 100.0 0.0 2.1 0.0 0.0 0.0 0.0 0.0
(iii) OM III and PSM 11 0.0 0.0 0.0 0.0 100.0 100.0 4.0 1.0
(iv)OMIVand PSMII  100.0 0.0 40 0.0 100.0 96.0 4.0 1.0

+Under OM I and OM II, or OM IIl and OM IV, the outcome model is respectively correctly
specified and misspecified, and, under PSM I and PSM 11, the probability of sampling score
model is respectively correctly specified or misspecified.
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Fig. 1.

S. Yang, J. K. Kim and R. Song

1.5
1

) ] C ]
- \ | LTI 'l
3 e o 3
lo o o o
o T T T T T T
—
e 9 = 2 2 5
= &) o3 put e] |
! © 1 I ] o
o [oX o [oX
(@)
0 | !
A :
© 8 |
- :
ﬁ:_ ' o o [o] o
- !
o ‘
N - ‘ e e
- A
<
-~ °
@ | 3 L
© ' —_ ' —_
S 8 o g
T T T T T I
S
¢ 2 3z P 2 5
= ) 2 bud o I
o © 1 I I o
o (o} o (o}
(c)

Estimation results for the continuous outcome under four scenarios (under OM | and OM |I, the out-
come model is respectively correctly specified and misspecified, and, under PSM | and PSM I, the probability
of sampling score model is respectively correctly specified and misspecified): (a) scenario (i), OM1and PSM I;
(b) scenario (ii), OM Il and PSM I; (c) scenario (iii), OM | and PSM ll; (d) scenario (iv), OM Il and PSM I

with the findings in Brookhart et al. (2006) and Shortreed and Ertefaie (2017). The proposed
penalized double estimating equation estimator /i,-4;0 based on M 3 18 slightly more efficient
than /i,.q, based on MU /\/lg in scenario (i) when both the outcome and the sampling score
models are correctly specified; however, /i,.4ro has a large bias in scenario (ii) when the outcome

model is misspecified and therefore is not doubly robust anymore; see remark 3.
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Fig.2. Estimation results for the binary outcome under four scenarios (under OM Ill and OM 1V, the outcome
model is respectively correctly specified and misspecified, and, under PSM | and PSM |I, the probability of
sampling score model is respectively correctly specified and misspecified): (a) scenario (i), OM Ill and PSM |;
(b) scenario (ii), OM IV and PSM [; (c) scenario (iii), OM Ill and PSM lI; (d) scenario (iv), OM IV and PSM II

Fig. 2 displays the estimation results for the binary outcome. The same discussion above
applies here. Moreover, when the outcome model is incorrectly specified, the oracle estimator
has a large variability. In this case, the estimator proposed outperforms the oracle estimator,
because the variable selection step helps to stabilize the estimation performance.
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Table 3. Simulation results for the coverage properties for the continuous
and binary outcomes: empirical coverage rate and empirical coverage rate
+2xMonte Carlo standard error

Scenario Results for Results for
continuous outcome binary outcome
(1)) OM I or OM III and PSM 1 95.2(93.3,97.1) 95.7(93.9, 97.6)
(ii)) OM II or OM IV and PSM 1 94.6 (92.6, 96.6) 95.5(93.6,97.4)
(iii) OM I or OM III and PSM II 96.2 (94.2,97.8) 95.6 (93.8,97.5)
(iv) OM IT or OM IV and PSM 1 88.2(85.3,91.1) 42.9 (38.3,47.6)

Table 3 reports the simulation results for the coverage properties for the continuous outcome
and binary outcome. Under the double-robustness condition (i.e. if either the outcome model or
the sampling score model is correctly specified), the coverage rates are close to the nominal cov-
erage, whereas, if both models are misspecified, the coverage rates are off the nominal coverage.

7. An application

We analyse two data sets from the 2005 PRC (http: //www.pewresearch.org/) and the
2005 behavioural risk factor surveillance system (BRFSS). The goal of the PRC study was
to evaluate the relationship between individuals and community (Chen, Li and Wu, 2018; Kim
et al.,2018). The 2005 PRC data set is from a non-probability sample provided by eight vendors,
which consists of ng =9301 subjects. We focus on two study variables: a continuous Y| (days
had at least one drink last month) and a binary Y5 (an indicator of voted in local elections). In
contrast, the 2005 BRFSS sample is a probability sample, which consists of n o =441456 subjects
with survey weights. This data set does not have measurements on the study variables of interest;
however, it contains a rich set of common covariates with the PRC data set listed in Fig. 3. To
illustrate the heterogeneity in the study populations, Fig. 3 contrasts the covariate means from
the PRC data and the design-weighted covariate means (i.e. the estimated population covariate
means) from the BRFSS data set. The covariate distributions from the PRC sample and the
BRFSS sample are considerably different, e.g. age, education (high school or less), financial
status (no money to see doctors; own house), retirement rate and health (smoking). Therefore,
the naive analyses of the study variables based on the PRC data set are subject to selection biases.

We compute the naive and proposed estimators. To apply the method proposed, we assume
that the sampling score is a logistic regression model, the continuous outcome follows a linear
regression model and that the binary outcome follows a logistic regression model. Using fivefold
cross-validation, the double-selection procedure identifies 18 important covariates (all available
covariates except for the north-east region) in the sampling score and the binary outcome model,
and it identifies 15 important covariates (all available covariates except for black, an indicator
of smoking every day, the north-east region and the south region) in the continuous outcome
model.

Table 4 presents the point estimates, the standard errors and the 95% Wald confidence in-
tervals. For estimating the standard error, because the second-order inclusion probabilities are
unknown, following the survey literature, we compute the variance estimator in equation (24) by
assuming that the survey design is single-stage Poisson sampling. We find significant differences
in the results between the naive estimator and the proposed estimator. As demonstrated by the
simulation study in Section 6, the naive estimator may be biased because of selection biases, and
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Method

Y1 (days had at least
1 drink last month)

Y, (whether voted in
local elections)

Estimate

Standard CI
error

Estimate

x 102

Standard CIx10?

errorx 102

Naive
Proposed

5.36
4.84

0.90
0.15

(5.17, 5.54)
(4.81,4.87)

75.3
71.8

0.5
0.2

(74.4,76.3)
(71.3,72.2)
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the estimator proposed utilizes a probability sample to correct for such biases. From the results,
on average, the target population had at least one drink for 4.84 days over the last month, and
71.8% of the target population voted in local elections.

8. Supplementary material

The supplementary material provides technical details and proofs.
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S1 BERNSTEIN INEQUALITIES

We first state some useful results.

Lemma S1 (Bernstein inequalities) 1. Let Zy, ..., Zy be independent zero-mean ran-
dom wvariables. Suppose that |Z;| < M almost surely, for all 1 < i < N and some
positive constant M. Then, for allt > 0,

2142
P >t <2expy ——x .
Yooy E(Z2) + 371 Mt

2. Let Zy, ..., Zx be independent zero-mean random variables. Suppose that E(|Z;|*) <
27 RI\M*2E(Z32) for all k > 2,1 <i < N, and some positive constant M. Then,

N 9—142
P Zil>t] <2ex — .
2 P S Bz ¢ M

i=1
*syang24@ncsu.edu, Department of Statistics, North Carolina 27695, U.S.A.

N

>

i=1
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3. Let Zy,...,Zn be possibly non-independent random variables. Suppose that E(Z; |
Ziyo 0 Zia) =0, B(Z2 | Z1,...,Z; 1) < RiE(Z}), E(ZF | Zy, ..., Z; 1) < kKIMF=2x
RE(Z? | Zy,...,Zi1)/2 for all k > 2,1 < i < N, and some positive constant M.

Then,
4142
P >t <2expq ——=x ,
Zi:l RiE(Ziz)

for 0 <t < (2M)~ /XN, RE(Z2).

N

7

i=1

S2 PROOF OF THEOREM 1

To simplify the exposition, we introduce more notation. Let 8* = (a*7, *")" be the
combined parameter values, and let My = M, U {p + Mg} be the index set where 6; # 0
for j € My. Let sy = so + 5 and \g = min(A,, Ag). Define the sets

Now = {0 R |10n, — 3, || < 7V/50/n, 005 = 0}
ONor = {0 € R 1|04, — O, Il = 7/50/m, Oa; = 0}

for 7 > 0.

Step 1: Proof of (17).  We show the existence of 0 by construction. We construct 0
in a way that 6, is the oracle solution to Ups, () and Opmg = 0.

We show that 6 satisfies 6 — §* = Op(1/s9/n). Toward this end, we follow Ortega and
Rheinboldt (1970) and show that for any ¢ > 0, there exists a 7 > 0 such that for all
sufficiently large n,

P{ sup (60 —0")'U(0) < 0} >1—ce (S1)
968/\/9,

Because we constrain on dNp -, we have (0 — 6*)"U(0) = (O, — O4y,)" Un, (0). By Taylor
expansion,

Oty = 031,) " Unts () = (Onty — Oi,) " Uty (0%) + Oty — s, "V rtonty (0) (Ony — iy,
= Tl + T27



where 6* satisfies that 5}‘\42 =0 and 5}‘\46 is between 0, and 6}, and V(0) is defined in
(12).
Considering T3, for any 0, such that [|0, — 04, || = 7+/5¢/n, by Cauchy-Schwarz

inequality, we have
Ta| < 7/ s9/n[Un, (67)]]- (52)

Moreover, we have

E{[|Unm, (0|} = E

— XT *
z . B - )X,
5(X7a)

N
1 *
+E N E Ipi{Yi — m(X{B8%)} Ximy,

i=1

{1 = mp(X7a)}?
= trace NQZ 5 (X1 XimaXinm,

+trace [NQ ZFB (X, a") E{eZ )2 | X}XzMBX ]

1 .
< = Z C { NS0 Amax (Kot XEn, ) + 55 0max (Xi,Mﬂngﬂ)@?g
=1

— O(se/n), (S4)

where (S3) follows by Assumption 1, Assumption 5 (A3) and (A4), and (S4) follows by
Assumption 1 (i) and Assumption 5 (A5). Combining (S2) and (S4), |Ti| < 7Op(se/n).
Considering T, we have

Ty = (Opty — Oht,) Vortonty (09) Ongy — Oy,
= (Omy — Ohn,) Vortgaty (07) (Opt, — Ohg,)

Oty = Oa,)" { Votarts 0) = Vitarts (07) } O, = O3,)
= T21 + TQQ.



For T, we have
Ty = (Or = Orgy) Virtorts (07) (Ort, — O,

N
NS O (Xionty Xug,) [0ty — )|

<
i=1
< —C7%(sg/n).
For T5, we have
OUr My (@) OUL M, (") 0
~ N Ba;{/la aa%a
Voo (07) = V artgam, (07) = 0 any @) OVanry(67) |

EE 9B, 5

~ N N ~x *
U m, (@) OUspm, (@) _ 1 ZIB.{l_ZiéXE?)—l_:i((XgO;>}Xz'MaXiTM
7TB Zaa* 7TB ZTOé* ) B @

_ 1 - I 11— ﬂ-B(Xi; &**)XT ~% * X XT
- NZ B s (X o) Mo (@, = O )Xo X

N
1 ~
- =S IZ-{ W(XTF*)? - (1)XT*2}X¢ X7
86/{46 aﬁ};/[ﬁ Ni:1 BiymMm ( 16) m ( zﬁ) Mpi Mg

N
1 ~** ~** ~* *
=+ 2 Lpa2mV(XT ) m (X5 X, (B, = Biag) X, X,
i=1

a** is between oa* and o, and E** is between B* and B*. Let

1—7TB(X;F04>

B = N1
"y { T5(X7a)

1<i<N,k=1,2,3,0Np »

[0 B | Ko

Then, we have B < oo by Assumption 1 and Assumption 5 (A2) and (A4). Therefore, we



have

IN

Tl < Oaty = 03a)" | Vitorts () = Vovtonas (09| (Ot = O,)

N
< BN, = a0ty = ot | A (N‘l ZXWG”’“)
=1

< C-va\/g(n/%)g
= 7% (s¢/n),

where the last line follows because n = O(N?) and N'~37/2 = o(1) by Assumption 1.
Then, for a sufficiently large 7, T5; dominates (0 — 6*)T"U(6) and T5; is negative for all
sufficiently large n. Therefore, (S1) holds, and as a result, § — 0* = Op(1/s¢/n).

Step 2. Proof of (14). By our construction of 5, for j € My, we have Uj(g) = 0.
Therefore, to show (14), it suffices to show that P {q,\e(@\) =0:j¢€ M@} — 1. By (7),

it is equivalent to show that P (]@vj| >aNg:j € M@) — 1. Note that

in |0;,] = min |05 +6,— 0
Jnin |6 ‘nin |07 +6; — 77
> min |0%] — 0, — 0"
> min |67 — max |6; — 6]
> min (05 = |01, — O[]

Therefore, we have

P (s 1 1 = 051) 2 hf = {1 = 51 < (s 1= 020) -+ .

as minjea, 03]/ Ao — 00 and ||Gar, — By, || = 0(Ag). Therefore, P (minjeMG 0, > m) o
1, as n — oo.

Proof of (15). By construction of 6, for j € MS, we have gj = 0 and therefore
qx, (05)sign(6;) = 0. To show (15), it suffices to show that

- Mo

P < max |U;(6)] < — 1. (S5)

JEMS logn




To show (S5), we define D;(#) = 9*U;(#)/0000™ and consider the Taylor expansion:
Uy(8) = U(0%) + V(678 — 6%) + (9 — 07" D,(5%) (@ — 7).
where 6* is between § and 6*. By the definition of 5, we have 0 mg = 0 and therefore

Uj(0) = U;(0") + Ve (07) Onty — O,) + Onty — Oot,) " Djttonty (0) Onty — O,
We then have

P{ma}§|Uj(5)|> Ae} < P{maX|Uj(9*)|> Ao }

jems logn — jEMS 310gn
«\ (7 * /\0
+P {J‘I?%Y Vi (07)(On, — Ohg,)| > 310gn}
~ " T\ /A * /\0
+P {l?eljf\i/t)% )(9/\/10 — GMG)TDJ',MGMQ(Q )(6/\40 - QMO) > 310gn}
= T3 + T4 + T5'

Therefore, to show (S5), it suffices to show that Ty = o(1) for k = 3,4, 5.

First, we show that 75 = o(1). We first expand the expression for U;(6*). For
I<j<p
N

. 1 I, 1 Ta,;
00 = S e e w2 (1) X

A
i1 Ay

and for p+1 <5 < 2p,
XN
U;(07) = + ;IB,z‘ {Y; = m(X{8")} Xi.

Therefore, we have

T3 = P{maX|Uj(9*)|> Ao }
0

1w I A\
< P — Bi 1Y X 6
{J’rg/%lé N;{WB(XZ-T&*) } 7 9logn}
N
1 ]Az /\0
P — = — 1) Xl >
* {Jrg/%t}i N;<7TA,,; ) K 910gn}




N
1 . Ao
o0 e[ -t > e
1 Ip, } o
< P! |—= , 14 x>
je;g {N;{WB(XEQ*) ! 910gn}
N
1 IAz )\9
Pl 1) X,
+-Z {NZ(W,M ) 7 >910gn}
JEME, =1 )
Ag
PS =D I {Yi—m(X[8)} X,
£2, { > I (Vi = m(XT87)} Xey 910gn}

= T3 + T3+ T33-

To evaluate Ty, we consider N~™' SN Z, 5 where Z;; = {Ip;/mp(XFa*) — 1} X, ;. Note
that the Z;;’s (1 < ¢ < N) are independent mean zero random variables. By Assumption
1 and Assumption 5 (A2) and (A4), the Z, ;’s satisfy the conditions in Lemma S1 (i). By
Bernstein inequality, we have

i — ; 2 \ 9logn
P{NZR (Z?T:)a Xi’j>919 }§2exp N Lmp(X] )g 41 NA
T e ogn TR a* 2
i=1 B ’ & zz 1 7'('B(XT *) X gM <910g9n)
()
logn
< 2expg —C =
\
A
< Qexp{—(]n( ’ )}7 (S6)
logn
where the last inequality follows by Assumption 1. To evaluate T3o, we consider N1 Z Zij,

where Z; ; = (Ia;/ma; — 1) X; ;. We consider two scenarios for the sampling mechamsm
of Sample A: i) simple random sampling and ii) Poisson sampling. Under Scenario i),
the Z;;’s (1 < i < N) are not independent random variables, because 14, and I, are
dependent for any i # i’. To overcome the technical challenge, we decompose

N N
1;21’]_]\7 1; le_i_‘/l]

7



N na
Wiy = (T =5 ) X Vi =0,
N na—1Ia N (na—1a1 na
Wo .= — 11 — = VX5 V4:_ I ————————N 1 'O
2,7 na ( A2 N —_ IAJ) 2,9 2,5 nu <N _ IA71 N) 2,75

N na — k; N (na—k na —
[ Xy, Vig=— M) X (k=00
) na ( A, N _ kz ) 5J »J na ( N _ k@ N ) 5] ( — Al

(S7)

Then, under Assumptions 4 and 5, N"' 327V, — 0 as ny — oo, and {W;, Wa,,...}
are martingales, in the sense that E(W;; | Wy ;,...,W;_1;) =0forall 1 <i < N. Because
N N

1 1
N2 2= DL Wis + Vi),

i=1 =1

we have
1 & A
< Pl|=Y " w, g P
(NZ 910gn> - (NZ 7 >1810gn)+ (
N
1 Ao
< P(1=Y"w, 1).
= (NZ ’>1810gn)+0<)

We consider P {‘N LS W

> Ao/ (18logn } We verify conditions in Lemma S1 (iii):
N2 —na\ na na — k; 2N—nA

EW2) = [ =

me) = () () 5 () 5

N —
N N —n na— k;
EWZ | Wiy, ..., Wi_y;) = (n—) i ( 2 x 2 ) < R,E(W),

z N - kz
where
N—na % na—k
N—k N—k
R, = max
v 1<k<na (N—nA)2 na + (nA—k)2 N—na
N—k N N—k N

<.

= 2 = )

8



Moreover, for k > 2,

N k N—nA knA—ki nA—k:i kN—nA
E([Wi " | Wi, ..., Wisy) = ‘(E)Xm {(N—k:-) N_kAJF(N_k,) Nk
N B2 (/N k-1 RN =
EREATS na L (74 ki
na) Nk N—k

N\? N—ns na—k
) x2 L
X<mj ’J(N—h><N—m)

< 2T'RIMFTPREWE | Wiy, Wiiyy)

for some positive constant M. By Bernstein inequality,

1 Ny 2
)\9 ) 4 \ 18logn

2ex —
18logn P Zfil RzE<szy)

{ < : >2}
< 2expi —Cn :
logn
>\9 /\9 ?

< — .
9logn> _exp{ Cn (1ogn) }

Under Scenario ii), the Z; ;’s (1 < i < N) are independent mean zero random variables.
Similar to (S6), we have

N T —Tta
p{|le (u) Xix
=1

A

>

N
=
i=1

Therefore,

A 1 ( NAQ)Q
< 0 } S 2€Xp 1L — . 9logn
9logn 22 ﬂka—l—%M(M)

J=1 7a, 9logn

< 2%p{—Cn<b§%f}. (S8)




To evaluate T33, we consider N~ 121 1 Zigs where Zi ;= I, {Y; —m(X757)} Xy
Ipi€:(3*)X; ;. By Assumption 1 and Assumption 5 (A2) and (A4), we have

B(1Z,1) = E[lpe(8) X,
CE (|le:(89]")
C’k!c;kE lexp {calei(57)]}] (59)
Ckle " es
27 kM2,

IA AN IA A

for some positive constants M and §, where (S9) follows by Taylor expansion of the ex-
ponential function. Therefore, the Z;;’s satisfy the conditions in Lemma S1 (iii). By

Bernstein’s inequality,
A oo\’
> 0 <2expi —Cn 0 .
9logn logn

N
1
pll=
{ N -
Therefore, by Assumption 5 (A7), logp = 0{nA3/ (logn)?} and nA;/ (logn)? — oo, we

D I {Yi = m(XT 8} X
i=1
have
2o\
T3 < 2exp |logp — Cn = o(1).

logn

Second, we show that 7; = o(1).  We have

N7 * /\
T, = P{JHEI,/%%E‘VJMG(G )<9M9_‘9M0>|> ; }

9logn
= 2 { e 9300, 0) B, = 050, > 520 1, — O || < Vo

+P {110, = O, || > V/50/nlogn }

< P {9,000 > g2 b o)

where o(1) in the last line is because 9/\4@ — 0y, = Op(y/s9/n). To evaluate T, further, we
note that for 1 < j <p,

1N 1-mp(X[a*) T
Vj,M9(9*> = ( NZi:lj Bi ﬂ'BéXT *) Xi XZMa ) )

Ao
9logn

10



forp+1 <7 <2p,

0
\V/ 0*) = .
() ( — % Yoy I m D (XTB*)2 X X, )

We then have

) Aov/n
P { s 19,001 > 52

9,/5¢(logn)?

CX\en }

< P M, (092 >
< P V@ >

IN

P { e |[[V3000 (0712 = Bl V000 (07)2] > —S20"
jemg e P 2s¢(log n)*

CA\in
P FE ; 0P > — 0~ %
+7 { e BV, 00 > 5 S0

Moreover, by Assumption 1 and Assumption 5 (A1),

max B[V u, (0°)|* = max £ lz {V, (07}
i'eEMy

JEMS JEMS

< ('spmax (N_V,NW_Z) < Csy/n.

By Assumption 5 (A7), for a sufficiently large n , we have

T, < P : PP —
v < P {9500

<y P{mvj,w(e*)n?—

JEMS

(Zj’e./\/lg (Vi

Cn\2
254 (logn)4
Cn\2
2sp(log n)*

BV, (61| > } o))

BV (07)I] > } o))

(62~ B{V,(6)2)]) s3(logn)’

FE
< C- )

JEMS

- oo () L
0 {psgaogms} _ o),

14
ntA,

RV +o(1) (S10)

where (S10) follows by Markov inequality, and o(1) in the last line follows by Assumption

5 (AT).

11



Third, we show that 75 = o(1).  We have

7y < P | 030701 )0, ~ 30| > o}
< P {312/%1}2 (Orte = Ohty) " Doty (07) (O, — g, )| > m7 10, — O, 1] < v/ se/nlogn}

+P {1100, = 034,11 > Vsofnlogn}

~ nA
< Z P |:tI'aC6{Dj’M9(9 )} > Wen)?’} +0(1)
jers ollog
~ 312
E ([trace {Dj,Me(@*)H ) sz(logn)®
< ¢ Z e +o(1),
FEMS 0

where (S11) follows by Markov inequality. Because for 1 < j < p,

1-mp(XTa*) T
Dj7M9Mg(0*) = ( N Z =1 B’L WB(XTOQ*) X XZMaXi,Ma 8 ) ,

and for p+1 <5 < 2p,

0

. 0
Pimasns ) = ( 0 —3 iy Ipa2mM (X7 B (XFB°) Xy Ko, X, ) ’

by Assumption 5 (A1), (A4), (A5) and (A6), we have
~ 312
E ([trace{Dj,Me(G*)H ) < CUs3 /N7,

for all j. Therefore, Ty = O {psy(logn)®/(n®* )} + o(1) = o(1).
Combining all results together, we complete the proof for Theorem 1.

S3 PROOF OF (18)

We outline the proof for that on the event D,, {(@ — a*)", (B — 8*)"} = O,(\/s9/n).
Without further mentioning, we now constrain the parameters and estimators by 6. = 0

12

(S11)



and Ecc = 0. On the event D, C contains all indexes for the true important covariates.
We construct 0 such that 6,4, is the oracle solution to Jay,(6) and ¢ mg = 0 and show that

0 satisfies 8 — 6* = Op(\/s9/1).
Toward this end, we follow the proof in Section S2 and show that for any € > 0, there
exists a 7 > 0 such that for all sufficiently large n,

P{ sup (0 —0")"J(0) < O} >1—e (512)
963./\/’977—

Because we constrain on 0Ny ., we have (0 — 6*)"J(0) = (Om, — O3y,)" I, (0). By Taylor
expansion,

(Orty = 034, ) a1y (0) = (Baty = O3a, )" Tty (67) + Oty = 0t,) "V ikat, (0) Oty = Oig,)
where 6" satisfies that 5}‘\49 =0 and 57\49 is between 6, and 0%, and V7 (6) = 9.J(6)/06".
Following the same argument as in Section S2; (S12) holds, and as a result, on the event
D,,, 0 — 0* = Op(y/s¢/n). Combining with P(D,,) — 1, (18) holds.
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