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Abstract
Adjusting for covariates in randomized controlled trials can enhance the credibility and efficiency of treatment 
effect estimation. However, handling numerous covariates and their complex (nonlinear) transformations 
poses a challenge. Motivated by the case study of the Best Apnea Interventions for Research (BestAIR) 
trial data from the National Sleep Research Resource (NSRR), where the number of covariates (p = 114) is 
comparable to the sample size (N = 196), we propose a principled covariate adjustment with variable 
selection (COADVISE) framework. COADVISE enables variable selection for covariates most relevant to the 
outcome while accommodating both linear and nonlinear adjustments. This framework ensures consistent 
estimates with improved efficiency over unadjusted estimators and provides robust variance estimation, 
even under outcome model misspecification. We demonstrate efficiency gains through theoretical analysis, 
extensive simulations, and a re-analysis of the BestAIR trial data to compare alternative variable selection 
strategies, offering cautionary recommendations. A user-friendly R package, Coadvise, is available to 
facilitate practical implementation.
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1 Introduction
1.1 Background
Randomized controlled trials (RCTs) are widely regarded as the gold standard for evaluating the 
effects of treatments or interventions (Neyman, 1923; Rubin, 1974). Through randomization, co
variates are balanced on average across treatment groups, enabling unbiased estimation of treat
ment effects. However, in practice, randomization does not guarantee perfect balance in finite 
samples, particularly when dealing with a large number of covariates. Such covariate imbalances 
can obscure the interpretation of trial outcomes and introduce accidental biases. Incorporating co
variates into the analysis can enhance both the interpretability and efficiency of RCT results. While 
covariate balance can be pursued during both the design (Fisher, 1926; Hu & Hu, 2012; Hu et al., 
2014; Li et al., 2018; Morgan & Rubin, 2012; Pocock & Simon, 1975; Rosenberger & Sverdlov, 
2008; Taves, 1974; Zhao & Ding, 2024a) and analysis phases of an RCT, this paper focuses on 
methods for covariate adjustment during the analysis of already-conducted trials.

Regulatory agencies, including the US Food and Drug Administration (FDA) and the European 
Medicines Agency (EMA), have emphasized the importance of covariate adjustment in RCTs. The 
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FDA recently issued guidelines encouraging its use to improve the precision of treatment effect es
timates (FDA, 2023). The EMA’s 2015 guideline highlights that ‘balancing treatment groups with 
respect to one or more specific prognostic covariates can enhance the credibility of the trial results’ 
(EMA, 2015). The establishment of the American Statistical Association (ASA) Biopharmaceutical 
Section (BIOP) Covariate Adjustment Scientific Working Group (SWG) (https://carswg.github.io/) 
further underscores the growing focus on advancing statistical methods for covariate adjustment 
in clinical trials.

Despite these regulatory endorsements, significant challenges remain due to high-dimensional 
covariates and nonlinear relationships. These complexities necessitate robust and comprehensive 
analytical strategies. However, the comparative advantages and limitations of existing methods 
remain insufficiently explored, leaving practitioners with limited guidance and uncertainty in se
lecting the most appropriate approaches. For instance, in the case study presented in Section 5, the 
Best Apnea Interventions for Research (BestAIR) trial includes data from N = 169 participants 
and p = 114 covariates, making p comparable to N. When adjusting for covariates using data 
from a single treatment arm—where N1 = 83 (treated) and N0 = 86 (controls)—p exceeds the 
sample sizes. This high-dimensional setting can lead to biased and imprecise covariate-adjusted aver
age treatment effect (ATE) estimates, as the sample size may be insufficient for reliable parameter 
estimation. Nevertheless, prior studies, such as Gao et al. (2024), have identified baseline covariate 
imbalances in the BestAIR trial data, underscoring the need for efficient covariate-adjusted methods. 
This motivates our approach to improving estimation precision while addressing challenges 
aforementioned.

This paper presents a unified framework for covariate adjustment in RCT analysis, with a pri
mary focus on selecting important covariates for reducing data dimensionality for efficiency gains. 
We provide a comprehensive tutorial on commonly used covariate-adjusted approaches, clarifying 
their underlying assumptions, strengths, and limitations. Additionally, we offer cautionary recom
mendations to guide practitioners in navigating potential pitfalls and selecting appropriate meth
ods for specific scenarios. By addressing the aforementioned challenges, this framework aims to 
improve the reliability and interpretability of RCT findings, aligning with the evolving needs of 
researchers and regulatory agencies.

The rest of this section reviews related work on covariate adjustment and outlines our contribu
tions. Section 2 covers key statistical preliminaries, including notation, assumptions, and the co
variate adjustment methods employed in our framework. Section 3 introduces the covariate 
adjustment with variable selection (COADVISE) framework, highlighting its integration of vari
able selection and covariate-adjusted estimators. Numerical experiments assess finite-sample per
formance are presented in Section 4. Section 5 demonstrates the application of COADVISE 
through a re-analysis of BestAIR trial data. Finally, Section 6 concludes the paper, discussing im
plications, limitations, and future directions. Additional tutorial guidance and R code are pro
vided in Appendix A.

1.2 Related work
Covariate adjustment in RCTs has a rich history in the statistical literature. One of the earliest and 
most widely used approaches is the analysis of covariance (ANCOVA), introduced by Fisher et al. 
(1966). This method estimates the ATE by fitting a linear regression model where the binary treat
ment indicator and covariates serve as predictors of the outcome. The ordinary least squares (OLS) 
estimator is then applied to the treatment coefficient to obtain the ATE estimate. ANCOVA is ap
pealing due to its intuitive structure: by projecting the outcome onto the covariates, it accounts for 
variability explained by those covariates, thereby improving precision (Reluga et al., 2024). 
Notably, this remains true even when the actual relationship between covariates and outcomes 
is more complex than a linear model (Wang et al., 2019, 2023).

Despite its strengths, ANCOVA is not universally superior to the simple estimator. Its efficiency 
and credibility can diminish when the conditional outcome models for treatment and control 
groups differ significantly (Freedman, 2008). To address these limitations, Lin (2013) proposed 
including interactions between the treatment and covariates in the model. This method, known 
as analysis of heterogeneous covariance (ANHECOVA) (Cassel et al., 1976; Yang & Tsiatis, 
2001; Ye, Shao, et al., 2023), allows the regression model to capture heterogeneity in the treatment 
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effect across covariates. Although ANHECOVA has historical roots, Lin (2013) was instrumental 
in establishing its advantages through a design-based lens. This estimator is not only unbiased but 
also asymptotically more efficient than the simple estimator under a wide range of conditions, 
without relying on restrictive model assumptions (Lin, 2013). The adoption of ANHECOVA 
has expanded in recent years, particularly for its ability to enhance efficiency in RCTs employing 
covariate-adaptive randomization schemes (Bannick et al., 2025). The US FDA has endorsed its 
use, especially in evaluating conditional treatment effects, further strengthening its role in modern 
controlled trials (FDA, 2023; Van Lancker et al., 2023). Recent work by Reluga et al. (2024) pro
vided a unified perspective on the relationships between the simple estimator, ANCOVA, and 
ANHECOVA, providing conditions under which ANHECOVA uniformly dominates other meth
ods in terms of efficiency and precision.

Beyond ANCOVA and ANHECOVA, a prominent method in the analysis of RCTs is aug
mented inverse probability weighting (AIPW) (Cao et al., 2009; Glynn & Quinn, 2010; Kang 
& Schafer, 2007; Robins et al., 1994; Tsiatis, 2006; Tsiatis et al., 2008; Yuan et al., 2012; 
Zhang et al., 2008). The AIPW estimator combines outcome modeling with inverse treatment 
probability weighting, effectively leveraging information from both observed outcomes and treat
ment assignment probabilities. This dual-model approach allows AIPW to achieve semiparametric 
efficiency—i.e. to attain the semiparametric variance lower bound—when both the treatment and 
outcome models are correctly specified. In the setting of RCTs considered in this paper, the treat
ment assignment mechanism is known by design, so only correct specification of the outcome 
model is required. As a result, AIPW can be asymptotically most efficient among regular estimators 
of the ATE in this context. Moreover, AIPW remains consistent even when the outcome model is 
misspecified, owing to the robustness conferred by randomization. This robustness, combined 
with its efficiency, makes AIPW particularly attractive in practice. Recent work has extended 
AIPW methodology to accommodate more complex randomization schemes. For example, 
Bannick et al. (2025) considered covariate-adaptive randomization, in which treatment assign
ment probabilities are stratified and potentially correlated with baseline covariates. In certain 
structured settings, such as when allocation probabilities are constant within strata, AIPW can still 
achieve semiparametric efficiency with only a correctly specified outcome model. However, under 
more general covariate-adaptive designs, correct modeling of the treatment assignment mechan
ism becomes necessary, mirroring challenges found in observational studies. Additionally, Ye, 
Bannick, et al. (2023) and Ye, Shao, et al. (2023) proposed robust variance estimators for 
AIPW under multi-arm RCT settings, which we adopt in our implementation (see Section 2.4).

Moreover, AIPW offers flexibility by accommodating a wide range of parametric and non
parametric models for outcome estimation, making it more adaptable than ANCOVA or 
ANHECOVA, which depend on fixed linear model structures. Interestingly, when linear regres
sion is used for outcome modeling within the AIPW framework, the AIPW estimator becomes 
equivalent to ANHECOVA in RCTs considered in this paper. In this sense, ANHECOVA can 
be viewed as a special case of AIPW (Van Lancker et al., 2023). However, this equivalence also 
underscores a limitation of ANHECOVA: if the linear model is misspecified, the efficiency gains 
achieved by ANHECOVA are limited compared to those of AIPW when the latter employs cor
rectly specified—or at least better specified—models. For this reason, AIPW is also regarded as 
a fully adjusted estimator in the literature, capable of optimizing efficiency without being overly 
reliant on strict parametric assumptions (Li et al., 2023).

As mentioned in Section 1.1, all covariate adjustment methods encounter difficulties in ensuring 
parameter convergence when faced with high-dimensional covariate data. As a result, a key pre
liminary step is variable selection—ideally choosing a set of variables smaller than the sample size 
N—that are most predictive of the outcome. Cho and Yang (2024) and Belloni et al. (2014) pro
posed strategies tailored to covariate adjustment in observational studies, and Yang et al. (2020)
presented complementary methods in the context of data integration. Following these prior 
works, we aim to select covariates that strongly predict the outcome.

Several methods have been studied for data-driven variable selection procedures in RCTs. For ex
ample, the least absolute shrinkage and selection operator (Lasso) (Tibshirani, 1996) has been used 
in conjunction with ANHECOVA to select relevant covariates (Bloniarz et al., 2016; Liu et al., 2023; 
Schochet, 2022; Zhu et al., 2024). Another approach involves selecting the top k covariates with the 
highest marginal correlations with the outcome, where k < p (Senn, 1994). Alternatively, covariates 

J R Stat Soc Series A: Statistics in Society, 2025, Vol. XX, No. XX                                                           3
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnaf171/8314246 by guest on 05 N
ovem

ber 2025



can be screened using preliminary significance tests, such as two-sample t-tests or z-tests, to identify 
those most strongly associated with the treatment assignment or outcome (Permutt, 1990; Zhao & 
Ding, 2024b). These methods have primarily focused on continuous outcomes and the application 
of ANCOVA and ANHECOVA estimators. As we noted, identifying which covariate sets are most 
beneficial for covariate adjustment is the objective. Cho and Yang (2024), along with additional 
references, proposed various strategies tailored to specific purposes of covariate adjustment in ob
servational studies. Similarly, Yang et al. (2020) offered aligned strategies in the context of data in
tegration. In the context of RCTs, where bias is controlled, covariate adjustment primarily aims to 
enhance efficiency. Therefore, consistent with previous research (Cho & Yang, 2024; Yang et al., 
2020), we recommend selecting covariates that are strong prognostic factors for the outcome.

For binary or categorical outcomes, research on covariate adjustment has also made significant 
progress (Cohen & Fogarty, 2024; Guo & Basse, 2023; Jiang et al., 2017; Moore & van der 
Laan, 2009; Ye, Bannick, et al., 2023), though variable selection has not been a primary focus in these 
studies. Notably, Van Lancker et al. (2024) introduced a unified framework for variable selection 
combined with the AIPW estimator. It is also possible to leverage double/debiased machine learning 
algorithms (Chernozhukov et al., 2018), employing techniques such as sample splitting and cross- 
fitting for model fitting and outcome prediction during covariate adjustment. This integration of ma
chine learning with semiparametric methods represents a promising direction for addressing high- 
dimensional covariates while maintaining the robustness and efficiency of AIPW-based estimators.

1.3 Our contributions
The contributions of this paper centre on advancing covariate adjustment methods for RCTs 
through the development of a unified framework, COADVISE. Accompanying this framework 
is the Coadvise R package (https://github.com/yiliu1998/Coadvise), designed to make these 
methods accessible and user-friendly for researchers. Our work builds on existing methodologies 
by addressing several limitations and enhancing flexibility in the analysis of RCT data.

First, under a complete randomization scheme, we extend traditional covariate adjustment 
methods, such as ANCOVA, ANHECOVA, and AIPW, by incorporating a variety of variable se
lection techniques, including Lasso, adaptive Lasso, marginal correlation, and preliminary testing 
into the analysis stage of RCTs. This integration addresses the challenges of high-dimensional co
variates, enabling efficient and robust estimation of treatment effects. Furthermore, due to con
cerns regarding the validity of post-selection inference arising from using the same dataset for 
both variable selection and covariate adjustment (Belloni et al., 2017; Van Lancker et al., 
2024), in Section 3.3, we outline regularity conditions that variable selection procedures must sat
isfy to ensure valid post-selection inference, and we justify that the AIPW estimator remains valid 
when using Lasso and adaptive Lasso for variable selection.

Second, as detailed in Section 3.4, we introduce two key extensions to the COADVISE framework 
beyond complete randomization. The first extension incorporates externally trained super-covariates— 
or outcome foundation models—into the variable selection process. The second extension adapts the 
framework to covariate-adaptive randomization, allowing treatment allocation to be stratified based 
on a factor-type variable to achieve improved balance across prognostic strata.

All of the above contributions are implemented in our Coadvise R package. Unlike existing tools 
such as RobinCar, Coadvise explicitly supports variable selection, enabling users to identify co
variates most predictive of outcomes and improve estimation efficiency. To clarify the distinctions 
between the two packages, we provide a detailed overview of the COADVISE framework and a com
parison with RobinCar within the context of covariate adjustment for RCTs (see Table 1). For user 
convenience, the package includes several missing data imputation methods for handling missing co
variates and outcomes, which are common in RCTs; details are provided in Appendix A.1. Our pack
age also promotes interoperability by allowing users to export selected covariates for use in 
RobinCar or other tools and custom analyses. This flexibility ensures that Coadvise complements 
rather than replaces existing tools. Based on empirical evidence in Section 4, we recommend using 
Lasso or adaptive Lasso for variable selection and set Lasso as the default in our package.

Finally, we apply the COADVISE framework to a real-world dataset from the BestAIR trial, us
ing data from the National Sleep Research Resource (NSRR). This case study illustrates the prac
tical benefits of our framework and highlights its relevance for both academic research and 
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regulatory applications. The open-source Coadvise package includes detailed documentation 
and reproducible examples, ensuring accessibility for a broad audience.

2 Preliminaries
2.1 Notation and setup
The notation in this paper follows the “super-population” framework (Ding et al., 2017), which 
assumes that each observation is a random sample drawn from an infinite population under cer
tain inclusion/exclusion criteria (Harrell, 2024). For instance, when estimating the ATE of an ac
tive drug for patients with a certain disease, it may be reasonable to assume that individuals are 
drawn from such a super-population, and the findings from the RCT can inform whether the 
drug is effective to the target population. In contrast, the “finite-population” framework 
(Bloniarz et al., 2016; Greenland et al., 1999; Schochet, 2010; Stuart et al., 2011) is applicable 
when focusing on the ATE for a policy applied to a fixed number of units, such as the states in 
the U.S., where the number of units is finite and fixed. A key difference between these two frame
works lies in the source of randomness: in the finite-population framework, randomness arises 
from treatment assignment and outcomes, whereas in the super-population framework, additional 
randomness comes from the covariates.

We consider a binary treatment, denoted by A ∈ {0, 1}, where 1 represents the treated group and 0 
represents the control group. Each participant in the sample is characterized by a baseline covariate 
vector X, such as clinical characteristics. We adopt the Neyman–Rubin potential outcomes frame
work (Imbens & Rubin, 2015; Neyman, 1923), in which each participant has two potential out
comes, Y(0) and Y(1), representing the potential outcomes under control and treatment, respectively.

2.2 Causal parameter, identification assumptions, and the unadjusted estimator
We are interested in estimating the ATE from RCT data, which is defined as:

τ = E{Y(1) − Y(0)}, 

Table 1. Overview of the COADVISE framework

Variable selection Lasso (Tibshirani, 1996), Adaptive Lasso (Zou, 2006), Marginal correlation 
(Permutt, 1990), Preliminary testing (Senn, 1994; Zhao & Ding, 2024b)

Covariate-adjusted 
estimator

Model-based 
variance estimator 
(see Section 2)

Robust to model 
misspecification (see 
Section 2)

Nonlinear 
adjustment 
(see Section 3)

Efficiency gain 
guarantee 
(see Section 3)

ANCOVA (Fisher et al., 
1966)

Sandwich ✓ × ✓ if π1 = π†0 or under 
a constant 
treatment effect

ANHECOVA (Lin, 
2013; Ye, Shao, et al., 
2023)

Sandwich ✓ × ✓

AIPW (Bannick et al., 
2025)

Delta method ✓ ✓ ✓ if (i) or (ii) in 
Theorem 1 holds

Software Multi-valued 
treatments

Missing data 
imputation

Variable 
selection

Covariate-adaptive 
randomization

Coadvise (ours) ✓ ✓ ✓ ✓
RobinCar (Ye, Shao, 

et al., 2023)
✓ × × ✓

Note. The top two sections summarize all available methods for variable selection and covariate-adjusted estimation, 
including key properties of the supported estimators. The bottom section compares COADVISE with the RobinCar 
package. Details on missing data imputation methods are provided in Table A.1 in Appendix A.1.
†: πa = P(A = a) is the probability of being assigned to the treatment group a, where a = 0, 1.
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where the expectation E{ · } is taken over the target population represented by the trial sample. 
However, we can only observe one outcome for each participant, denoted by Y. Throughout, 
we assume that (i) the observed outcome is consistent with the potential outcome under the re
ceived treatment, i.e. Y = AY(1) + (1 − A)Y(0); and (ii) there is only one version of the treatment 
A, and the potential outcome of each participant neither depends on nor affects the treatment re
ceived by others (also known as the stable-unit treatment value assumption). In addition, we make 
the following standard identification assumptions for RCT data:

Assumption 1 (Randomization). A ⊥⊥ (Y(0), Y(1), X), where “⊥⊥” denotes independence.

Assumption 2 (Positivity). There exist a constant η such that 0 < η ≤ πa = P(A = a) ≤ 1 − 
η < 1 almost surely, for a = 0, 1.

Assumption 1 is reasonable because, in RCTs, the treatment assignment is controlled by the ex
perimenters. Assumption 2 is also commonly satisfied, as the probability of assigning each partici
pant to either the treatment or control group is fixed and non-zero in RCTs, such as π1 = 0.5 in the 
case of a 1:1 randomization.

Under these assumptions, the ATE τ from an RCT sample can be identified using the following 
formula:

τ =
E(AY)
E(A)

−
E{(1 − A)Y}

E(1 − A)
.

Thus, given a set of independent and identically distributed (i.i.d.) data, denoted by 
O = {(Xi, Ai, Yi), i = 1, . . . , N}, we can estimate τ using the simple estimator:

􏽢τsimple =
1

N1

􏽘N

i=1

AiYi −
1

N0

􏽘N

i=1

(1 − Ai)Yi, (1) 

where N1 =
􏽐N

i=1 Ai and N0 =
􏽐N

i=1 (1 − Ai). The variance estimator for 􏽢τsimple, often referred to as 
the Neyman-type variance estimator, is given by:

􏽢σ2
simple =

􏽢S2
0

N0
+
􏽢S2

1

N1
, 

where 􏽢S2
a = (Na − 1)−1􏽐Na

i=1 I(Ai = a)(Yi − 􏽢̅Y(a))2, with 􏽢̅Y(a) = Na
−1􏽐Na

i=1 I(Ai = a)Yi. The 
Neyman-type variance estimator is unbiased for the true variance of 􏽢τsimple under the super- 
population framework. Additionally, the estimator 􏽢τsimple when divided by the Neyman-type vari
ance estimator, corresponds to the usual two-sample t-test statistic (or the F-statistic in one-way 
ANOVA). As a result, 􏽢τsimple is sometimes referred to as the ANOVA estimator in the literature 
(Reluga et al., 2024; St & Wold, 1989; Ye, Shao, et al., 2023).

The estimator 􏽢τsimple is consistent for τ and asymptotically normal, and it is attractive in 
practice due to its simplicity and ease of interpretation. However, incorporating covariate in
formation can improve both the efficiency and credibility of ATE estimation, as discussed in 
Section 1.2. Therefore, we introduce several covariate-adjusted estimators in the following 
sections.

2.3 Linear covariate adjustment
Two historically popular methods for covariate adjustment are ANCOVA and ANHECOVA 
(Cassel et al., 1976; Fisher et al., 1966). Both methods adjust for covariates using linear regression 
models. The ANCOVA model (Fisher et al., 1966) is specified as:

E{Y ∣ X, A} = γ0 + β1A + X′γ1, (2) 

6                                                                                                                                                           Liu et al.
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnaf171/8314246 by guest on 05 N
ovem

ber 2025



where the ATE estimator from ANCOVA is the OLS estimator for the coefficient β1, i.e. 
􏽢τANCOVA =􏽢βols

1 .
A refinement of the ANCOVA model, known as the ANHECOVA model, includes interaction 

terms between the covariates and the treatment, and is specified as:

E{Y ∣ X, A} = γ0 + β2A + X′γ1 + A(X − X̅)′γ2, (3) 

where the ATE estimator from ANHECOVA is the OLS estimator for coefficient β2, i.e. 
􏽢τANHECOVA =􏽢βols

2 .
A robust variance estimator for both the ANCOVA and ANHECOVA estimators is the Huber– 

White (HW) sandwich variance estimator (Lin, 2013; Zhao & Ding, 2021). For ANCOVA, the 
HW variance estimator is written as

􏽢V(􏽢τANCOVA) = (V′V)−1{V′diag(􏽢ε2
1, . . . ,􏽢ε2

N)V}(V′V)−1, (4) 

where V = (A, X), and (􏽢ε1, . . . ,􏽢εN) is the vector of estimated regression residuals. For the 
ANHECOVA estimator, V is modified to include interaction terms as V = (A, X, A(X − X̅)). In 
the finite-population framework, Equation (4) provides robust and consistent variance estimates 
for both ANCOVA and ANHECOVA estimators. However, under the super-population frame
work, additional uncertainty arises from estimating X̅ as an approximation of E(X). Therefore, 
the corrected HW variance estimator for the ANHECOVA estimator is given by Zhao and 
Ding (2021):

􏽢V(􏽢τANHECOVA) = (V′V)−1{V′diag(􏽢ε2
1, . . . ,􏽢ε2

N)V}(V′V)−1 + (􏽢α1 −􏽢α0)′S2
X(􏽢α1 −􏽢α0)/N, 

where S2
X is the sample covariance of X, and 􏽢αa is the OLS estimator from the regression model 

E(Y(a) ∣ X) = ξa + αaX, using data from the group with A = a, for a = 0, 1.
It has been shown that the ANHECOVA estimator, 􏽢τANHECOVA, is consistent, asymptotically 

normal, and asymptotically more efficient than both 􏽢τsimple and 􏽢τANCOVA (Lin, 2013; Ye, Shao, 
et al., 2023). However, both 􏽢τANCOVA and 􏽢τANHECOVA have a limitation: they cannot accommodate 
non-linear adjustments. In some cases, non-linear adjustments may lead to greater efficiency gains, 
particularly when the true outcome model follows a known nonlinear form given some prior 
knowledge. The AIPW estimator, introduced in the next section, offers a more flexible approach 
to covariate adjustment by accommodating both linear and nonlinear outcome regression models 
in the two treatment groups.

2.4 Nonlinear covariate adjustment
The AIPW estimator for RCT data is given by Bannick et al. (2025) and Glynn and Quinn (2010):

􏽢τAIPW =􏽢θ1 −􏽢θ0, (5) 

where for a = 0, 1,

􏽢θa =
1

Na

􏽘N

i=1

I(Ai = a)[Yi −􏽢μa(Xi)] +
1
N

􏽘N

i=1

􏽢μa(Xi), with Na =
􏽘N

i=1

I(Ai = a).

In Equation (5), Na is the number of subjects in group A = a, and 􏽢μa(X) is the predicted value of 
E{Y(a) ∣ X}, obtained by fitting a working model μa(·) under treatment A = a (e.g. a generalized lin
ear model (GLM) μa(X) = g(X′βa)). This model may not be correctly specified, where correct spe
cification means μa(X)→p E{Y(a) ∣ X}, where →p denotes convergence in probability. It can be 
shown that when μa(X) is a linear model for Y(a), the AIPW estimator coincides with the 
ANHECOVA estimator, provided that the same set of covariates are used as predictors 
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(Reluga et al., 2024; Van Lancker et al., 2023; Ye, Shao, et al., 2023). Thus, ANHECOVA can be 
viewed as a special case of the AIPW estimator.

Remark 1 In practice, the working model for μa(X) in the AIPW estimator can be fit using 
black-box machine learning (ML) models and combined through ensemble 
methods such as SuperLearner (Chernozhukov et al., 2018; Van der Laan 
et al., 2007). However, our focus on parametric models is driven by the theor
etical results on efficiency gain presented in Theorem 1 (Section 3.2). 
Specifically, we establish efficiency conditions based on the estimation ap
proach for βa. While ML-based estimation methods are flexible, deriving uni
fied theoretical results on efficiency gain in this setting remains an open 
question, which we leave for future research. Further discussion on our deci
sion not to employ ML models in this work is provided in Remark 2, where 
we formally introduce the COADVISE framework and outline additional 
considerations.

A robust variance estimator for the AIPW estimator can be derived using the Delta method 
(Taylor’s expansion) (Ye, Bannick, et al., 2023). Under certain regularity conditions (Bannick 
et al., 2025) and denoting θ = (θ0, θ1)′, it can be shown that:

���
N
√

(􏽢θ − θ)→d N (0, V), (6) 

where →d denotes convergence in distribution, and

V = v00 v01

v10 v11

􏼒 􏼓

, (7) 

with

vaa = π−1
a V{Ya − μa(X)} + 2Cov{Ya, μa(X)} − V{μa(X)}, where πa = P(A = a),

vab = Cov{Ya, μb(X)} + Cov{Yb, μa(X)} − Cov{μa(X), μb(X)} for a ≠ b.

The function μa is the assumed limit of 􏽢μa used in Equation (5), and it satisfies ‖􏽢μa − μa‖2 →p 0, 
where ‖ · ‖2 represents a finite L2 norm. However, μa is not necessarily equal to the true outcome 
model E{Y(a) ∣ X}, unless the working model is correctly specified.

The asymptotic variance for 􏽢τAIPW =􏽢θ1 −􏽢θ0 = c′􏽢θ := f (􏽢θ) is given by {∇f (θ)}′V{∇f (θ)}= 
v00 − 2v01 + v11, where c = (1 − 1)′. Therefore, a consistent variance estimator is:

N−1{∇f (􏽢θ)}′􏽢V{∇f (􏽢θ)} = N−1{􏽢v00 − 2􏽢v01 +􏽢v11}, 

where 􏽢v00, 􏽢v01, and 􏽢v11 are sample-based estimates of v00, v01, and v11, respectively, using the sam
ple versions of the variances, covariances, and proportions.

3 Methodology
All of the covariate-adjusted estimators, as discussed in Section 2, can suffer from high- 
dimensional issues. When the number of available covariates is large relative to the sample size, 
or when overfitting occurs (Bloniarz et al., 2016), the finite-sample performance of these estima
tors may deteriorate, potentially leading to efficiency losses compared to simpler estimators. In 
addition, the consistency and robustness of variance estimators can be compromised. For ex
ample, computing matrix inverses in sandwich variance estimators may become unstable or in
feasible, resulting in unavailable or unreliable standard error estimates (Matsouaka et al., 2023, 
2025).

To address these concerns, we incorporate a variable selection step before performing covariate- 
adjusted ATE estimation. The goal is to retain only the most important variables—identified 

8                                                                                                                                                           Liu et al.
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnaf171/8314246 by guest on 05 N
ovem

ber 2025



through data-driven criteria—while ensuring that the number of selected covariates remains 
small relative to the sample size (i.e. of lower order than N). This approach balances the inclu
sion of relevant covariates with the exclusion of less informative ones, improving finite-sample 
efficiency. It yields an estimator that lies between the simple estimator (using no covariates) and 
the fully adjusted estimator (using all covariates), achieving higher efficiency while maintaining 
consistency.

We also note that our COADVISE framework generates predicted mean potential outcome vec
tors for all participants in multi-valued treatment settings, allowing users to compute any pairwise 
contrasts between mean outcomes. However, for consistency with the notation in Section 2, the 
following Sections 3.1 and 3.2 focus on the AIPW estimator under binary treatment to illustrate 
our workflow. This focus is motivated by the AIPW estimator’s superior theoretical properties, 
intuitive interpretation, and straightforward generalization to multi-valued treatments. 
Additional practical guidelines for users are provided in Appendix A.

For simplicity, we assume here that the observed data contain no missing values, which allows 
us to concentrate on high-dimensional issues and variable selection. In practice, if missing data are 
present, we first impute them within the COADVISE framework to obtain a complete dataset. By 
separating the imputation and variable selection steps, the subsequent theoretical results remain 
valid without loss of generality.

3.1 The COADVISE workflow
Figure 1 illustrates our proposed workflow using the AIPW estimator as an example. The process 
begins with variable selection performed separately for each treatment group. This approach al
lows the outcome models μ0(X) and μ1(X) to include different sets of variables, thereby providing 
greater flexibility in capturing the most relevant features for each potential outcome based on the 
data.

Next, we fit two parametric outcome regression models—one for Y(1) and one for Y(0)—using 
a chosen link function g(·) from the GLM family (e.g. logistic regression for a binary outcome).

Figure 1. An illustration of the COADVISE framework using AIPW estimation for the covariate adjustment estimator 
consisting of two stages: Stage I: Perform variable selection for the conditional outcome models in both treatment 
groups. Stage II: Re-fit the conditional outcome models using the selected variables and compute the AIPW 
estimator. The model re-fitting step aligns with the theoretical results on efficiency gains, ensuring that the 
estimator benefits from covariate adjustment with variable selection.
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Once these models are estimated, each model is applied to the data from the opposite treatment 
group to predict the missing potential outcomes. In other words, a model 􏽢μa(X) fitted using data 
from group A = a is used to predict the potential outcome Y(a) for subjects in group A = 1 − a, for 
a = 0, 1. This procedure yields all the information necessary to compute the AIPW estimator in 
Equation (5). Finally, we quantify uncertainty by employing the robust variance estimator in 
Equation (6) (Ye, Bannick, et al., 2023).

For a more technical illustration, Appendix A.3 provides an algorithm box detailing the Lasso 
variable selection combined with AIPW estimation.

Remark 2 Although variable selection methods like Lasso and adaptive Lasso can directly 
produce a fitted model by selecting variables with nonzero regression coeffi
cients, we take an additional step by refitting a GLM using only the selected 
variables and estimating the coefficients via maximum likelihood estimation 
(MLE). This refitting step is essential for two reasons. First, it facilitates achiev
ing the efficiency gains established in Theorem 1 in the following section. 
Second, it enhances the interpretability of the covariate-adjusted estimator 
by relying on transparent parametric models rather than black-box 
approaches.

3.2 Theoretical results
We establish theoretical results for efficiency gains via the AIPW estimator, with detailed proofs 
provided in online supplementary material, Web Appendix SA. The key results are summarized 
in the following Theorem 1.

Theorem 1 Suppose Assumptions 1–2 in Section 2.2 hold, and denote the asymptotic 
variance of the AIPW and simple estimator as Vaipw and Vsimple, respectively. 
Then, regardless of the variable selection method used, Vaipw ≤ Vsimple in any 
of the following cases: 

(i) Both conditional outcome models μ0(X) and μ1(X), after variable selec
tion, are specified by linear models with OLS used for estimating the re
gression coefficients.

(ii) If the outcome model for Y(a) (a = 0, 1), after variable selection, is speci
fied by a nonlinear GLM with link function g, then there exists β∗a as the 

probability limit of MLE 􏽢βa such that with probability 1:
– (a) The sign of g(X′β∗a) matches that of the true model E(Y(a) ∣ X); 

and
– (b) |g(X′β∗a)| ≤ 2|E(Y(a) ∣ X)|.

For point (i) in Theorem 1, we highlight the connection with the ANHECOVA estimator. If both 
μ0(X) and μ1(X) use the same set of covariates as ANHECOVA, then the AIPW estimator is iden
tical to ANHECOVA, so in this case, the efficiency gain result is consistent with that established by 
Lin (2013). However, due to variable selection, μ0(X) and μ1(X) may use different covariates, mak
ing the AIPW estimator distinct but still guaranteeing efficiency gains when linear regressions are 
applied.

For point (ii), conditions (a) and (b) have the following interpretations: for (a), the GLM must 
correctly capture the sign of the true conditional outcome with probability 1; and for (b), the bias 
of the GLM is constrained to maintain efficiency. For example, with positive-valued outcomes, 
conditions (a) and (b) can be simplified to 0 ≤ g(X′β∗a) ≤ 2E(Y(a) ∣ X), which is reasonable for 
some positive categorical outcomes, such as binary outcomes modeled by logistic regression. 
Further illustration and discussion of these conditions are provided in online supplementary 
material, Web Appendix SA.

Comparing (i) and (ii), linear models with OLS ensure efficiency gains without additional bias 
constraints. However, nonlinear GLMs may offer higher efficiency gains in specific cases (e.g. bin
ary outcomes), since the AIPW estimator’s efficiency gain depends on the bias between the posited 
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and true outcome models. When both outcome models are correctly specified, the AIPW estimator 
is the most efficient, achieving the asymptotic (semiparametric) variance lower bound (Hahn, 
1998; Hirano et al., 2003).

Remark 3 ((Linear calibration for nonlinear outcome models)). When outcome models 
are specified via nonlinear GLMs, condition (ii) for efficiency gains in 
Theorem 1 may fail, because it requires the model-induced bias to be sufficient
ly small—a condition that is typically untestable in practice. While condition 
(i) avoids this bias requirement by using linear regressions with OLS coefficient 
estimates, such an approach is not always optimal; for example, nonlinear 
GLMs are often more natural for binary or categorical outcomes. To address 
this limitation, we adopt a linear calibration step motivated by recent literature 
(Bannick et al., 2025; Cohen & Fogarty, 2024).

Specifically, after obtaining the fitted outcome predictions 􏽢μ1(X) and 􏽢μ0(X) 
from nonlinear GLMs, we perform an additional calibration regression within 
each treatment arm. For treated participants (A = 1), we fit

lm(Y ∼􏽢μ1(X) +􏽢μ0(X)), 

using the OLS estimates for regression coefficients, and we do the same for 

control participants (A = 0). Then, let 􏽢μupdate
0 (X) and 􏽢μupdate

1 (X) denote the pre
dicted values for potential outcomes Y(0) and Y(1), respectively, from these 

regressions. We then replace the original 􏽢μa(X) by 􏽢μupdate
a (X) in the AIPW es

timator 􏽢τAIPW =􏽢θ1 −􏽢θ0, where for a = 0, 1, we update

􏽢θa =
1

Na

􏽘N

i=1

I(Ai = a)[Yi −􏽢μupdate
a (Xi)] +

1
N

􏽘N

i=1

􏽢μupdate
a (Xi),

with Na =
􏽘N

i=1

I(Ai = a).

This correction aligns the predicted outcomes with the observed data within 
each treatment arm while retaining the flexibility of nonlinear GLMs, thereby 
ensuring that the AIPW estimator achieves efficiency gains without relying on 
the bias requirement in Theorem 1.

We allow users to decide whether to apply linear calibration in practice by 
including the option lin.cal = TRUE or FALSE in the Coadvise() func
tion of our Coadvise R package. When users are uncertain about whether 
their postulated nonlinear GLM models may introduce substantial bias, enab
ling this additional step is recommended.

3.3 Post-selection inference
Although Theorem 1 guarantees efficiency gain under established mild conditions on outcome 
models, regardless of the choice of variable selection method, the uncertainty introduced by vari
able selection must be accounted for when conducting inference with the final AIPW estimator. 
This challenge is commonly referred to as the post-selection inference problem. In this section, 
we outline the theoretical conditions under which a variable selection method enables valid infer
ence using the variance estimator applied to the AIPW estimator constructed from the selected co
variates. Design-based theoretical results related to Lasso-based variable selection, in conjunction 
with the ANHECOVA estimator, have been studied by Bloniarz et al. (2016).

Suppose we have p > 1 covariates, denoted by X = (X1, . . . , Xp)′. Let S0 ⊂ {1, . . . , p} and S1 ⊂ 
{1, . . . , p} denote the sets of indices corresponding to the relevant covariates for the potential out
comes Y(0) and Y(1), respectively. Define sa = |Sa| for a = 0, 1. We draw upon the theoretical re
sults of Farrell (2015) and Van Lancker et al. (2024) to summarize the following technical 
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conditions within our framework. The former reference considers the more general setting of obser
vational studies, whereas our RCT framework represents a special case that avoids conditions re
lated to the propensity score model. We assume that the estimated outcome regression coefficient 
􏽢βa converges in probability to a limiting value β∗a, which may differ from the true coefficient vector 
βa in the outcome model μa(X) = μa(X; βa), as model misspecification is allowed in this setting.

Condition 1 sa · log { max (p, N)}/
���
N
√

= o(1) for a = 0, 1.

Condition 2 ((Convergence and error rates of estimated coefficients)). 

Ga
N(X) =

1
N

􏽘N

i=1

{μa(Xi;􏽢βa) − μa(Xi; β∗a)}2 

is uniformly integrable with 
��������
Ga

N(X)
􏽰

= oP(1), and ‖􏽢βa − β∗a‖1 = 
OP(sa

�����������������������
log { max (p, N)}/N

􏽰
) for a = 0, 1. Here, P is a data generating process 

that obeys the following regularity and boundedness conditions (below, let 
Ua = Y(a) − μa(X) for a = 0, 1): 

• {(Ai, Xi, Yi)}
N
i=1 is an i.i.d. sample from population O = (A, X, Y);

• The covariates X have bounded support with max j∈{1,...,p} |Xj| ≤ M < ∞;
• E{|Ua|

4 ∣ X} ≤ M < ∞, min(j,a)∈{1,...,p}×{0,1} E{X2
j U2

a} is bounded away 

from zero, and for some r > 0, min {E{|μ1(X)μ0(X)|1+r}, E{|U0|
4+r}, 

E{|U1|
4+r}} ≤ M < ∞, for a = 0, 1.

Condition 1 concerns the relationship among the sparsity sa, the number of covariates p, and the 
sample size N. This condition is common in the high-dimensional inference literature (Belloni & 
Chernozhukov, 2013; Belloni et al., 2014; Belloni et al., 2017; Bloniarz et al., 2016). Condition 2
requires that the fitted outcome models converge to a bounded limit, along with some regular and 
mild assumptions on the data-generating process. Both conditions may be strong in more general 
observational studies, but in our setting, where variable selection is employed and model misspe
cification is permitted, the dimensionality p can be effectively limited and the existence of the limit
ing value β∗a is reasonable.

Outcome models by Lasso and adaptive Lasso variable selections with linear and logistic link 
functions have been shown to satisfy these conditions (Belloni & Chernozhukov, 2013; Belloni 
et al., 2017), supporting the validity of post-selection inference using the variance estimator adopted 
in our framework when either of these two variable selection methods is employed. Lasso also has a 
standardized implementation in R via the glmnet package, which can be fully pre-specified to pre
vent data dredging. For user convenience, we have incorporated this function for both Lasso and 
adaptive Lasso in our Coadvise R package. These methods also address the overfitting issues as
sociated with OLS when the number of covariates is large relative to the sample size.

Finally, we remark on the robustness of variance estimators for covariate-adjusted estimators. 
Thanks to the RCT design, the propensity score (treatment model) is known and correctly speci
fied. In our framework, variable selection is applied only to the outcome models used in the 
covariate-adjusted estimators. For all estimators considered—ANCOVA, ANHECOVA, and 
AIPW with Lasso-based variable selection—Condition 1 ensures that the residuals in their HW 
sandwich or model-based variance estimators capture the unexplained variation, including uncer
tainty due to variable selection (Bloniarz et al., 2016; Liu et al., 2023; Zhu et al., 2024). As a result, 
the robust variance estimators constructed from these residuals implicitly account for this 
uncertainty.

3.4 Extensions
Thus far, we have discussed our framework under the setting of complete (simple) randomization. 
In this section, we outline two possible extensions of the COADVISE framework that address 
emerging challenges in RCT analysis and showcase how our framework may be combined with 
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some advanced techniques. While these extensions are included to illustrate practical implemen
tation possibilities, they are not central contributions of this paper and require more rigorous the
oretical investigation in future work. We present them here to help motivate future research 
directions.

3.4.1 Pre-specified super-covariate
The first extension considers the recently emerging methodology of leveraging super-covariates to 
enhance RCT analyses. A super-covariate is typically defined or termed as a transformation, 
summary score, model output, or projection of the existing baseline covariates (potentially 
high-dimensional) that captures key prognostic information about the outcome, often learned 
from external data (can be randomized or observational). As noted in several studies 
(De Bartolomeis et al., 2025; Gagnon-Bartsch et al., 2023), the limited sample sizes in RCTs, to
gether with the increasing availability of large external observational datasets containing the same 
covariates and outcomes, have motivated growing interest in constructing super-covariates from 
external data to improve the efficiency of ATE estimation.

Prior research has investigated the super-covariate adjustment approaches. Gagnon-Bartsch 
et al. (2023) proposed applying machine learning algorithms on multiple external data to obtain 
foundation models. De Bartolomeis et al. (2025) introduced a hybrid AIPW estimator that integra
tes available foundation models to improve the efficiency of the AIPW estimator. Schuler et al. 
(2022), Højbjerre-Frandsen et al. (2025), Liao et al. (2025), and Sun (2024) considered leveraging 
historical data to learn prognostic regression models. Poulet et al. (2025) extended the idea of pre
diction powered inference to RCTs, providing externally trained prognostic scores as a function of 
baseline covariates for all RCT participants.

However, a key concern is that the external data may differ from the RCT data due to distribu
tional shifts, such as covariate shift or outcome shift (Lee et al., 2022; Lee et al., 2023; Liu et al., 
2025). As a result, it is generally uncertain whether the super-covariates constructed from external 
data are truly predictive of the outcomes in the RCT population. To address this issue, we propose 
a general, data-driven strategy that incorporates both the super-covariates trained from external 
data and the original covariates in the RCT data for covariate adjustment.

Let O = (X, A, Y) denote a copy of the RCT data, and in general, suppose we have K ≥ 1 other 
mutually independent external data sources for super-covariates. The combination of the 
COADVISE framework and super-covariates is illustrated in the following Figure 2. We first ob
tain or train K super-covariates (or models) from each of the K external data sources, denoted by 
f1(X), . . ., fK(X). These super-covariates are then applied to the RCT participants to generate cor
responding representations, e.g. by predictions. The resulting features are combined with the ori
ginal covariates X to form an augmented dataset Oaug, which is subsequently analysed using the 
COADVISE framework. Both the original covariates and the super-covariates are treated as can
didate variables for selection in the adjustment process.

In practice, we recommend that users first obtain the K super-covariates and apply them to the 
RCT data. They can then use our Coadvise R package to perform the analysis based on the aug
mented RCT dataset, as illustrated in Figure 2. Our proposal offers several flexible features. First, 
we allow each external dataset to construct super-covariates of arbitrary dimensions, which are 
then aggregated and incorporated into the augmented dataset as additional covariate information. 

Figure 2. Illustration of incorporating super-covariates into the COADVISE framework in Figure 1.
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Second, since COADVISE employs a data-driven variable selection strategy—such as Lasso—even 
if some of the K super-covariates are not predictive of the outcome in the RCT data, they may be 
excluded prior to the final adjustment step. This enables COADVISE to automatically guard 
against the inclusion of irrelevant covariates or super-covariates and to maintain an appropriate 
balance between sample size and model complexity.

3.4.2 Covariate-adaptive randomization
The preceding discussion in this paper focused on complete (simple) randomization. However, 
more complex randomization schemes are commonly employed in practice to ensure balance in 
treatment allocation across key subgroups. For instance, stratified permuted block randomization 
often assigns participants within predefined blocks (e.g. based on age or clinical site) to treatment 
arms in a way that maintains a predetermined allocation ratio, thereby achieving better balance 
within each block (Zelen, 1974).

Our second extension centres around the covariate-adaptive randomization (Bannick et al., 
2025; Bugni et al., 2018;  Rafi, 2023; Ye et al., 2022) including stratified permuted block random
ization (Zelen, 1974) and Pocock and Simon’s minimization (Pocock & Simon, 1975; Taves, 
1974) as special cases. In general, we let Z be a discrete baseline covariate vector used in 
covariate-adaptive randomization, where Z has L < ∞ distinct joint levels z1, . . . , zL. Also, Z 
and X can share some common components. For example, the gender can be a factor for stratified 
randomization at the design stage, but it can also be incorporated into the covariate adjustment in 
the analysis stage. Following Bannick et al. (2025), we impose the following mild assumption on 
treatment assignment in covariate-adaptive RCTs. We use πa(z) = P(A = a ∣ Z = z) to denote the 
treatment assignment probability for arm a within stratum z.

Assumption 3 (i) A⊥⊥(Y(0), Y(1), X) ∣ Z; (ii) For every level z of Z, πa(z) = πa = P(A = a); 
and (iii) The sequence 

���
N
√

{Na(z)/N(z) − πa} is bounded in probability as 
N→∞, where N(z) denotes the number of participants with Z = z, and 
Na(z) the number assigned to treatment A = a within stratum Z = z, for 
a = 0, 1.

Assumption 3(ii) ensures that each treatment is assigned with the same marginal probability 
across all strata defined by Z, which is a primary goal of covariate-adaptive randomization. 
The estimand of interest remains the ATE, τ = E{Y(1) − Y(0)}. As shown by Bannick et al. 
(2025), the AIPW estimator (5) remains consistent for τ even when the outcome model is misspe
cified. To incorporate covariate-adaptive randomization into the COADVISE framework, we pro
pose using the same AIPW estimation procedure outlined in Figure 1 following variable selection. 
The only modification lies in the final step, where a generalized variance expression derived by 
Bannick et al. (2025) is applied.

We first review key aspects of the asymptotic variance expression. Recalling the notation in 
Equation (6) from Section 2.4, we now present its modification under covariate-adaptive random
ization, following Bannick et al. (2025), with stratification by Z:

���
N
√

(􏽢θ − θ)→d N (0, V∗), (8) 

where

V∗ = V − E[Q(Z) ΩSR − Ω(Z){ }Q(Z)], (9) 

with

Q(z) = diag π−1
a E{Y(a) − θa ∣ Z = z} − π−1

a E[μa(X) − E{μa(X)} ∣ Z = z]
􏼈 􏼉

, for a = 0, 1.

Furthermore, Ω(z) = diag{π0(z), π1(z)} − (π0(z) π1(z))′ (π0(z) π1(z)) is a 2 × 2 covariance matrix de
termined by the covariate-adaptive randomization design. In contrast, ΩSR = diag{π0, π1} − 
(π0 π1)′(π0 π1) denotes the corresponding matrix under simple randomization.
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Under Assumption 3, the covariate-adaptive randomization mechanism assigns equal treatment 
probabilities within each stratum, implying πa(z) = πa for all z and a, and thus Ω(Z) = ΩSR. 
Consequently, E{Q(Z)(ΩSR − Ω(Z))Q(Z)} = 0 and the asymptotic variance still simplifies to 
V∗ = V. Nevertheless, to accommodate potential deviations in finite samples, we estimate and re
tain this correction term in our variance estimator. Specifically, we estimate the treatment prob
abilities by 􏽢πa(z) = Na(z)/N(z) and 􏽢πa = Na/N for a = 0, 1. Consistent with the estimator of V in 
Equation (7), we use sample-based estimates for all components, including proportions, variances, 
and covariances, to construct the finite-sample version of the variance estimator. Finally, by the 
Delta method, the variance estimator for the AIPW estimate of the ATE can be obtained accord
ingly, following the same derivation presented at the end of Section 2.4.

Additionally, we include two basic estimators without covariate adjustment: the simple un
adjusted estimator (1), which remains consistent under Assumption 3, and a stratified unadjusted 
estimator following Bugni et al. (2018), defined as

􏽢τstrata =
􏽘

z∈Z

N(z)
N

Y̅(1; z) − Y̅(0; z)
􏼈 􏼉

, (10) 

where z indexes the strata defined by Z, Z denotes the support of Z, N(z) is the number of partic
ipants in stratum z, and Y̅(a; z) is the average outcome in treatment arm a within stratum z. A nat
ural plug-in variance estimator for 􏽢τstrata is given by:

􏽢V􏽢τstrata
( 􏼁

=
􏽘

z∈Z

N(z)
N

􏼒 􏼓2 􏽢S2
1(z)

N1(z)
+
􏽢S2

0(z)
N0(z)

􏼨 􏼩

, (11) 

where Na(z) is the number of participants receiving treatment a in stratum z, and 􏽢S2
a(z) is the sam

ple variance of outcomes in treatment arm a within stratum z, for a = 0, 1. We provide an R func
tion, CoadviseCAR(), in our Coadvise R package to implement the proposed framework for 
covariate-adaptive randomized trials, where “CAR” stands for covariate-adaptive randomiza
tion. A toy example implementing the above three estimators using Lasso variable selection (for 
AIPW) is given in Appendix A.5.

4 Numerical experiments
In this section, we present a series of Monte Carlo simulation experiments to evaluate different 
configurations within our COADVISE framework. We use a comprehensive data-generating pro
cess (DGP), detailed in Section 4.1, and generate two distinct types of datasets for each DGP.

First, we generate 20 independent super-population full datasets, each containing 5 × 107 inde
pendent units, with both potential outcomes (Y(0), Y(1)) available for each unit. We then compute 
the mean of Y(1) − Y(0) across these 20 large datasets to obtain the true ATE. Given the large sam
ple size and 20 replications, the associated uncertainty is negligible.

Second, we generate M = 500 independent random sample datasets of size N, with N varying in 
{40, 100, 200, 500} to represent different sample size scenarios. The choice of 200 is is intended to 
mimic the sample size in the case study of Section 5, where N = 169. In each Monte Carlo repli
cation, the dataset consists of N1 treated units and N0 control units, with an expected 1:1 ratio 
such that N0 + N1 = N.

4.1 Data generating process
In line with the nature of an RCT, we generate the binary treatment assignment as A ∼ Bern(0.5), 
independent of any covariates or outcomes, without imposing any restrictions on the sample size. 
We consider two sets of covariates: X = (X1, . . ., X5)′ and V = (V1, . . ., V50)′. The set X is associ
ated with the outcomes, while V consists of noise variables that are uncorrelated with both the out
comes and the treatment.
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We then specify two models for the potential outcomes:

Continuous outcome: Y(a) = 30 + 20X′β0 + aδ(X) + ϵ,

Binary outcome: Y(a) ∼ Bern(e(X, a)), where

e(X, a) = {1 + exp (−20X′β0 − aδ(X))}−1, 

for a = 0, 1, where ϵ ∼ N (0, 1) i.i.d., and δ(X) characterizes the individual treatment effect. The 
details of β0, different cases of δ(X) (linear and nonlinear), and the distributions used for X and 
V can be found in online supplementary material, Web Appendix SB for reproducibility.

4.2 Methods for comparison
We consider the following competing methods for estimating ATE: Simple, ANCOVA, 
ANHECOVA, and AIPW estimators. For each of these methods, we apply the variable selection 
procedures described in Table 2 to select covariates from {X, V} defined in Section 4.1. All estima
tion and variable selection methods are available through our R package, Coadvise.

4.3 Performance criteria
The simulation results are presented using the following criteria: bias (via boxplots), coverage 
probability (CP%), and empirical percent power (Power%). Denote τ as the true ATE value 
and 􏽢τ as the estimated value from each Monte Carlo replication. Across M = 500 replications, 
these measurements are defined as follows: 

• Bias: 􏽢τ − τ, represented in boxplots. From the width of a box, we can evaluate the estimation 
efficiency.

• CP%: The proportion of replications where τ falls within the 95% confidence interval con
structed from 􏽢τ and its estimated standard error, using a normal approximation.

• Power%: The proportion of replications where the p-value is ≤ 0.05 for testing H0 : τ = 0 vs. 
Ha : τ ≠ 0.

With M = 500 simulations, a CP% is considered significantly different from the nominal 95% 
coverage level if it falls outside the range 95 ± 1.96 ×

��������������
95 × 5/500

􏽰
= [93, 97].

Table 2. Competing methods for variable selection in simulation

Method 
abbreviation

Description

All Include all X and V, i.e. no covariate selection

Lasso Select covariates with non-zero regression coefficient estimates in Lasso regression 
(Bloniarz et al., 2016)

Adaptive Lasso Select covariates with non-zero regression coefficient estimates in adaptive Lasso regression 
(Zou, 2006)

Corr (k) Select the k covariates with the highest marginal correlations with Y, where k = 1, 3, 10 
(Permutt, 1990)

Corr (ξ) Select covariates whose marginal correlations with Y are greater than ξ, where ξ = 
0.10, 0.25 (Permutt, 1990)

Pre-test (α) Perform a univariate two-sample t-test on each covariate to test for differences between two 
groups at level α. Select covariates where the test is rejected, with α = 0.05, 0.10 (Senn, 
1994; Zhao & Ding, 2024b)
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4.4 Results
For brevity, we present the simulation results for the nonlinear continuous and nonlinear out
comes under sample sizes of 40 and 200 in this section. Complete simulation results, including fig
ures, are available in online supplementary material, Web Appendix SB.

Figure 3 presents the results of biases via boxplots in the upper panels, and the results of CP% 
and Power% in the lower four panels under each outcome. We used different colours to distin
guish between variable selection methods: green represents the estimator without variable selec
tion (fully adjusted including all covariates), cyan represents Lasso and adaptive Lasso, grey 
indicates selection based on marginal correlation (as described in Table 2 for pre-specified k or 
ξ), orange represents preliminary testing, and purple represents the simple estimator (which 
does not include any covariates).

(a) (b)

(a) (b)

Figure 3. Simulation results for nonlinear and binary outcomes with sample sizes (a) N = 40 and (b) N = 200. In the 
Bias boxplots, black dots indicate medians. In the CP% plots, the red dashed lines mark the 95% coverage level, 
while the grey dashed lines mark the 93% and 97% levels. In the Power% plots, the red dashed lines indicate 100% 
power, and the grey dashed lines indicate 80% power. Missing values in CP% and Power% for ANHECOVA and 
ANCOVA arise from the non-obtainable sandwich variance estimators in high-dimensional settings.

J R Stat Soc Series A: Statistics in Society, 2025, Vol. XX, No. XX                                                         17
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/advance-article/doi/10.1093/jrsssa/qnaf171/8314246 by guest on 05 N
ovem

ber 2025

http://academic.oup.com/jrsssa/article-lookup/doi/10.1093/jrsssa/qnaf171#supplementary-data


From Figure 3, we observe that when the sample size is very small (N = 40), there are many out
liers in the boxplots for the ‘No selection’ case for all covariate-adjusted estimators. This is ex
pected, since they include a relatively large number of covariates compared to the sample size. 
Across both sample sizes, the Simple, Pre-test (both α = 0.05 and 0.1) estimators exhibit wider 
bias box widths, with the Simple estimator widest. The Corr method does not exhibit consistent 
performance across different parameter choices of k and ξ. For example, Corr with k = 1 or k = 3 
is notably less efficient when the sample size is N = 200, yet performs relatively well under N = 40. 
In contrast, Corr with ξ = 0.10 shows poor performance under N = 40 but improves substantially 
with a larger sample size of N = 200. Lasso and adaptive Lasso exhibit similar performance pat
terns under the same estimator and are overall the most efficient and consistently performing 
methods across simulation settings. An exception is observed with the ANHECOVA estimator 
under N = 40 for both outcomes, where some outliers appear. Nevertheless, in all other 
scenarios—particularly when paired with the AIPW estimator—these methods consistently dem
onstrate stable gains in efficiency and statistical power. These findings suggest that Simple, 
Pre-test, and Corr methods are generally less efficient in our simulation setting, particularly 
when compared to Lasso and adaptive Lasso.

In terms of CP% and Power, all methods exhibit greater stability around the 95% nominal level 
at the larger sample size (N = 200), reflecting improved consistency of the variance estimators with 
increasing sample size. However, even when N = 200, we observe below nominal or missing CP% 
for all three covariate-adjusted estimators (due to the inability to obtain HW sandwich variance 
estimators in high-dimensional settings). Interestingly, across both sample sizes, the Simple and 
Pre-test (both α = 0.05 and 0.1) estimators result in the lowest power. This finding for the 
Pre-test estimator is consistent with Zhao and Ding (2024b), where they advise against its use 
in practice based on theory and simulations. Lasso and adaptive Lasso, when combined with all 
estimators, yield satisfactory CP% under the continuous outcome with N = 200. However, under 
the binary outcome setting with N = 200, they exhibit under-coverage when used with the AIPW 
estimator, though this performance improves when the sample size increases to N = 500, as shown 
in online supplementary material, Web Appendix SB. This empirical finding suggests that, for bin
ary outcomes using logistic regression as the outcome model in AIPW, it is valuable to investigate 
more robust variance estimation methods for smaller sample sizes in future research. Overall, 
Lasso and adaptive Lasso selection methods combined with AIPW generally perform well (in 
terms of both point and variance estimations) across both sample sizes and both outcomes.

Futhermore, although we do not include the results of other DGPs, we briefly summarize them 
here. The results for other two outcomes (linear continuous and linear binary) are similar to 
those shown in Figure 3 and our comments above. At the largest sample size (N = 500), the vari
ance estimators following Lasso and adaptive Lasso selections perform more reliably with simi
lar efficiency gains, yielding CP% values that are closer to the 95% nominal level across all 
outcomes. However, the issue of non-obtainable sandwich variance estimators for 
ANHECOVA and ANCOVA without variable selection persists even at N = 500. This indicates 
that, despite a seemingly adequate sample size relative to the data dimension, the sandwich vari
ance estimator may remain computationally unstable or fail to converge when the number of co
variates is large. This finding further highlights the advantage of applying variable selection to 
control the effective dimensionality, thereby facilitating the computation of model-based vari
ance estimators.

Finally, to empirically assess the asymptotic normality of post-selection estimators following 
Lasso and adaptive Lasso, we present histograms of AIPW estimates after variable selection in 
Figure 4. Additional results for ANCOVA, ANHECOVA, and other simulation scenarios are 
provided in online supplementary material, Web Appendix SB. As shown in Figure 4, the em
pirical distributions closely align with the corresponding theoretical normal densities (indicated 
by red dashed lines). As sample size increases, the estimates become more concentrated around 
the mean, and the agreement with the theoretical curves improves under both continuous and 
binary outcomes. Online supplementary material, Supplemental figures further support these 
findings, demonstrating strong normality even at moderate sample sizes (e.g. N = 100 and 
N = 500). Taken together, these results provide empirical evidence for the asymptotic normal
ity of covariate-adjusted AIPW estimators following variable selection via Lasso or adaptive 
Lasso.
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5 Case study
We apply the COADVISE framework to analyse the BestAIR trial data, available through the 
NSRR (https://sleepdata.org/datasets/bestair/files/datasets). The dataset includes 169 participants, 
with 83 assigned to the active treatment group (continuous positive airway pressure [CPAP]) 
and 86 to a combined control arm. The primary objective of the study is to assess the impact of 
CPAP on 24-hour systolic blood pressure (SBP). The data include 114 covariates, making it 
high-dimensional given the sample size (N = 169). We consider two outcomes: (i) continuous 
SBP values (in mmHg); and (ii) binary SBP values, classifying SBP as high (≥130 mmHg) or low 
(<130 mmHg) based on a 130 mmHg threshold.

Both the outcome and covariates contain missing values. Since only 25 observations are com
plete, we use the random forest method (Stekhoven & Bühlmann, 2012) (missForest option 
in our package) to impute all missing values. To justify the missingness pattern, we note that 
missForest assumes an MAR mechanism, which, while untestable in practice, is less restrictive 
than the MCAR assumption. For missing outcomes, we include all baseline covariates (e.g. age, 
gender, race, study site) in the imputation model, making the MAR assumption more plausible. 
Since treatment is randomized and all covariates are collected prior to treatment assignment, 
the outcome missingness mechanism is unlikely to depend on unobserved outcomes. 
Furthermore, missingness in baseline covariates is less concerning in randomized trials, as these 
covariates are independent of both treatment and outcome by design. In this application, which 
primarily aims to demonstrate the COADVISE framework, we impute all missing covariates under 
the MAR assumption and include them in the variable selection step to take full advantage of the 
high-dimensional structure of the data.

Table 3 presents the results of the analysis using three approaches to variable selection: (i) no 
covariate selection (all covariates included), (ii) Lasso, and (iii) adaptive Lasso. When no variable 
selection is applied, only the simple estimator provides complete results for both outcomes. The 
SEs for the other methods are unavailable (NA), except for the AIPW estimator in the binary 
SBP case. This is due to the instability of the HW sandwich variance estimator for ANCOVA 
and ANHECOVA, which, given the sample size relative to the number of covariates, becomes un
stable when inverting high-dimensional matrices, causing it to fail to converge. Additionally, in the 
case of continuous SBP, the variance estimated for AIPW using the Delta method was negative, 
leading to an NA SE. Therefore, without variable selection, the results of all covariate-adjusted 
estimators are not reliable.

However, when variable selection is applied, all covariate-adjusted methods return complete re
sults, including SEs, CIs, and p-values. Interestingly, the results from the covariate-adjusted 

Figure 4. Distributions of the AIPW estimates across 500 Monte Carlo replicates under nonlinear continuous and 
binary outcomes, with sample sizes N = 40 and N = 200. The dashed lines represent the theoretical normal 
distributions based on the ATE truth and standard deviations of the 500 point estimates. The lines indicate the true 
ATE.
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methods often differ notably from those of the simple estimator. For the continuous SBP outcome, 
the simple estimator indicates a significantly non-zero ATE with p-values less than 0.05, whereas 
none of the variable selection methods identify a significant ATE at the 0.05 level. Additionally, 
with variable selection, the SEs from the covariate-adjusted methods are smaller than those 
from the simple estimator for both outcomes. This suggests that proper covariate adjustment 
can enhance efficiency.

6 Concluding remarks
6.1 Summary
COADVISE is a comprehensive and flexible framework for covariate adjustment with variable se
lection, designed to enhance the reliability and efficiency of treatment effect estimation in RCTs. 
The framework accommodates several variable selection procedures, including no selection, 
Lasso, adaptive Lasso, marginal correlation methods, and preliminary testing, prior to covariate 
adjustment. We also implement three widely used covariate-adjustment methods—ANCOVA, 
ANHECOVA, and AIPW—in the estimation stage. For AIPW, we provide a broad range of para
metric models for the conditional outcome models used in the estimator. Notably, we do not im
plement ML models in the final model fitting step after variable selection due to their black-box 
nature, which complicates theoretical guarantees for efficiency gains and interpretability. 
Instead, we focus on transparent parametric models to ensure clarity and alignment with the the
oretical conditions established in our work.

Our framework stands out from existing methods for several reasons. To our knowledge, this 
tutorial is the first to offer comprehensive guidance on variable selection preceding covariate ad
justment, while systematically comparing various variable selection and covariate-adjusted meth
ods from a practical statistical perspective. Moreover, the data-driven variable selection 
techniques identify key predictors in a balanced manner, optimizing both efficiency and robustness 
and ensuring that the number of selected variables remains manageable given the sample size. 
Although some relevant variables may be omitted, this approach strikes a careful balance between 
the extremes of unadjusted and fully adjusted methods, thereby enhancing efficiency without com
promising consistency.

Furthermore, our empirical studies suggest that Lasso and adaptive Lasso should be considered 
as priority in practice, since they generally outperform other methods for variable selection in our 
framework. Their key advantages include (i) flexibility in model specification aligning with the 
AIPW estimator’s outcome model(s), and (ii) the absence of some tuning parameters that must 
be selected by users, such as thresholds k and ξ in marginal correlation methods, or preliminary 
testing level α, making them more practical for application. Although Lasso and adaptive Lasso 
do require a tuning parameter λ in the penalty term (see Algorithm 1 in Appendix A.3), our pack
age implements lambda.min, which selects the λ value that minimizes the cross-validated error, 
making this process straightforward for users. Adaptive Lasso further has adaptive weights in the 
penalty term, which are inversely proportional to an initial estimate of the coefficients, obtained 
from an unpenalized OLS regression in our package.

6.2 Discussion
We acknowledge several limitations of the COADVISE framework. First, we need to further in
vestigate the post-selection inference arising from variable selection methods beyond Lasso and 
adaptive Lasso. Although our simulations suggest that all variable selection methods included 
in our package yield valid inferences under larger sample sizes, additional theoretical work is war
ranted to support these findings. In support of our method, we note that our model-based variance 
estimators (such as the sandwich or Delta methods) are robust to model misspecification, ensuring 
valid uncertainty quantification regardless of the variables selected for the outcome model(s). 
Furthermore, fitting the post-selection models using MLE or OLS improves efficiency, as demon
strated by the theory established in Section 3.2.

A related concern was raised in a recent commentary (Harrell, 2024), which argued that 
complex methods like ANHECOVA and AIPW, unlike ANCOVA, rely on the assumption 
that RCT participants are randomly sampled from the clinical population. This assumption 
ignores inclusion/exclusion criteria and may limit external validity. We respectfully contend 
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that this issue is not unique to these complex estimators; even simpler estimators, including 
ANCOVA, target the ATE for the population defined by the trial’s criteria, since the RCT 
sample represents only those who met the criteria. Our primary contribution is to address 
the high-dimensional covariate challenges that affect internal validity, thereby ensuring ro
bust ATE estimates for the trial population across varying sample sizes. Future extensions 
might explore data integration and external information borrowing to further enhance the 
generalizability of RCT findings (Lee, Gao, et al., 2024; Lee, Yang, et al., 2024; Lee et al., 
2022; Lee et al., 2023).

Additionally, while our Coadvise R package includes several commonly used missing data im
putation methods for user convenience, we have not undertaken a comprehensive investigation 
into their theoretical robustness or optimal integration within our framework, particularly in com
bination with variable selection. Future work could explore more robust imputation strategies 
that align with different variable selection mechanisms. We also plan to incorporate more ad
vanced and recently developed imputation methods with theoretical guarantees that are compat
ible with our framework in future versions of the package.

There are also several promising avenues for extending our framework. For instance, alternative 
adjustment methods could be incorporated to further improve efficiency. Existing literature sug
gests that integrating propensity score modeling, e(X) = P(A = 1 ∣ X), into the AIPW estimator 
(Gao et al., 2024), or applying propensity score weighting methods without outcome modeling 
(such as inverse probability weights (Shen et al., 2014), overlap weights (Li et al., 2018; Yang 
et al., 2021; Zeng et al., 2021), or other schemes (Li & Greene, 2013; Liu, Li, et al., 2024)) can en
hance efficiency, even when the propensity score is known (e.g. e(X) = 0.5 for 1:1 randomization 
across all X) (Shen et al., 2014; Williamson et al., 2014). However, extending our framework to in
clude propensity score modeling introduces an additional variable selection challenge, effectively 
leading to a double selection problem for the AIPW estimator (Belloni et al., 2014; Koch et al., 
2018). Moreover, although logistic regression is commonly used for propensity score estimation 
(Connors et al., 1996; Hirano & Imbens, 2001; Thomas et al., 2020) it remains uncertain whether 
it consistently enhances efficiency or if alternative methods with clearer regularity conditions might 
be preferable. Another potential extension involves prognostic covariate adjustment (PROCOVA), 
which employs machine learning techniques to generate prognostic scores based on baseline charac
teristics (Harrell Jr et al., 1984, 1996;  Li et al., 2024; Rubin & Thomas, 2000). Future work could 
extend our variable selection methods to PROCOVA or explore the joint use of propensity and 
prognostic scores for covariate adjustment (Yang & Zhang, 2023; Zhang et al., 2022).

Furthermore, our framework can be extended to a wide range of more general and complex set
tings. These include more general covariate-adaptive randomization (Bannick et al., 2025; 
Broglio, 2018; Kernan et al., 1999; Yu et al., 2025; Zhu et al., 2024), rerandomization 
(Morgan & Rubin, 2012; Zhu & Liu, 2023), time-to-event outcomes (Benkeser et al., 2021; 
Hua et al., 2024; Yi et al., 2020), restricted mean survival times (Han, 2023; Hanada et al., 
2024; Karrison & Kocherginsky, 2018; Zhong et al., 2022), cluster-randomized trials (Balzer 
et al., 2023; Donner et al., 2000; Murray, 1998; Stephens et al., 2012; Zhou et al., 2022), and or
dinal or composite outcomes with novel estimands such as the win ratio or generalized odds ratio 
(Agresti, 1980; Barnhart et al., 2025; Matsouaka, 2022; Oakes, 2016; Pocock et al., 2012; Zhang 
& Wu, 2024), as well as the Mann–Whitney rank-based statistic (Follmann et al., 2020). Other 
promising directions include conformal inference on individual or heterogeneous treatment effects 
(Gao, Gilbert, et al., 2024; Wang et al., 2024; Yang et al., 2024), the integration of multi-source 
RCT and observational data (Han et al., 2025; Lee, Yang, et al., 2024; Lee et al., 2023; Liu, Levis, 
et al., 2024; Liu et al., 2025; Yang & Wang, 2022; Yang et al., 2023; Zhuang et al., 2025), syn
thetic controls (Abadie et al., 2010, 2015; Ben-Michael et al., 2021), and external controls (Gao 
et al., 2025; Lee et al., 2025; Li et al., 2023; Wang, Hong, et al., 2025). Additionally, alternative 
strategies for estimating regression coefficients, such as debiased machine learning algorithms 
(Carlsson et al., 2014; Chernozhukov et al., 2018; Wang, Liu, et al., 2025), debiased regressions 
(Chang et al., 2024; Chiang et al., 2023; Lu et al., 2023), and linear calibration (Bannick et al., 
2025; Cohen & Fogarty, 2024; Guo & Basse, 2023) are of interest for future investigation.
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Appendix A. R Code and Tutorial to COADVISE
A.1 Summary of missing data imputation methods in COADVISE

A.2 R code for BestAIR trial study
We show R code of the analysis for our case study in Section 5, as a tutorial for the use of our R 
package Coadvise. For the demonstration purpose, we only present the code by Lasso selection. 
For other methods, readers can visit the package website (https://github.com/yiliu1998/Coadvise) 
or type code ?Coadvise in R (assuming the package is correctly installed) to see more details.

Table A.1. Summary of missing data imputation methods available in the current Coadvise R package

Imputation method Handles 
missing 
covariates

Handles 
missing 
outcome

Assumption

Complete-case analysis (cc) ✓ ✓ MCAR

Multiple imputation by chained equations  
(mice; Van Buuren & Groothuis-Oudshoorn, 2011)

✓ ✓ MAR

Random forest (missForest; Stekhoven & Bühlmann, 2012) ✓ ✓ MAR

Inverse probability weighting (ipw; Robins et al., 1994) × ✓ MAR

Missingness indicator (missInd; Song et al., 2021; 
Zhao & Ding, 2024c; Zhao et al., 2024)

✓ × MAR
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In the code below, A is the binary treatment (CPAP) indicator vector, Y is the continuous SPB 
value, and X is the covariate matrix (169 rows and 114 columns). We illustrate the additional argu
ments used in the code in the following Table A.2.

Both trt.name and ctrl.name need to be specified without default, which are the value of 
treatment and control groups in A, respectively. Note that A can have more than two levels, but we 
require users to input the treated (trt.name) and control (ctrl.name) each time for a pair-wise 
comparison. The conti.out must be specified from TRUE and FALSE as well, which allows the 
program to identify whether it needs to be processed as a categorical outcome for valid 
missing data imputation purpose. The var.sel.method argument is for the variable selection 
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method, and we specify “Lasso” for its value. We also need to specify the model family via 
lasso.family if “Lasso” is used. The default is “gaussian” for using linear model with 
Gaussian random error assumption in Lasso regression, but users can choose other families, such 
as “binomial” for binary outcome if using logistic regression, and any families provided in 
the glmnet package (Friedman et al., 2010; Friedman et al., 2021). The arguments 
out0.model.aipw and out1.model.aipw are for specifying the link functions used in outcome 
models μ0(X) and μ1(X), respectively, in the AIPW estimator. For example, in the binary outcome 
case, we use “logit” to specify logistic regression models for both potential outcomes.

Table A.2. Arguments in Coadvise() R function

Arguments Description Required Default Available options

A The treatment vector ✓
Y The outcome vector ✓
X The covariate vector/ 

matrix/data frame
✓

trt.name The value of treatment 
in A

✓

ctrl.name The value of control 
group in A

✓

conti.out Whether the outcome Y 
is continuous

✓ TRUE, FALSE

var.sel.method Variable selection 
method

× “Lasso” “No”, “Lasso”, “A.Lasso”, 
“Corr.k”, “Corr.xi”, 
“Pre.test”

lasso.family Family used in Lasso 
regression

× “gaussian” “gaussian”, “binomial”, 
“poisson”, “multinomial” 
(same as the glmnet package)

A.lasso.family Family used in adaptive 
Lasso regression

× “gaussian” “gaussian”, “binomial”, 
“poisson”, “multinomial”

out1.model.aipw E{Y(1) ∣ X} model in 
AIPW

× “linear” “linear”, “logit”, 
“probit” “log”, “cloglog”, 
“identity”

out0.model.aipw E{Y(0) ∣ X} model in 
AIPW

× “linear” “linear”, “logit”, 
“probit” “log”, “cloglog”, 
“identity”

lin.cal Whether to use linear 
calibration in AIPW

× FALSE TRUE, FALSE

k Number of covariates 
with highest 
correlations with 
outcome

× 1 Any positive integers less than the 
number of covariates

xi Lowest correlation with 
outcome

× 0.25 Numbers between 0 and 1

pre.alpha Level of preliminary 
testing

× 0.05 Numbers between 0 and 1

conf.level Level of returned 
confidence interval 
for ATE

× 0.05 Numbers between 0 and 1

MI.method Missing data 
imputation method

× “cc” “cc”, “mice”, “missForest”, 
“ipw”, “missInd”

seed seed used in 
set.seed() 
function

× 4399 Any real numbers
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The function Coadvise() returns a list comprising three components: (i) a data frame contain
ing results for the Simple, ANCOVA, ANHECOVA, and AIPW estimators, including point esti
mates (tau), standard errors (se), confidence intervals (ci.lwr and ci.upr), and p-values 
(p); (ii) the covariate data after variable selection, used in all ANCOVA, ANHECOVA, and 
AIPW estimators. For the AIPW estimator, two sets of covariate data are returned, as variable se
lection is performed separately for the two treatment groups; and (iii) the estimated mean out
comes vector and covariance matrix from the AIPW estimator. In this example, we display 
components (i) and (iii) from the returned list.

A.3 Algorithm example
In this section, we present the proposed COADVISE framework, providing technical details in 
Algorithm 1. For illustration, we use Lasso for variable selection and AIPW for estimation.

Let Rp denote the p-dimensional Euclidean space (p > 0). Define Na =
􏽐N

i=1 I(Ai = a) as the 
number of units with treatment assignment Ai = a, s2

N(W) as the sample variance of the i.i.d. 
data W = {W1, . . ., WN}, and covN(W, V) as the sample covariance of the data W = 
{W1, . . ., WN} and V = {V1, . . ., VN}. Similarly, s2

Na
(W) represents the sample variance for all Wi ∈ 

W with Ai = a, and covNa (W, V) denotes the sample covariance for all Wi ∈W and Vi ∈ V with 
Ai = a, where a = 0, 1. Denote PN[f (W)] = N−1􏽐N

i=1 f (Wi) the empirical mean of any function 
of the i.i.d. observed data W.

Algorithm 1 COADVISE by using Lasso for the variable selection and AIPW for ATE estimation

Input: I.i.d. observed data O = {(Ai, Yi, Xi), i = 1, . . . , N}, where Xi ∈ Rp, p > 1; a chosen generalized linear 
model (GLM) g(X′β) with given link g, where β ∈ Rp is the regression coefficient vector; a deviance function 
Dg(β) related to the given link g; tuning parameters λ0 and λ1 in Lasso.

Output: The estimate 􏽢τ, the variance estimation 􏽢V(τ), and the 95% confidence interval 􏽢C0.95(τ) for ATE 
τ = E{Y(1) − Y(0)}.

for a = 0, 1 do

􏽢βlasso
a = arg min

βa

1
Na

Dg(βa) + λa

􏽘p

j=1

|β(j)
a |

􏼢 􏼣

, 

and let 􏽢Sa = {j :􏽢βlasso,(j)
a ≠ 0, j = 1, . . . , p}.  

end for

for a = 0, 1 do
􏽥βa = (β(1)

a I(1 ∈􏽢Sa), . . . , β(p)
a I(p ∈􏽢Sa))′;

Find 􏽢βa that solves the MLE equation of βa, e.g. PN I(A = a){Y − g(X′􏽥βa)}X′
􏽨 􏽩

= 0 for linear, logistic or 
Poisson regressions;

Calculate

􏽢θa =
1
N

􏽘N

i=1

I(Ai = a)
􏽢P(A = a)

{Yi − g(X′i􏽢βa)} + g(X′i􏽢βa)

􏼢 􏼣

, 

and let 􏽢μa(X) = g(X′􏽢βa).

end for

Calculate

􏽢v11 = (N/N1)s2
N1

(Y −􏽢μ1(X)) + 2covN1 (Y,􏽢μ1(X)) − s2
N(􏽢μ1(X)),

􏽢v00 = (N/N0)s2
N0

(Y −􏽢μ0(X)) + 2covN0 (Y,􏽢μ0(X)) − s2
N(􏽢μ1(X)),

􏽢v10 = covN0 (Y,􏽢μ0(X)) + covN1 (Y,􏽢μ1(X)) − covN{􏽢μ1(X),􏽢μ0(X)}.

Return: 􏽢τ =􏽢θ1 −􏽢θ0, 􏽢V(τ) = N−1(􏽢v11 − 2􏽢v10 +􏽢v00),􏽢C0.95(τ) =􏽢τ ± 1.96 · 􏽢V(τ).
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A.4 Comparison of Coadvise and RobinCar
In the code below, we use a toy example to compare and illustrate our Coadvise package and the 
well-known RobinCar package.
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From the results above, we observe that Coadvise and RobinCar yield the same point esti
mates and standard errors when using identical estimation methods. Additionally, our 
Coadvise package allows for variable selection and outputs the selected covariates. 
Re-running the Coadvise() function with the selected covariates, but without further variable 
selection, produces results consistent with the initial variable selection process.

Note that in the last two results (step1$df.fit and step2$df.fit), the AIPW estimators pro
duce different point estimates. We would like to clarify that this occurs because for step2 
$df.fit, we used the variables selected by ANCOVA for AIPW, whereas in step1$df.fit, 
the variables selected in AIPW are different than ANCOVA, and the two outcome models in 
AIPW may use different sets of variables as predictors.

A.5 A toy example for COADVISE with covariate-adaptive randomization
In this section, we present a toy example to illustrate the use of the COADVISE framework for 
covariate-adaptive randomization via the CoadviseCAR() function. As detailed in Section 
3.4, our Coadvise package includes three estimators for ATE estimation: the simple unadjusted 
estimator (Simple), the stratified unadjusted estimator (Strata), and the AIPW estimator. For 
AIPW, all variable selection methods supported in the Coadvise() function are available.

Below, we provide the R code used to generate the toy example. We simulate data with N = 200 
observations and 100 covariates. Stratified randomization is performed across three strata—Low, 
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Medium, and High—defined by a categorical variable. The potential outcomes are generated from 
a linear model involving the first three covariates, and the true ATE is set to τ = 1.
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From the analysis results, we observe that the Simple and Strata estimators yield similar point 
estimates and variance estimates. In contrast, the AIPW estimator without variable selection is 
highly biased and produces an unstable or unavailable variance estimate. However, after applying 
Lasso variable selection, the AIPW estimator provides an accurate point estimate with a smaller 
variance than both the Simple and Strata estimators, indicating a clear efficiency gain.
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