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ABSTRACT ARTICLE HISTORY
Propensity score matching (PSM) and augmented inverse propensity weight- Received 4 May 2025
ing (AIPW) are used in observational studies to estimate causal effects. The Accepted 30 June 2026
AIPW estimator is doubly robust and locally efficient but can be unstable KEYWORDS

yvhen .t_he propensity.scores are ;Iosg to zero or one. PSM circumvents the Causality; nearest neighbor
instability of propensity score weighting but it hinges on the correctness of imputation; propensity score
the propensity score model and cannot attain the semiparametric efficiency outliers; semiparametric
bound. The fixed number of matches, K, renders PSM nonsmooth and thus efficiency

invalidates standard bootstrap inference. This article presents novel augmen-

ted match weighted (AMW) estimators that combine the advantages of

matching and weighting estimators. AMW adheres to the form of AIPW for

its double robustness and local efficiency but it mitigates the instability. We

replace inverse propensity weights with matching weights resulting from

PSM with unfixed K. Meanwhile, we propose a new cross-validation proce-

dure to select K that minimizes the mean squared error anchored around an

unbiased estimator of the causal estimand. We derive the limiting distribu-

tion showing AMW estimators enjoy the double robustness property and can

achieve the semiparametric efficiency bound if both nuisance models are

correct. As a byproduct of unfixed K which smooths AMW estimators, non-

parametric bootstrap can be adopted for variance estimation. Furthermore,

simulation and real-data applications support that the AMW estimators are

stable and their variances can be obtained by nonparametric bootstrap. Our

method is particularly recommended when the propensity score distribution

is extreme. In such settings, the AMW estimator is more efficient and robust

than PSM, more stable than AIPW, and is accompanied by a valid variance

estimation procedure.

1. Introduction

Causal inference has garnered significant attention in recent years due to its potential applications in
various fields, including sociology, economics, and medicine. Causal inference aims to identify the
cause-and-effect relationships between variables of interest. In observational studies, it is often crucial
to estimate the average treatment effect (ATE) and the average treatment effect on the treated (ATT).
However, this can be challenging since treatment assignment may be correlated with various covari-
ates associated with potential outcomes. Moreover, due to the non-random assignment of treatments,
there may be an imbalance in both treatment and control groups (Imbens and Rubin 2015). These
challenges arise because researchers in observational studies have no control over the treatment
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assignment to units. As a result, causal inference methods are employed to adjust for confounding
variables and estimate the causal effects of treatments.

Matching (Cochran and Rubin 1973; Rubin 1973) has a long and influential history in causal
inference for observational studies. These methods pair each treated unit with similar untreated units
to reduce confounding bias and improve covariate balance between groups (Stuart 2010). The most
common approach is nearest neighbor (NN) matching based on covariates X, typically using a fixed
number of matches, such as K = 1. More flexible approaches allow K to increase with the sample size.
Under suitable conditions, the resulting K-nearest neighbor (KNN) matching estimator based on
covariates X can achieve semiparametric efficiency (Lin et al. 2023), attaining the smallest variance
within a class of regular estimators (Scharfstein et al. 1997). Distance between units is often measured
using the Euclidean or Mahalanobis distance, although more advanced nonparametric methods can
also be employed. For example, Heckman et al. (1997) proposed kernel and local linear kernel
matching estimators conditioned on covariates X, which substantially reduce confounding bias.

However, due to the curse of dimensionality, matching on the full set of covariates may not entirely
remove the confounding bias in high-dimensional settings. To overcome this challenge, several
dimension reduction techniques have been developed. Rosenbaum and Rubin (1983) illustrated the
central role of the propensity score to balance the two groups and hence proposed propensity score
matching (PSM) to estimate causal effects. PSM with a fixed number of matches K has been
extensively studied (Abadie and Imbens 2006, 2012, 2016; Stuart 2010). However, PSM is only singly
robust, as it yields consistent estimators only with the correct propensity score models. Leacy and
Stuart (2014) and Yang and Zhang (2023) proposed doubly robust matching estimators and explored
their asymptotic properties. These estimators are consistent for causal effects if either a model for the
propensity score or a model for the outcomes is correctly specified. However, the matching estimators
with a fixed K are inefficient, and the nonparametric bootstrap is not amenable to estimating their
corresponding variances. The failure of bootstrap is because the matching estimators with a fixed K
lack smoothness, and the distribution of the number of times when each unit is utilized as a match
cannot be replicated by the bootstrap procedure (Abadie and Imbens 2008). To address this issue,
Otsu and Rai (2017) developed a weighted bootstrap approach by resampling based on certain linear
forms of the estimators when matching on X with a fixed number of matches. They demonstrated the
validity of their approach, but it did not extend to the PSM estimator.

In addition to matching, several other ways exist to obtain valid estimations for treatment effects.
The inverse probability of weighting (IPW) (Imbens and Rubin 2015) estimator addresses the
confounding issue by assigning the inverse of the propensity scores as weights to all units. But it is
only singly robust and may be unstable even when the propensity score model is correctly specified.
Besides Robins et al. (1994); Bang and Robins (2005); Cao et al. (2009) provided doubly robust
weighting estimators, i.e., the augmented IPW (AIPW) estimators, which achieve the semiparametric
efficiency bound (Hahn 1998; Tsiatis 2006). However, such weighting estimators can still be unstable
when the propensity scores are close to one or zero.

In this paper, we provide a comprehensive review of the PSM and AIPW estimators and revisit their
strengths and weaknesses. Matching has advantages over weighting: first, and most significantly,
matching does not involve the potentially unstable inverse of propensity scores (Frélich 2004)
and second, matching is intuitively appealing to replicate a randomized experiment (Heckman et al.
1997; Dehejia and Wahba 2002; Rubin 2006; Stuart 2010). However, AIPW is easier to implement and
has higher asymptotic efficiency.

Motivated by the distinguishing features of PSM and AIPW, we propose a new type of
estimator called the augmented match weighted (AMW) estimator, which is stable, efficient,
and doubly robust for estimating the ATE and ATT. The AMW estimator introduces a fresh
perspective to reveal the connections between matching and weighting. On the one hand, they
can be viewed as an augmentation of PSM estimators with outcome models. On the other
hand, it is connected to the AIPW estimators by replacing inverse propensity score weights
with matching weights from PSM. Hence, the AMW estimators can be seen as a combination
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of the PSM and AIPW estimators. In addition, the AMW estimator has a smooth property, as
the number of matches is unfixed, and the standard bootstrap is valid for estimating the
variance. The AMW estimator has three key advantages. Firstly, it is more stable than the
weighting-type estimators. The kernel estimations for weights are less extreme than the
propensity scores from parametric models, making the AMW estimator more stable when
propensity scores are extreme. Secondly, if both nuisance models are correct, the AMW
estimator achieves the semiparametric efficiency bound. Thirdly, the AMW estimator enjoys
the double robustness property, which means it is still consistent when either the propensity
score model or outcome model is misspecified.

Besides, selecting the tuning parameter K is an important aspect of the AMW estimator.
Lin et al. (2023) suggested allowing K to increase with the sample size and showed that doing
so can improve the asymptotic properties of matching estimators from a theoretical perspec-
tive. In practice, however, data-driven procedures are required to determine an appropriate K
for a given sample size. Cross-validation (CV) is commonly used for model selection in causal
inference. Cui and Tchetgen Tchetgen (2019) minimized the CV-based pseudo-risk for doubly
robust, semiparametric estimating functions from the nuisance models. CV can also be used to
choose different estimators for conditional treatment effects (Rolling and Yang 2014).
Brookhart and Van Der Laan (2006) and Rothenhéusler (2024) developed CV approaches to
select tuning parameters based on benchmark estimators using baseline parameters. For
example, Ju et al. (2019) selected the cutoff parameter in propensity score truncation by
minimizing a closed-form mean squared error (MSE), expressed as the sum of estimated
bias and variance terms. In their approach, the IPW estimator truncated at the 10 th
percentile serves as a reference estimator. To select an unfixed K for the AMW estimator,
we propose a new CV procedure for practical implementation. Specifically, we treat the AMW
estimator with K =1 as a benchmark that is approximately unbiased, and evaluate the bias of
the AMW estimator under candidate values of K relative to this benchmark. The variance
component can be estimated using a naive bootstrap procedure. We then choose K by
minimizing the resulting estimated MSE, thereby balancing bias and variance in a data-
adaptive manner.

We present the theoretical properties in two steps. In the first step, we study their large sample
distributions with known parameters under the KNN framework by Mack and Rosenblatt (1979) and
Yang and Kwang Kim (2017). We derive their asymptotic linear expansions for AMW and show that
they have approximately normal distributions. The asymptotic variances indicate that the AMW
estimators attain the semiparametric efficiency bounds when the propensity score and outcome
models are correct. In the second step, we extend the results of Andreou and Werker (2012) and
Abadie and Imbens (2016) to derive the large sample properties of the AMW estimators when
nuisance parameters are estimated. Then we approximate their limiting normal distributions based
on the estimated scores, building on the works of Abadie and Imbens (2016) and Yang and Zhang
(2023).

To summarize, our method is particularly recommended when the propensity score dis-
tribution is extreme. In such settings, the AMW estimator is more efficient and robust than
PSM, more stable than AIPW, and is accompanied by a valid variance estimation procedure.
The article is organized as follows. Section 2 provides a basic setup and briefly reviews the
matching and AIPW estimators to motivate the proposed estimators. Section 3 gives a basic
framework and algorithms to construct the AMW estimators and corresponding variance
estimators. Section 4 reports simulation studies to investigate the performance of different
estimators. Section 5 showcases the proposed approach through two real data applications. In
Section 6, main theories are established for the AMW estimators with both known and
estimated scores. Section 7 concludes with a discussion.
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2. A review of methodologies
2.1. Basic setup

We follow the potential outcomes framework throughout this paper. Assume
{Xi, A1, Yi(0), Yi(1)} 1, 1'Lfi'{X,A7 Y(0),Y(1)} in the observational study, and let A; be the binary
treatment, X; be the pre-treatment covariates and Y;(a) be the potential outcome conditioned on the
treatment a (a = 0, 1). Given the standard Stable Unit Treatment Value Assumption (Rosenbaum and
Rubin 1983), the observed outcome is Y; = A;Y;(1) + (1 — A;)Y;(0). This reflects the fundamental
problem in causal inference: the observed outcome can be only one of the potential outcomes
{Y;(0), Y;(1)}, while the other one is missing. Since {X;, A;, Y;(0), Y;(1)}_, are i.i.d, the observations
{Xi, A;, Y;}_, are also i.i.d. The sample size is denoted as n, while n; and n, represent the sizes of the
treated and control subpopulation, respectively.

This paper focuses on two commonly-used estimands: the ATE 7 = E{Y(1) — Y(0)} and the ATT
t = E{Y(1) — Y(0)|A = 1}. The ATE measures the average causal effect of the treatment across the
entire population, whereas the ATT focuses only on individuals who actually received the treatment.
The key difference is that the ATE targets a population-level effect, while the ATT conditions on the
treated group and therefore may differ when treatment effects are heterogeneous.

To simplify the presentation, denote u,(X) = E{Y(a)|X} as the mean function for the outcome
and e(X) = P(A = 1|X) as the propensity score. We summarize the notations of the potential out-
come framework in Table 1. The basic framework relies on several fundamental assumptions:

Assumption 1. There exist two constants ¢y and ¢; such that 0<¢y < e(X) < ¢; <1 almost surely.
{Y(0), Y(1)} LAIX.

The first part for Assumption one implies that all units can be allocated to either the treatment or
control group, indicating a considerable overlap in the distributions of pretreatment variables.
The second part is also referred to as strong ignorability of treatment assignment, suggesting that
treatments and potential outcomes are independent given adequate covariates. While researchers
cannot test this assumption, they can enhance the reliability of their inferences by collecting more
covariates.

2.2. K-nearest neighbor matching

In order to explain the concept of AMW estimators, we will review the class of matching estimators.
To fix ideas, we first consider the case of matching with replacement, where the number of matches to
be fixed as K (K > 1). This approach is equivalent to the K-nearest neighbor (KNN) approach (Here,
KNN is the conventional name, so we will use K in our context). Generally, it is reccommended to use

Table 1. Summary of notation in the potential outcomes framework.

Notation Description

Xi Pre-treatment covariates for unit i

A Binary treatment indicator (4; € {0, 1})

Yi(0) Potential outcome under control

Yi(1) Potential outcome under treatment

Y; Observed outcome: Y; = A;Yi(1) + (1 — A;)Y;(0)
n Total sample size

m Number of treated units

no Number of control units

T Average Treatment Effect (ATE): E[Y(1) — Y(0)
T Average Treatment Effect on the Treated (ATT): EY (1) — Y(0)|A = 1]
ugX Outcome regression function: E[Y(a)|X]

eX Propensity score: P(A = 1|X)
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K = 1, namely the nearest neighbor (NN) approach (Rubin 1973; Mack and Rosenblatt 1979) to gain
fewer biases. The matching estimators with fixed K are one of the most commonly used estimators in
observational studies, and their statistical properties have been extensively studied in a series of works
(Abadie and Imbens 2006, 2011, 2016). Still, we will later propose an algorithm to specify the matching
estimators with unfixed K in Section 3.2. Based on the matching variable X, let (i) denote the set of
indices for the nearest K neighbors of unit i in the opposite group. Y;(A;) is observed, the counter-
factual outcome Y;(1 — A;) is missing but can be estimated by averaging the observed outcomes of the
K matched units in the corresponding group. Specifically, the potential outcomes for the unit i can be
imputed as

. KIS . Y, ifA; =0, - Y; ifA; =0
. = JEJ (l) ] ! . : = . ’
Yi(1) {Y,- i ifA; =1, Yi(0) {K_l Yeaxn Vi ifAi=1.

Let Mx; = 3, Iic 7, () be the number of times that unit i is being matched to other units. We use the
Euclidean distance for matching, || - ||, although our discussion can be applied to other distance

measures. A simple matching estimator %r(r?zt for ATE can be given:

n

L0 I I, 1 . .
=-— Yi(l) —— Yi(0) =— 2A; — 1)(1 + K™ "Mx,;)Y;. 1
P RIEP RUEF DEIET S 0

i=1

Then 7!, for ATT is
. 1< 1 ¢~ 1< _ 5
0 nTZ YiA; — n—lz Yi(0)A; = EZ{A,- — (1 — A)K "My} Y. )
i=1 i=1 i=1

Matching has the advantage of producing intuitive estimators. It is also straightforward to evaluate the
matching performance by examining the balance of the covariates. A small difference between the
treatment and control groups may indicate a successful matching process. Nevertheless, one of the
drawbacks of matching is that the estimators can be biased due to matching discrepancies. Abadie and
Imbens (2006) showed that the asymptotic bias has an order of OP(n!/>~1/9), where d represents the
dimension of the matching variable X. As a result, the bias B, is considerable unless the dimension of
X is one. A bias-corrected matching estimator is given as Ty, = %r(r?zt — B,, where B, is constructed by
the estimated outcome function i, (X;). i1,(X;) can be obtained either parametrically (e.g., by a linear
regression estimator), or nonparametrically. Equivalently, we update the imputed potential outcomes
for unit i as

Flo = {5 D (0 m0} e,

Then the bias-corrected matching estimator is
. I >
Tmat = ;;{Yl(l) - Y,(O)} ©)

However, correcting the matching bias by relying solely on the pre-treatment covariates X
may not always remove all sources of confounding bias due to the curse of dimensionality. As
a result, it is necessary to use sufficient statistics as the matching elements. Rosenbaum and
Rubin (1983) established the central role of the propensity score e(X) as a balancing score,
showing that conditioning on e(X) balances all observed covariates. As a result, the propensity
score can be used for dimension reduction in matching. When the lemma holds, propensity
score matching controls for e(X) rather than the full covariate vector X to estimate the causal
effects 7 and 7' by matching treated and control units with similar scores. Under a correct
model, the PSM estimator is consistent and can sufficiently eliminate biases associated with



6 T. XU ET AL.

Table 2. Summary of notation in K-nearest neighbor matching.

Notation Description

K Number of nearest neighbors used for matching

JX(i) Set of indices of the K nearest neighbors of unit i in the opposite group
MX, i Number of times unit i is used as a match for other units

d Dimension of matching variables

Bn Asymptotic bias term of matching estimator

Ri Residual of unit i defined as Y; — ug, (X)

Treg Outcome regression estimator of T

ua(Xi) Estimated outcome regression function for Y(a) given X;
uae(Xi) Estimated outcome regression function given e(X;)

Ri Estimated residual of unit i: Y; — @4, (Xi)

Rx Estimated residual of unit i based on e(X) : Yi — i, {e(Xi)}

a non-random treatment assignment. However, PSM suffers from bias due to possible model
misspecification, and it may be biased if the model is incorrect. This limitation motivates us
to improve PSM’s robustness by constructing our AMW estimator in Section 3.

Before proceeding, we would like to point out that the bias-corrected matching estimator, which is
derived from the pre-treatment covariates X, can be rewritten in the following form, as shown in
Lemma 3.1 from Lin et al. (2023):

%mat,X = %reg "l‘%Z{Ai(l +%)Rz - (1 - Ai)(l +%)§1}a (4)
i=1

where Treg =n7 'Y 1 {in(X;) —iip(X;)} is the outcome regression estimator of 7, and
R=Y— i14,(X;) is the residual of unit i. Recall that My ; denotes the number of times unit i is
matched. Similarly, the bias-corrected matching estimator based on the score ¢(X) can also be
expressed similarly

=1

%mat,ps = % [al{e(Xl)} - QO{e(Xl)H

1

+%Z{A,»(1 +%)Ri — —A,»)(l +%)R},
i=1

L0

(5)

where R = Y; — i1y, {e(X;)} and u,{e(X;)} = E{Y(a)|e(X;)}. Note that the first term on the right-
hand side is not equivalent to 7,; and R:+#R;. This is why PSM cannot benefit from the double
robustness property. In the section 2.3, we will contrast this form with the AIPW estimator and utilize
these concepts to build our AMW estimator. For clarity, we summarize the notations used in KNN
matching in Table 2.

2.3. Augmented inverse probability weighting (AIPW) estimator

To enhance the effectiveness and robustness of prior matching estimators, we aim to review some
double robustness efficient estimators to gain insights. In practice, to address the weakness of
unknown score and outcome models, researchers have been developing more robust estimators
(Han and Wang 2013; Yang and Zhang 2023). Among them, the augmented inverse probability
weighting (AIPW) estimator (Robins et al. 1994) is most commonly used because of its double
robustness and semiparametric efficiency. Let #,(X) and &(X) be some parametric estimators for
the outcome u,(X) and propensity score e(X). The AIPW estimator for the ATE is considered as
follows and can be rewritten as:
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Tapw =52 40 — (11:;:2333 - {Aié?;;(i)} i (Xi) — Mﬂo(xi)}

(6)

Note that (6) bears resemblance to (4), as they both utilize the outcome regression term with some
adjustments based on the residuals R;. This results in the doubly robust property. The AIPW method
converges satisfactorily when both models are sup-norm consistent, or when one model is accurate
enough to compensate for any inaccuracies in the other model (Chernozhukov et al. 2018). Cross-
fitting with minor modification of AIPW form can be employed to enable the AIPW to achieve a first-
order equivalence with the oracle AIPW (Newey and Robins 2018). However, the AIPW estimator
may be unstable when the inverse propensity scores take values near zero or one (Kang and Schafer
2007; Guo and Fraser 2014). Conversely, matching estimators avoid the limitation of extreme
propensity scores by employing 1 + Mx/K in lieu of the inverse probabilities (Ding 2024), because
1 + Mx, /K can serve as a consistent estimator of 1/e(X;) and 1/{1 — e(X;)} for units with A; = 1 and
A; = 0 under certain assumptions (Lin et al. 2023).
To conclude, we summarize:

e The matching estimator based on the pre-treatment covariates in (4) is robust to extreme
propensity scores, but matching on X suffers from the curse of dimensionality;

e The PSM estimator with fixed K =1 in (5) is asymptotically unbiased in high dimensional
settings and robust to extreme propensity scores, but it suffers from model misspecification and
is inefficient;

e The AIPW estimator in (6) is doubly robust and efficient, but the inverse probabilities suffer
from extreme propensity scores.

Given these considerations, we are ready to leverage the respective advantages of the matching
estimator and the AIPW estimator to construct the AMW estimator in the following section. Before
proceeding, we also intend to rephrase the AIPW estimator for the ATT:

. R 1< . (1= A)e(X))R,
Apw = Treg T — D 4 ARy — L2 7
TAlPW = Treg + L { 1—e(X)) @)

3. Proposed methodology
3.1. AMW estimators

Motivated by (4)-(6), we propose the AMW estimators based on the advantages of matching and
weighting:

N N 1< Mexyi) - Mexyi) 4
= = > AL+ —"7 R — (1 = A 1+ — -7 oRi| 8
TAMW Treg + " ; |: { + K ( ) + K ( )
a 2 1 . D Me N
Thouw = Trteg + n_lz |:AiRi -(1- Ai){l + %}Rl] 9)
i=1

Kang and Schafer (2007) found that weighting type estimators tend to have high variability due to the
denominator of the weights being close to zero. To address this issue, AMW uses the K-nearest
neighbor method to estimate the propensity score, treating {1 + K _lMe(X%,}*l as an estimator for the
propensity score. Matching, which avoids inverting the estimated probability of treatment, makes the
resulting AMW estimator more stable than the AIPW estimator. In this way, 1 + K’lMe(X),,- in (8)
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Table 3. Relevance and differences between the AMW estimator and existing estimators.

Method Aspect Description

Regression Relevance The first component of Tamw coincides with Treg.
Difference Taww includes an additional augmentation term from matching, making it more robust than .. when
the regression model is misspecified.
PSM Relevance Similar structure: a regression-like term plus an augmentation term from matching.
Difference Tamw incorporates a regression model based on X, making it more robust than Tatps When the
propensity score model is misspecified.
AIPW Relevance Similar structure: a regression term combined with an augmentation term; doubly robust.
Difference Tamw uses a matching-based augmentation term, which can yield more stable estimates than T,ipw.

serves the same purpose as {P(A = A;|X;)} " in (6). Thus, AMW can be viewed as an alternative
version of AIPW. On the other hand, the regression estimator 7., in the AMW estimator acts as a bias
correction term for the PSM estimator in (5), bringing protection against incorrect modeling of the
propensity score model. As a result, the AMW estimator is doubly robust in the large sample setting,
making it more reliable than the PSM estimator when the propensity score model is misspecified and
more robust than %reg when the outcome model is misspecified. We summarized the relevance and
differences between the AMW estimator and existing estimators in Table 3.

In Section 6, we formally establish the double robustness and asymptotic normality of the AMW
estimator by showing that it shares the same asymptotic representation as the AIPW estimator. We
also demonstrate that the AMW estimator exhibits more stable finite-sample performance in settings
with extreme propensity scores using simulation studies in Section 4. Similarly, K~ M,(x); in (9)
serves the same role as {P(A = 1|X;)} x {P(A = 0|X;)} . The ATT estimator 7', in (9) shares the
same structure and properties as Topmw-

The matching type estimator with a fixed number of matches is not smooth, and consequently, the
nonparametric bootstrap (Efron 1979) is unsuitable for estimating variances. To solve this problem,
we unfix the number of matches K by letting K increase as the sample size grows. We provide the main
algorithm to obtain Ty and its corresponding variance estimator.

AMW-Step1 Posit models to obtain the propensity score &(X) and the regression estimator 7.

AMW-Step2 Implement Cross Validation (Section 3.2) to determine the optimal value of K for the
AMW estimators.

AMW-Step3 For each unit i with treatment A;, compute [&(X;y) — &(X;)[> for V#, choose first K
smallest distances to get indexes, and calculate Mj(x) ; as the number of times that unit i is involved in
one-time matching.

AMW-Step4 Construct Tayw based on K, Mgy); and 7,,. Estimate variance for T4yw by naive
bootstrap.

3.2. Unfix the number of matches in AMW estimators

Cross Validation (CV) is a resampling technique to select a model for a given predictive modeling
problem. Initially, the data is randomly partitioned into training and testing subsets, and candidate
models are fitted to the training data. Then, evaluate the prediction performance of the model via
mean squared error (MSE), which compares prediction results with test data. Lastly, choose
a candidate model with minimal MSE to strike a balance between significant variance from overfitting
and considerable bias from underfitting. Although CV is highly accurate for prediction tasks, the
selection of tuning parameters may not require predictive ability in causal inference (Rothenhéusler
2024). In this section, we propose a new form for the bias in the MSE for matching and discuss the
consistency property of the estimated K:

MSE{%AM\N(K)} = Var{%AMW(K)} + Biasz{%AMW(K)L (10)
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The AMW estimator comprises two parts: a function B(K) that depends on the number of matches K
and a constant term C, where

B(K) = St [A{ Mo i/ K} Ri ; (1 — A) {M,(x) i/ K} R} .

The bias of AMW estimators can be represented by B(K), given that E(C) = 7. To illustrate the
relationship between K and B(K), we assume the propensity scores for unit i is fixed as e, and the
residual term is fixed as Ri(a4;). For simplicity, 7, (ef) is denoted as
K1 > jedw(i Dr., (ef - ef)R;(ai)I(A}-:1—a,), where Dy(x) =1D(2), and D(x) = I(|<1). Take band-
width d = R,,, which is the random distance between e; and its furthest element among the K nearest
neighbors.

Let f(e}) be density function of e. We apply theorems from Mack and Rosenblatt (1979) to study
the bias and variance of B(K) by Lemma 2.

Lemma 1. Under regularity conditions, as n — oo, K — 00, K/n — 0, we have

_ mV{AR (1)]e} + mV{(1 — AR (0)]e"}

n* x Var{B(K)} X ; (11)
Bias{BUO) = 3o | (0mf) (&) = (&) (€)= ((maf) () = moe)f (&)} o
(12)

where (m,f)(e*) = m,{f(e*)}.

Choosing multiple matches from the opposite groups can introduce bias for the unit, as the second,
third, and fourth closest matches are further away from the nearest neighbors (Stuart 2010). However,
obtaining the theoretical value of the optimal K is difficult in practice because Equation (11) and (12)
have complex forms. Hence, we propose a new data-driven CV algorithm to choose K to minimize the
MSE when constructing the AMW estimator. The idea is motivated from the relationship between
Bias{B(K)} and K, where the bias will increase at a rate of K?, as shown from Equation (12). If K>/,
the bias cannot be ignored even with large n. Intuitively, the AMW estimator has the smallest bias
when K = 1. For a set of candidate parameters K!), ..., K(?), we set K)' = 1 and treat 7oyw (K() as
unbiased. The Bias{Tayw (K")} is calculated as the difference between 7pyw (K¥) and 7ayw (K™M).
Specially, Bias{7apw(K")} = 0 and reducing K can help to decrease the bias of the AMW estimator.

Conversely, the variance of B(K) in (11) decreases as K increases, indicating that a larger K can
reduce variance. Thus, a trade-off problem exists between the variance and bias when constructing the
AMW estimator and estimating appreciation K to gain a balance between these factors. Besides, we
propose a new data-driven CV algorithm to choose K to minimize the MSE when constructing the
AMW estimator.

CV-Stepl For the j* candidate parameter K\, compute Var{zapmw(K?)} by naive bootstrap.

CV-Step2 Split the dataset randomly into two equal halves, compute 74w (K?), for one half, and
Tapw (K1), for the rest. Obtain bias as Tayw (KY), — Zapw (KWV),.

CV-Step3 Repeat CV-Step2 multiple times to obtain several biases and then take the average of
these estimates to obtain a robust estimate of the bias Bias{Tanw (K (f>)}. Compute the MSE by adding
the variance of the estimate to the square of the bias.

CV-Step4 Select the value of K that has the smallest MSE among all options.

Similarly, the algorithms to get 7,,,, and its variance estimator can mimic the above strategies.
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4. Simulation study

To examine the finite sample properties of the proposed AMW estimator Tapmw for estimating the
ATE, as well as other existing methods such as weighting and matching, two experiments are
conducted. One experiment uses the extreme propensity score distribution, while the other uses the
standard distribution. The study aims to verify the AMW estimator’s stable property, indicating that it
maintains a small mean squared error even when propensity scores are close to zero or one.
Additionally, the double robustness property of the AMW estimator is to determine its consistency
when either the propensity score or the outcome model is correctly specified. Lastly, the validity of the
variance estimated by standard bootstrap is also investigated. The simulations are conducted on 1000
Monte Carlo simulated datasets for each scenario to obtain solid results.

4.1. Simulation setting

This simulation compares three types of estimators: 1) weighting type estimators such as IPW and
AIPW, 2) matching type estimator PSM, and 3) the AMW estimator with unfixed K and the AMWEF
estimator, which is the AMW estimator with fixed K = 1. Parameter K is selected using cross-
validation, repeated 25 times for robust bias estimation.

Set sample size to n = 1000, and generate variables Z U[ — /3,14 /3], where j =1..,12
Transformations are applied to incorporate nonlinearity and correlation into the confounder model:
X1 =exp(Z)), X, =-exp(Z), X;=log(Zs+1), X4 = log (Zs +1), X5 =sin(Zs — Z),
X6 = COS(Z5 + Z6), X7 = Sil’l(Z7) Xg = COS(Z7 — 1) = (Zg >0. 4) X10 = (Zg> — 0. 4)
X113 = (Z9>0.3), X1, = (Z1p> — 0.3). Standardize the transformed X by {X; — E(X;))}/V{V(X;
in case some covariates may significantly influence the results. Potential outcome models are gener-
ated as Y(0) =p"X+¢(0) and Y(1) = "X +¢(1), where £0)~N(0,4), &(1)~N(0,1) and
gt =(1,1,1,1,-1,-1,—1,—1,1,—1,1, —1) x 0.2. Meanwhile, the probability of receiving treat-
ment A =1 is logit (e} X) with of = (1,1,1,1,—1,—1,—1,—1,1,—1,1,—1) X ¢, when ¢; =1
induces an extreme propensity score distribution with a heavy tail, and ¢, = 0.3 results in
a standard propensity score distribution with fewer extreme values.

Two model specifications are used to estimate the propensity scores: 1). A correctly specified
logistic model e(X, a!) = logit~!(«*TX); 2). A misspecified logistic model based on the original
variables e(X, a’) = logit~!(«®1Z). Similarly, we consider two model specifications for the out-
comes: 1). A correctly specified linear model u,(X, ) = B TX; 2). A misspecified linear model

based on the original variables u,(X, 8°) = B2"Z. Therefore, we can use four combinations to fit the
propensity score and outcome models. To make it easier, each estimator’s name is associated with two
numbers that indicate the choice of fitting models. The first number indicates the selection for the
propensity score model, while the second number represents the choice for the outcome model. Here,
we use “1” to denote the correctly specified model and “0” to denote the misspecified model. For
instance, “AMWO1” represents the AMW estimator that combines a misspecified propensity score
model and a correctly specified outcome model.

Standard nonparametric bootstrap approach is utilized to obtain the variances of all estimators.
Specifically, 500 bootstrap replicates are conducted in the non-stable case with the correct propensity
score model to minimize the impact of extreme propensity scores. In other cases, 100 bootstrap
replicates are generated. To alleviate the computational burden, we omit the cross validation step in
each bootstrap sample and instead fix K at the value selected from the original sample. Five summary
statistics are computed to evaluate the performance of the estimators:
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e The sample mean value of 1000 simulated estimators (“mean”),

e The sample standard deviation of 1000 simulated estimators (“sd”),

e The average value of 1000 standard deviations from bootstrap replicates (“bootsd”),
The MSE of 1000 simulated estimators (“mse”),

e The coverage rates obtained by 95% bootstrap quantiles (“cr”

4.2. Results

Table 4 summarizes the performance of different estimators based on five summary statistics, while
Figure 1 displays the box plots for each estimator. The results indicate that the AMW estimators
consistently achieve the minimum MSE or near-minimum MSE among all the estimators. When the
propensity score distribution is not extreme and the population is adequate, the difference between the
AMW estimator and the locally efficient AIPW estimator is negligible. However, when the propensity
scores are extreme, the AMW estimators outperform the AIPW estimator, as the inverse of the
extreme weights in the weighting type estimators leads to unstable estimates. We remove the outliers
beyond the range of (—5, 5) on the y-axis in Figure 1 to provide a more harmonized presentation. The
PSM estimator consistently has a larger MSE than the AMW estimators, which justifies the efficiency
gain from the augmented terms in the AMW estimators.

The results obtained from both scenarios indicate that the AMW -type estimators are doubly robust,
which is a significant advantage over singly robust estimators like the IPW and PSM estimators.
Additionally, we observe that the bias of the AMWFI10 estimator is not negligible in both settings,
which supports the use of unfixed K in the AMW estimators. Specifically, the AMWFI10 estimator can
be considered as the PSM estimator for K = 1 with an incorrect outcome term, which introduces
a new bias for AMWE.

Furthermore, we find that the bootstrap-based standard deviation for the AMWE estimator is
consistently larger than the empirical standard deviation observed in the simulations. In contrast, the
AMW estimator provides a more reliable and stable variance estimate under the standard nonpara-
metric bootstrap.

Although we fix K within each bootstrap sample due to computational constraints, it is initially
selected via cross validation from the original sample. Consequently, this strategy still performs better

Table 4. Simulation results.

Name Extreme propensity score distribution Non-extreme propensity score distribution

type mean sd bootsd mse cr mean sd bootsd mse cr
AMW11 0.01 0.427 0.401 0.182 0.946 —0.002 0.23 0.231 0.053 0.938
IPW11 —-0.044 1.248 0.768 1.558 0.846 —-0.008 0.233 0.222 0.055 0.927
AIPW11 -0.051 1.129 0.704 1.277 0.93 —-0.006 0.229 0.219 0.053 0.919
PSM11 0.087 0.7 0.598 0.497 0.94 0.005 0.271 0.257 0.073 0.967
AMWEF11 0.003 0.319 0.6 0.101 0.952 —0.004 0.214 0.256 0.046 0.963
AMWO1 —-0.009 0.302 0.309 0.091 0.95 0 0.22 0.224 0.048 0.943
IPWO1 0.682 0.231 0.235 0.518 0.17 0314 0.2 0.2 0.139 0.634
AIPWO1 —-0.001 0.293 0.296 0.086 0.938 —0.001 0.214 0.21 0.046 0.915
PSMO1 0.674 0.3 0.296 0.544 0.315 0.315 0.234 0.236 0.154 0.719
AMWEFO1 —0.006 0.279 0.339 0.078 0.956 0.002 0.212 0.245 0.045 0.96
AMW10 0.156 0.432 0.392 0.21 0.926 0.023 0.224 0.229 0.051 0.957
IPW10 0.071 1.388 0.732 1.929 0.871 0 0.224 0.222 0.05 0.943
AIPW10 0.085 1.364 0.735 1.867 0.891 0.005 0.223 0.221 0.05 0.948
PSM10 0.103 0.705 0.602 0.507 0.961 0.004 0.265 0.257 0.07 0.973
AMWEF10 0.591 0.289 0.609 0.433 0.973 0.28 0.209 0.259 0.122 0.975
AMWO0 0.682 0.248 0.26 0.527 0.232 0.32 0.203 0.214 0.144 0.66
IPW00 0.692 0.239 0.236 0.536 0.155 0.321 0.199 0.199 0.143 0.602
AIPWO00 0.691 0.244 0.241 0.537 0.163 0.322 0.199 0.199 0.143 0.609
PSM00 0.693 0.305 0.299 0.574 0.307 0.317 0.234 0.237 0.155 0.72

AMWFO00 0.66 0.22 0.3 0.484 0.325 0.318 0.198 0.235 0.14 0.724
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than fixing K = 1, as in AMWEF. Overall, the AMW estimator demonstrates more promising coverage
rates compared to the competing estimators.

5. Real data analysis

In this section, we utilize AMW estimators to study the causal effects in two publicly accessible datasets
(Loh and Vansteelandt 2021). To generate the AMW estimators, we first posit propensity score and
outcome models. Although the outcome model selection can vary across studies, logistic regression is
used to estimate all propensity scores. Additionally, all covariates are scaled before being incorporated
into the models to prevent certain variables from dominating the results. Once the AMW estimators
are obtained, we apply the proposed bootstrap procedure with unfixed K with 500 repetitions to
investigate the standard errors. Since researchers cannot verify the actual causal effects, we assess the
matching performance using standardized differences of covariates (Abadie and Imbens 2011)
between the treatment and control groups. Reduced differences after matching indicate a successful
balance between the two groups. This paper includes plots of the absolute standardized differences,
with blue dots representing differences before matching and red dots representing differences after
matching for corresponding covariates. Tables displaying standardized differences are presented in the
supplementary material.

5.1. AIDS clinical trials group study

Hammer et al. (1996) designed a double-blind study to assess the efficacy of AIDS treatments,
comparing the effects of a single treatment of either zidovudine or didanosine to the combination
treatment of zidovudine plus didanosine or zalcitabine. The dataset used for this study, AIDS
Clinical Trials Group Study 175 (ACTG175), is available in the R package “speff2trial.” As HIV
can attack the immune system and reduce CD4 cell counts, the primary outcome of interest in our



JOURNAL OF BIOPHARMACEUTICAL STATISTICS 13

design is the difference between CD4 cell counts after 96 weeks and the baseline. Units with
missing outcomes are excluded to maintain the validity of the modeling process, resulting in
a reduced model with 1342 individuals. While the original study was designed as a randomized
experiment, missing values posed challenges when comparing the two therapy groups directly.
Thus, it is necessary to employ the AMW estimator to eliminate confounding bias and obtain
reliable effects. The outcome model utilizes a linear model with all 14 covariates. Figure 2b shows
the distribution of the propensity score. The extreme distribution necessitates the use of the AMW
estimator.

Figure 3 displays the standardized differences for covariates before and after matching, which
demonstrates that the AMW estimator effectively enhances the balance between the two groups. Using
the AMW estimator, the estimated ATE is 40.852 with a standard error of 8.630, resulting in a 95%
empirical lower confidence bound of 23.938. Because this lower bound is greater than zero, the results
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Figure 2. Propensity score distributions.
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14 (&) T.XUETAL

indicate that combination therapy leads to a significant improvement in CD4 cell counts. For
comparison, the AMWEF estimator with K fixed at one produces an ATE estimate of 42.243, while
the AIPW estimator yields an estimate of 42.176. Both estimates are close to that obtained using
AMW. In contrast, PSM produces a larger estimate of 49.589, which deviates further from the AMW
estimate.

5.2. Right heart catheterization

Connors et al. (1996); Hirano and Imbens (2001) analyzed the RHC dataset to investigate the safety
and effectiveness of the Right Heart Catheterization procedure for severely ill patients in ICUs. The
RHC procedure was previously believed to increase patient survival rates, but subsequent reanalysis by
Hirano and Imbens (2001) suggested otherwise. We aim to use the AMW estimator to analyze the
RHC dataset and evaluate its effectiveness on this challenging dataset. The RHC dataset, which
contains 5735 units with 63 variables, is available at https://hbiostat.org/data/. For our analysis, we
select 50 variables and convert categorical variables into dummy variables for both the propensity
score and outcome models. We model the outcome variable, which is a binary indicator of whether the
patient survives for 30 days (the survival patient denoted as “1,” and the dead patient denoted as “0”),
using logistic regression. Our goal is to estimate the causal risk difference by comparing the survival
probabilities between the two experimental groups. Figure 2b shows the distribution of the propensity
score. The extreme distribution necessitates the use of the AMW estimator.

Figure 4 demonstrates that the use of the AMW estimator results in reduced differences between
the observed covariates in the two groups before and after matching. Our estimated ATT of —0.0641 is
consistent with the effects obtained by overlap and optimal matching estimators, as reported by Li
et al. (2017). However, the standard error for our estimator, 0.0193, is higher than those obtained by
the other two estimators. Our findings suggest that the RHC procedure is associated with increased
risk for patients, which contrasts with the effects estimated by traditional approaches that do not
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Figure 4. Standardized differences plot for RHC data.
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account for confounding bias. For comparison, the AMWF estimator with K fixed at one yields an
ATT estimate of —0.062, while the AIPW and PSM estimators produce estimates of —0.061 and —0.057,
respectively. These estimates are broadly consistent with the results obtained using the AMW
estimator.

6. Main theory

This section focuses on investigating the asymptotic properties of Tamw and 74, y. Suppose that
(Xi, A;, Y;) is independently observed from Py, indexed by 6" = (aT, B, ] ), where a refers to the
propensity score model parameter, and f8, controls the distribution of Y(a). We assume that 6 is

distributed over on an open ball of RF,

6.1. Asymptotic distribution based on fixed 0

To start with, we treat 6 as fixed parameters 6, which can be represented as known parameters,
but may not be true parameters. Extract the similar assumptions (Mack and Rosenblatt 1979;
Abadie and Imbens 2016), and impose some regularity conditions to derive the asymptotic

sstributi 6" ~10"
distributions of 7%,y and T4y as follows.

Assumption 2. Set f(e]) and E{R;(A;)|60"} are continually differential and bounded. Besides, R} (A;)
and B{R}(A,)’|6"} are uniformly bounded. Meanwhile, let u, (Xi, By,) and o7 (B} satisfy Lipschitz
continuity conditions, where 02(X) = V{Y(a)|X} is the conditional variance of the potential outcome.

Abadie and Imbens (2016); Yang and Zhang (2023) demonstrated these assumptions for PSM and
double robust matching estimators, respectively. They impose regularity conditions on moments and
smoothness for inference. We also adopt a similar assumption for the matching estimator from Lin
et al. (2023), which requires the number of matches K to increase with the sample size, but at a slower
rate.

Assumption 3. ( 1) When estimating the ATE, K — o0 and n/K — 00 as n — 0.

(2) When estimating the ATT, K — oo and n1 /K — 00 as n; — o0.
We establish the theorems as follows.

Theorem 1. Under Assumptions 1-3, as n — oo, if either the propensity score model or the outcome
model is correctly specified, let ,(e*) = P(ale*), we have

nl/? (%ffMW —7) - N(o,zf*), (13)

s = E[{+}2 x V{(1 - A)R*(0)|X} +{ L }2 x V{AR*(1)|X}

mo(e) mi(e*)
+E[V{u (X, B1) — uo(X, By) — 7}

The key idea of the proof is that the AMW estimator admits the same asymptotic linear representation
as the AIPW estimator and therefore enjoys similar theoretical properties. To see the double robust-
ness property more intuitively, note that when the outcome model is correctly specified, the AMW
estimator is analogous to an outcome regression estimator. When the propensity score model is
correctly specified, the AMW estimator inherits consistency from the PSM estimator, which consis-
tently estimates the average treatment effect when the true propensity score is used.



16 (&) T.XUETAL

We directly compare variances for the AMW, IPW, and outcome regression estimators. In the case
where the outcome model is correctly specified, the efficiency of #5,,,, may be lower than that of i’f;g.
Moreover, if the outcome model is incorrectly specified, 75,,,, maybe less efficient than the IPW
estimator. However, the single-robust outcome regression and IPW estimators are biased if the
corresponding parametric models are misspecified. In contrast, the linear expression for AMW
derived in the supplementary material is similar to AIPW, indicating that AMW possesses the
advantage of double robustness in the large sample setting. Therefore, AMW consistently estimates
the ATE if either the propensity score or outcome model is correctly specified. Specifically, if both
nuisance models are correct, the variance of the AMW estimator can be expressed as:

L[V Vi
mo(e*) m (e*)

* * 2
(X, By) — uo(X, By) — 737
This variance achieves the semiparametric efficiency bound as the variance of AIPW (Robins et al.
1994; Hahn 1998; Tsiatis 2006). Hence, in the context of a large sample, the efficiency of the AMW

estimator is comparable to that of the AIPW estimator.

Theorem 2. Under Assumptions 1-3, as n; — o0, if either the propensity score model or the outcome
model is correctly specified, let p = E(A), we have

nll2 (%i{izw - Tt) - N(o, z;ﬁ*), (14)

5 =1E [{l;;g;?}z x V{(1 - AR (0)[X} + V{AR*<1>IX}}
+ 5 BIV{YA — o (X, f) A — 7'}

(15)

6.2. Asymptotic distribution based on estimated 0

We acknowledge that 0 is usually unknown and should be estimated in practical applications.
Therefore, this section will examine the effect of estimating the nuisance parameters on the AMW
estimators within the framework of Abadie and Imbens (2016) and Yang and Zhang (2023). To
investigate the limiting distributions of the AMW estimators with estimated 0, we implement M-
estimation to obtain 6. The nuisance parameter 0 in candidate propensity score and outcome models
relies on the following estimating equations:

n V/I (Aiaxi; “)

1< 1
_ZW(Ai7Xi7Yi; 6) :—Z ll/z Ai;Xi;Yi;ﬂO )
s I s (AL X Vi By

¥ (6)

where the definitions of y,’s are provided with the proof of Theorem 3 in the Supplementary Materials.

Based on the Locally Asymptotically Normal (LAN) model, we define the local parameter
0, = 6"+ h/\/n, where 0" is the true parameter and h is a constant. To invoke Le Cam’s third
lemma (Le Cam and Lo Yang 1990; van der Vaart 2000) for LAN model, we first derive the limiting
distribution between n'/2(z% . — 1%), n'/2(8, — 6), and log(p? /p®) under p%, where p® is the
probability measure with 8, and p? is the true probability measure of the random variables. Next, we
obtain the limiting distribution n'/? (%%ww — 7) by Le Cam’s third lemma and derive the correspond-
ing coefficients by utilizing martingale theory (Andreou and Werker 2012). Lastly, the asymptotic

distribution for n'/ 2(%2}\,[\,\, — 7) can be approximated by replacing 6, with 6.
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Theorem 3. Under Assumptions 1-3, and regularity conditions specified in the supplementary
material, if either the propensity score model or the outcome model is correctly specified, we have

n'/2 (%fiMW - r) - N(O, 22) (16)

; . -1
where X0 =3¢ — CTIIC, + CI24 Gy, 1! = E{W(A,X, Y;0%)y(A X, Y; 9*)T} . Zp = ply
(gof})T with ¢ = E{0y(A,X,Y;60%)/00} ", coefficients C; and C; are illustrated in the supplementary
material.

The variance Z? incorporates two additional terms, namely —C[I'C; and C] 24 C,, compared to ¥
in (13). The term —ClTleilCl is analogous to the reduction term obtained by Abadie and Imbens
(2016), which demonstrates the correlation between the score function for 6 in parametric models and
the matching estimator, leading to a decrease in estimated variance. Besides, the term CIZ4 C; is
similar to the variance inflation term obtained by Yang and Zhang (2023), where 7 relies on the
nuisance parameters by equation Efu; (X, ;) — uo(X, ) + AR/e(X,a) — (1 — A)R/{1 — e(X, a)}]
with the misspecification of either the propensity score or outcome model. The difference between =7

in (13) and Zf in (16) is unknown, since the sum of the variance reduction and variance inflation terms
is unknown. Therefore, we cannot assert that the estimated score can always improve estimation, and
it might even reduce estimation efficiency.

Theorem 4. Under Assumptions 1-3, and regularity conditions specified in the supplementary
material, for r > 1, 0<n]/n<oo, if either the propensity score model or the outcome model is
correctly specified, we have

n2 (# =) = N(0.227). (17)
where 40 = s CHTIICH + CYT2g CL, €Y and C) are illustrated in the supplementary material.

The extension of the discussion on large sample distribution properties from the AMW estimator for
ATE to that for ATT is straightforward.

7. Discussion

We propose a new approach called Augmented Match Weighted (AMW) estimator for
estimating general causal estimands. In comparison with PSM, AMW achieves the semi-
parametric efficiency bound for unfixed K and exhibits double robustness due to the inclusion
of additional augmentation terms. Unlike the AIPW approach, AMW avoids the need to
directly invert the propensity scores, thereby increasing its stability. Our simulation results
demonstrate that the naive bootstrap method can be used to obtain variance estimates for
AMW. Overall, the AMW estimator is a practical and powerful alternative to existing methods
for causal inference, especially when the propensity score distribution is extreme. In this case,
the AMW estimator offers greater efficiency and robustness than PSM, improved stability
relative to AIPW, and supports valid variance estimation.

The asymptotic results require that K — oo and K/n — 0, which are standard rate conditions in K-
nearest neighbor smoothing (Mack and Rosenblatt 1979), in addition to our theory. In practice, this
can be ensured by allowing the candidate grid of K in the CV procedure to increase with the sample
size, for example, restricting K < Kpax(n) where Kpax(n) — 00 and Kyex(n)/n — 0. Under such
a scheme, the CV-selected K satisfies the required rate conditions.

One challenge of the AMW estimator is its substantial computational cost, arising from the
nested iterations created by cross validation within the bootstrap variance estimation
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procedure. In each bootstrap sample, we must rerun the cross validation algorithm described
in Section 3.2 to select the optimal K. To alleviate the computational burden, one practical
alternative is to fix K when estimating the variance via bootstrap after cross validation. This is
the approach adopted in our simulation studies. However, to ensure that K remains unfixed so
that the nonparametric bootstrap yields a valid variance estimator, a more standard approach
is to reselect K independently within each bootstrap iteration, which generally provides more
reliable inference. Parallel computing is highly desirable to substantially reduce computation
time.

Another concern relates to the finite sample efficiency of the estimator. Assumption one requires all
confounders should be measured and included to construct the propensity score and outcome models
so that people may include all variables in models to guarantee the assumption holds. However,
Brookhart et al. (2006) emphasized that instrumental variables may not improve the estimation of
treatment effects for the propensity score model since they are uncorrelated with outcomes. The
varjables related to outcomes can provide better estimation even under model misspecifications.
Hence, Zhang et al. (2021) recommended a simple yet effective strategy that employs lasso Hastie
et al. (2009) for variable selection in the outcome model, followed by using the chosen features with
appropriately tuned propensity scores to improve the efficiency of matching. This approach can
significantly reduce bias and variance in PSM. Likewise, one can investigate how various variables
might affect AMW, where AMW could be less susceptible to instrumental variables. Multiple variable
selection techniques, such as lasso and Adaptive lasso, can be combined with AMW to enhance its
efficiency.

Meanwhile, Chernozhukov et al. (2018) investigated the application of debiased/double machine
learning (DML) methods for estimating high-dimensional nuisance parameters, and established broad
theoretical foundations with weak assumptions. This led to the integration of the DML framework
into AMW, allowing for the use of modern nonparametric techniques (such as xgboost and random
forest) in estimating causal effects.

On the other hand, Yang et al. (2016) proposed a framework that employs PSM to estimate
treatment effects in scenarios with more than two treatment options, and AMW could be similarly
adapted to handle such cases. Additionally, it is interesting to extend the AMW estimator to long-
itudinal Buzkova and Lumley (2007) or survival analysis Choi and James O’Malley (2017).
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