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ABSTRACT

While randomized clinical trials (RCTs) are widely regarded as the gold standard for estimating average treatment effects, their
external validity is often constrained by limited sample sizes and restrictive inclusion/exclusion criteria, which may compromise

the generalizability of findings to broader real-world populations. Conversely, observational studies typically consist of representa-

tive real-world samples but are susceptible to bias due to unmeasured confounders, undermining their internal validity. To address

the limitation, sensitivity analysis is often used to estimate bounds for the average treatment effect (ATE) without relying on strin-
gent assumptions of other existing methods. This article introduces a novel synthesis sensitivity analysis estimator that enhances
sensitivity analysis in observational studies by incorporating RCT data, even when limited covariate overlap exists between datasets
due to differential inclusion/exclusion criteria. We show that the proposed estimator will give a tighter bound when a “separa-

bility” condition holds for the sensitivity parameter. Theoretical proofs and simulations show that this method provides a tighter

bound than the sensitivity analysis using only observational study data. We apply this method to combine observational study data
on drug effectiveness comparison with a partially overlapping RCT data, yielding tighter average treatment effect bounds.

1 | Introduction

To estimate the average treatment effect (ATE), the random-
ized clinical trial (RCT) offers unbiased estimation due to per-
fect randomization and is considered the gold standard. How-
ever, RCT selection procedures can cause differences in covariate
distributions between trial populations and real-world popula-
tions, requiring statistical methods to correct for bias—a pro-
cess known as RCT generalization. Existing RCT generalization
methods can be categorized as follows: outcome model-based
method [1], inversed probability of sampling weighting method

[2-6], augmented inversed probability of sampling weighting
method [1, 7], calibration weighting method and augmented
calibration weighting method [8]. These methods assume a pos-
itivity assumption, which requires that all real-world population
patients have a positive probability of RCT selection. How-
ever, because of inclusion and exclusion criteria, the positiv-
ity assumption may not be satisfied for the RCT-generalization
methods, so the adjusted ATE represents only the real-world
trial-eligible population [9]. Recently, Zivich et al. [9, 10]
attempted to overcome violations of this assumption by combin-
ing a statistical generalization model and a parametric model to
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simulate the ATE. However, their model relies on parameters
chosen based on domain knowledge, which may not always be
feasible in practice.

Observational studies (OS) on real-world cohorts can be used to
estimate the ATE for the real-world population when the RCT is
not available. However, consistent ATE estimation through OSs
relies on the no unmeasured confounders assumption, which can
be violated due to insufficient controlled confounders [11]. While
methods like utilizing instrumental variables [12-14] and dou-
ble negative control variables [15-17] aim to address this issue,
they require additional assumptions that are difficult to verify in
practice. Therefore, sensitivity analysis is widely used to provide
bounds on the ATE without relying on complex assumptions.
The key idea for conducting sensitivity analysis on ATE bounds
is adjusting the inconsistent estimator with non-identified sen-
sitivity parameters to obtain a consistent estimator for ATE.
Researchers set a feasible range for the sensitivity parameter
based on their experience and then infer the ATE bounds accord-
ingly. So far, plenty of methods have been proposed by researchers
[18-37]. Specifically, Cinelli et al. [33, 34] propose a method-
ology based on omitted variable bias to evaluate the robustness
of the estimation when there exists potential unmeasured con-
founders. The method can be conveniently applied to practical
analysis because benchmark variables can be used to bound the
unmeasured confounding strength.

In this article, we give a new sensitivity analysis framework for
estimating the ATE in the real-world population by combing OS
dataset and RCT dataset that have limited covariates distribution
overlap due to inclusion/exclusion criteria. Under this frame-
work, we propose a synthesis sensitivity analysis estimator that
combines RCT-generalization methods and classical sensitivity
analysis methods. This synthetic estimator addresses the positiv-
ity assumption violations in existing RCT generalization meth-
ods, and gives a valid bound for the ATE in the superpopulation.
In addition, we show that the synthesis estimator can give tighter
bounds for the ATE compared to the classical sensitivity analy-
sis methods using only OS data when a “separability” condition
holds for the sensitivity parameter. Compared to Zivich et al.
[9, 10], we do not require a parametric model in our synthesis
estimator, which makes our approach more robust against pos-
sible model misspecifications. We also conduct simulations and
real data analysis to demonstrate the better performance of the
synthesis estimator compared to the sensitivity analysis method
using only OS data. All proofs are relegated to the Supporting
Informations.

The remainder of this paper is organized as follows. Section 2 out-
lines the basic framework, including key notations, the general
framework of sensitivity analysis methods, and the underlying
assumptions. Section 3 introduces our proposed synthesis sensi-
tivity analysis estimator and provides theoretical proofs demon-
strating that it achieves tighter bounds compared to existing
sensitivity analysis methods that rely solely on OS data. This
section also introduces a novel separability condition for sensi-
tivity parameters, which underpins the improved performance
of our estimator. Section 4 evaluates the method’s performance
through simulation studies, validating its theoretical properties.
Section 5 applies the proposed framework to real-world datasets,
illustrating its practical utility and effectiveness. Finally, Section 6

summarizes the key contributions of this work, discusses its lim-
itations, and suggests directions for future research.

2 | Basic Settings

2.1 | Dataand Target Parameter

To estimate the ATE, we consider a scenario where both RCT
and OS datasets are collected simultaneously. The RCT dataset,
denoted as R, is subject to selection bias due to strict inclu-
sion criteria, whereas the OS dataset, denoted as O, is assumed
to better represent the real-world population. In both datasets,
we consider covariates X; € R™, a binary treatment assign-
ment A; =a,a € A, A = {0,1}, and the outcome Y;. Assume the
covariates X; can be partitioned into two components: X; =
(Z,,V;), where Z; € R® are covariates independent of inclu-
sion/exclusion restrictions, and V; € R’ are covariates restricted
by the known inclusion/exclusion criteria (s + ¢ = m). A binary
variable V* indicates whether a unit violates the RCT’s inclu-
sion criteria. Units with V;* = 0 can participate in the RCT, while
those with V* =1 are excluded. For example, if patients over
60 years old are excluded, then V* =1(age; > 60). Let S, =1
denote RCT participation. The RCT dataset can be represented
as R={A,X,Y.,V*=0,8,=1},i € {1, ...,n}. The observa-
tional dataset O can be split into two subsets: {A;, X;,Y,, V" =
0,8, =0},i€{n+1, ....n+ Ny} and {A,X.Y, V=15, =
0},ie{n+Ny+1,...,n+ Ny+ N;},where N = N, + N,.The
former overlaps completely with the RCT dataset in terms of
covariates, while the latter does not.

Under the potential outcome framework by Rubin and Imbens
[11], each unit has potential outcomes Y;(1) and Y;(0) correspond-
ing toits potential treatment assigment A; = 1and A; = 0, respec-
tively. According to the consistency assumption in causal infer-
ence, we assume that Y; = A4,Y;(1) + (1 — A,)Y;(0). Therefore, our
target parameter—the ATE, denoted as y, is represented as y =
E{Y(1) — Y(0)}. Similarly, we define y, = E{Y(1) - Y(0)|V* =
0} as the ATE for the subpopulation with V;* = 0, and define y,
similarly for the subpopulation with V* = 1.

2.2 | General Framework of Sensitivity
Analysis Methods

Although numerous sensitivity analysis methods based on
diverse principles have been proposed, they share a common
underlying framework. To formalize this framework, it is essen-
tial to model it mathematically by introducing additional nota-
tions. The inability to identify the ATE in observational studies
stems from missing information, such as unobserved potential
outcomes, unmeasured confounders, and other latent variables.
Suppose we could observe these missing variables, denoted as
U, and incorporate them into the observational study data. We
then define the full observational study data as @, such that @ =
{A;,X,,Y,,U,,S; =0}. Here, the word ‘full data’ means an ideal-
ized observational dataset that would include both measured and
unmeasured confounders.

Assume the observational study data © and the full OS data
O follow nonparametric distributions P, € Py and P; € Pp,
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respectively. The ATE can be represented as a statistical func-
tional ¥ : Py — R, such that ¥(Pg) = . If Py is identifiable, y
can be estimated using the moment estimator of W(Pg), denoted
as liJ(P@). However, when only @ is observable instead of O, y
becomes non-identifiable.

Sensitivity analysis methods address this issue by decomposing
the statistical functional W(Pg) into W(Py, €), where P, is identi-
fiable from O, and ¢ is a sensitivity parameter that depends on Pg.
For instance, ¢ may be a function of variables in O. For a given
observational dataset, W(Py, €) varies as ¢ is specified within a
certain range and can be estimated using the estimator ‘P(P@, €),
which is called the sensitivity analysis estimator. Notably, when e
is correctly specified as €*, we have ¥(Pp, €*) = y, and ‘i’(P@, €*)
becomes an unbiased estimator of y. Sensitivity analysis meth-
ods typically specify a plausible range for e (often including the
true value €*) and derive an interval estimate for y. Intuitively,
€ captures the magnitude of unmeasured confounders, and has a
similar interpretation as in parametric sensitivity frameworks. To
further illustrate its connection with established parametric mod-
els, we provide a representative example from Carnegie et al. [38]
and Dorie et al. [29] in the Supporting Information.

To simplify the exposition, we abstract away from the explicit
statistical functional and instead represent the sensitivity anal-
ysis framework with a slight abuse of notation. Let y(¢) denote
the ATE as a function of ¢, and §(e) represent the correspond-
ing sensitivity analysis estimator. Under the correct specification
€ = €*, ¥ = y(e) can be estimated unbiasedly by y(e*). Similarly,
for real-world subpopulations characterized by V* = j where j €
{0,1}, we define ¢; as the corresponding sensitivity parameter
and i, (¢;) as the analogous sensitivity analysis estimator. While
this general framework may appear abstract, readers can refer to
Examples 1 and 2 for concrete illustrations and a more intuitive
understanding.

2.3 | Assumptions

To leverage RCT generalization methods in our proposed frame-
work, we review several key assumptions in this section. First, for
the RCT dataset, we adopt the following standard assumptions.
Assumption 1 is naturally satisfied under perfect randomization,
while Assumption 2 ensures that each unit has a positive proba-
bility of being assigned to either the treatment or control group.

Assumption 1 (Ignorability in RCT).
foreverya € A.

Y(@)LlA|X,S =1,

Assumption 2 (Positivity of treatment assignment proba-
bility in RCT). pr(A=a|X =x,S=1) > 0,foreverya € A.

In addition, the application of RCT generalization methods
requires the following sampling ignorability assumption, which
is stated as follows:

Assumption 3 (Sampling Ignorability on common sup-
port). Y(a)LS|Z,V,V*=0,foreverya € A.

Assumption 3 establishes a connection between the RCT pop-
ulation and the real-world trial-eligible population, enabling

generalization. It implies that the conditional potential outcomes,
given the observed covariates, are identical across these two
populations.

Assumption 4 (Conditional independence in the OS).
Y(a)LA|X,U, S =0, foreverya € A.

In observational studies, the standard assumption of ignorabil-
ity given observed covariates alone (Y (a)LA|X,S = 0) is often
violated due to the unobservability of U, which renders the ATE
unidentifiable. However, as in Assumption 4, explicitly introduc-
ing the unmeasured confounder U allows us to posit that con-
ditional independence holds given both X and U. Therefore, our
method improves upon existing sensitivity analysis techniques by
utilizing additional RCT data; we proceed under the premise that
Assumptions 1-4 are satisfied, where the sensitivity parameters
quantify the bias arising from the fact that U is unobserved.

3 | Methodology

3.1 | A Synthesis Formulation
Our parameter of interest is the ATE in the real-world population
y. By the law of total expectation, we can separate y as:

W = Doy + D1, ey

where p, = pr(V*=0) and p, =1 - p, = pr(V* = 1) represent
the probabilities of a unit meeting the inclusion or exclusion
criteria, respectively. Therefore, we call p, the RCT-overlapping
proportion. Because OS samples represent the real-world popu-
lation, these probabilities can be estimated by N,,/N and N, /N,
denoted as p)’ and pV.

The above equation motivates us to integrate RCT data and OS
data by combining RCT generalization techniques and sensitivity
analysis to estimate the ATE for the real-world population. Specif-
ically, we employ RCT generalization methods to estimate y
and use sensitivity analysis to determine bounds for y,. Denote
W gen @s the RCT generalization estimator which extends the RCT
results to the real-world trial-eligible population, and ¥, (¢;) as
the estimator for y;(e;). We combine these two estimators and
get the synthesis sensitivity analysis estimator i, (e ):

I/A/Syn(el) = P(])VVA/gen +Pf]1/A/1(€1)~

Similar to yr,(¢;), the corresponding sensitivity analysis estima-
tors for y,(e,) and w(e) are represented as y,(e,) and y(e).
Depending on the specific RCT generalization method chosen for
practical analysis, ¥, can have different expressions. We review
several RCT generalization methods, which are summarized in
the following Table 1 for clarity.

Note that we use the sample proportion to estimate p, and p,
for simplicity, which assumes that the OS data is a random sam-
ple from the real-world population, and each individual has the
same sampling weight. In more complex designs, one can use
more general sampling weights to estimate p, and p;, thatis, p; =
{Ziﬁlwi}*lzlﬁlwil(lfi* = j),j € {0,1}, where w;, is the sample
weight. One can also model the RCT exclusion probability using
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TABLE1 |
sponding expressions of {,,.

Examples of RCT generalization methods and corre-

Method Estimator formula (,,)
1 n+N, N N -
oM Vozi=n+01 {A11(X) — fo1 (XD}
1yn on Y [ A 1-A \be
IPSW n 2;:1 N, a(X,) { X, 1-ax,) }
lz" n 1 |:A,{Y:_ﬂm(X,)} _ (I_Ai){y:_ﬂm(x,)}:l
AIPSW n&i=1'Ny a(X,) éx,) 1=e(X,)

1 n+N, A N
+VOZ,~=,,+°1 {141,1(X,') - /40,1(X,')}

Note: OM, outcome model-based; IPSW, inverse probability of sampling weighting;
AIPSW, augmented inverse probability of sampling weighting.
*f1,, is the outcome model fitted for group with A = a on the RCT data.

&(X) is the estimated odds of being in the RCT versus the observational study.
€é(X) is the estimated propensity score in the RCT.

X, that is, 7, (X) = pr(V* = 1| X), and then estimate p; by p; =
NTTEN {7, (XY (1 - 7,(X)), j € {0.1).

First, we will discuss the consistency and asymptotic normality
of the synthesis estimator with a specified sensitivity parameter
in the following theorem.

Theorem 1. For a specified €, assume that n/ N — p, where p
is a constant. Under Assumptions 1-3, i, (¢,) has the following
properties as n — oo:

i. Consistency ¥, (e;) — y(e;) in probability. Especially, if
€, is correctly specified, that is, y,(e;) = y, then () —
v in probability.

ii. Asymptotic Normality For a specified e;, N'/? W gyn —
w) = N0, py(1 = po) (W = w1 (e)}* + poog + proi] in
distribution, where 0/ (W gen —Wo) = N(0,03) and
N9 (e) — wo) = N(O,62).

The proof of consistency in Theorem 1 is straightforward. Accord-
ing to the RCT generalization method, ¥, is consistent for
y if the models for nuisance parameters are correctly speci-
fied, that is, ¥, — w,. For §,(e;), with correctly specified ¢,
(denoted as €}), we have v, (¢]) — w;. Thus, W ynle]) — w based
on Equation (1). The asymptotic property in the theorem is
proved in the Supporting Informations.

3.2 | Decomposition of Sensitivity Parameters

The synthesis method prompts us to explore the relationship
between sensitivity parameters for the superpopulation and its
subpopulations. If we can express the sensitivity parameter for
the superpopulation as a function of the parameters on subpop-
ulations, we can impose additional constraints on the sensitiv-
ity parameter for the RCT-overlapping subpopulation using { .
This relationship, referred to as “separability”, is introduced in
the following definition.

Definition 1 (Separable Sensitivity Parameter). Suppose
e is the sensitivity parameter for the superpopulation, and ¢;, j €
{0,1} is the sensitivity parameter for the subpopulation with
V* = j. We assume ¢, and ¢, are variationally independent and
denote &, &y, &, as the sensitivity parameter space for e, ¢, ¢,

respectively. The sensitivity parameter e is called separable if for
any e € &, there exists a function g such that:

€ = g(ey. €1:0), 2

for € EE, where 6 is a non-identifiable nuisance parameter
that is variationally independent of the sensitivity parameters
€, €;. The function g is called the transformation function. So
E = {ele =gley, €1:0), €y € &, €1 € E1,0 € M.

In practice, applying the synthesis methodology requires verify-
ing the separability condition for the chosen sensitivity analy-
sis framework. This process generally involves two steps. First,
researchers should use mathematical formulas (such as the law
of total expectations) to decompose the global sensitivity param-
eter € as a function of the subpopulation parameters ¢, and e;.
Second, within this function, it is necessary to identify whether
there are any unidentifiable variables other than ¢, and ¢,. If not,
the nuisance parameter set is considered empty. Under a non-
parametric superpopulation model, since ¢, and ¢, are defined
on two disjoint subpopulations, they are variationally indepen-
dent. If a nuisance parameter 6 does exist, one needs to check
if it is determined by the sensitivity parameters.  is variation-
ally independent of ¢, and ¢, if it is not functionally determined
by the sensitivity parameters. Once variational independence is
verified, 6 can be treated as a fixed value while varying ¢, and ¢,
within their spaces. However, we also clarify that when the super-
population has structural restrictions, ¢, and e, may not be vari-
ationally independent, in which case Definition 1 would not be
satisfied.

The transformation function in Equation (2) also depends on the
proportion of each subpopulation. Therefore, it is better to revise
the notation g in Equation (2) to g,, where p = (py, p;) is a vec-
tor representing the proportions of the subpopulations. Then, it
is trivial that

lime = hmgp(eo,el;e) =€ j€{0,1}.

pi—1 7

3.3 | Examples of Separable Sensitivity Analysis
Parameters

In this section, we will introduce two sensitivity analysis method-
ologies with sensitivity parameters satisfying Definition 1.
Additionally, the methods will be utilized in the simulation
section.

Example 1 (Lu et al. [35]). To conduct a sensitivity analysis
on the ATE, the sensitivity parameter is a vector € = (¢°, ¢!), the
components of which are defined as:

. _E{rx@lA=1X} , E{Y(0|A=1X)}
T E{YQD|A=0,X} T E{Y(0)|A=0,X}"

These sensitivity parameters are functions of X and can be writ-
ten as €%(X) and €' (X), and quantify the magnitude of the devia-
tion of the ratio of conditional potential outcomes from 1 caused
by unmeasured confounders. Ideally, if the unmeasured con-
founder U were observed, conditional exchangeability would
hold (Assumption 4). However, based on observed data alone,
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these parameters capture the residual confounding. If e!(X) =
€°(X) = 1, it implies that the observed covariates X are sufficient
to control for confounding. In practice, even if the sensitivity
parameters are functions of X, they can be simplified to a square
in R x R containing €, = ¢, = 1. Essentially, this involves choos-
ing a class of constant functions that include 1.

Given ¢!(X) and €°(X), we can adjust existing ATE estimators to
consistently account for unmeasured confounders, and get the
sensitivity analysis estimator (¢). The modified formulas are
presented in Table 2. Furthermore, this framework directly quan-
tifies the potential influence of unmeasured confounding on the
conditional potential outcomes. Therefore, this method is partic-
ularly suitable when practitioners possess prior domain knowl-
edge regarding the absolute magnitude of potential bias (e.g.,
specifying that unmeasured factors could shift the outcome mean
by at most a certain value).

Since the sensitivity parameters are functions of X only, and V*
is an indicator dependent on X, we have

e X) =1V =0)+ ] (XOIV* =1),
(X) = QXOLV* = 0) + OOV * = 1),

0
where e}.(X) and e;.’(X ),j € {0,1} are sensitivity parameters
(functions) on the subpopulations with V* = j, respectively.
Since the two subpopulations are mutually disjoint, the two
parameters are separable mutually. In particular, there is no nui-
sance parameter € in this example, which simplifies the verifica-
tion of Definition 1.

Example 2 (Cinelli et al. [33]). The framework uses two
partial R? parameters to evaluate the bias of the confounded esti-
mation. Therefore, the sensitivity parameter ¢ is a vector of the
two partial R? parameters, that is, e = (R? ), the

2
y~viax: Racvix
components of which are defined as

2 2
R2 _ RY~A+X+U - RY~A+X
Y~UIAX — 1-R2 ’
Y~A+X
2 2
R _ RA~X+U - RA~X
A~UIX = 1-R2 ’
A~X

where U denotes the unmeasured confounder, and the R? val-
ues on the right-hand side of the equations are used in linear
regression. These sensitivity parameters quantify the strength
of unmeasured confounding in terms of partial R?. Specifically,
they represent the proportion of the residual variance in the out-
come Y and the treatment assignment A that can be explained
by the unmeasured confounders (treated here as omitted vari-
ables). The advantage of this framework is that the sensitivity
parameter is a coordinate in [0, 1] X [0, 1) and can be inherently
bounded by measured variables. This approach is recommended
when researchers lack information on the absolute magnitude of
unmeasured confounding but have strong intuitions regarding its
strength relative to observed covariates. In such cases, observed
variables serve as natural benchmarks to bound the explanatory
power of unobserved confounders. In the linear model, with a
chosen pair of parameters, the absolute value of the bias of the
estimated ATE can be represented as the following formula:

Ri UleRi UlX s
|bias(R2 ;. B2 0 )| = se(ﬁfres(#df ) ,
T Mauix

where lga\s(~, -) is the bias function of the sensitivity parameters,
W, 1 the linear regression estimator omitting the unmeasured
confounders, se({,,,) is the standard error of the estimator, and
d f is degree of freedom. With the confounded ATE and the bias,
the ATE can be obtained by adjusting the confounded ATE with
the bias. In Cinelli et al. [33], the author assumes that the unmea-
sured confounder can offset the estimation, and §(¢) is repre-
sented as:

li/res - |bias|, li/res >0
lI’\/res + |bias|, li/res <0 ®3)

Not Applicable, ¥,,, =0

In the general case, after evaluating the maximum bias caused by
potential unmeasured confounders, denoted as | Bias|, the sensi-
tivity analysis bound is [,,, — | Bias|, {,,, + | Bias|]

In Chernozhukov et al. [34], this framework is extended to non-
linear models, following a procedure similar to the linear case.
For generality, the subsequent analysis will primarily focus on the
partial R? sensitivity parameters proposed in Chernozhukov et al.
[34].

TABLE2 | Outcome regression, IPW, and AIPW estimators (Original versus Modified forms) from Lu et al. [35].

Estimator Version Formula

OR Original L3N 1 (X) = (X))
Modified %ZL{AY +(1- A)% } — L3N {Afy(X)eo(X) + (1 - A)Y}

IPW Original %Z,ﬁl{ Ay - 1:&)1/}"
Modified %zﬁl{wl()()?joy} - %le{wo(X)li;—&)Y}

AIPW Original %Z,ﬁl{ A - Ll } -3 Zn | - (é(xf:;:ﬁ"()()]
Modified ﬁzﬁl{wl(x)% - LA } -y [wo(x) ar LA ”““”]

Note: OR, outcome regression; IPW, inverse probability weighting estimator; AIPW, augmented inverse probability weighting estimator.

2f,,a € {0,1} is the outcome model fitted on the group with A = a.
Piy (X) = &(X) + (1 — &X))/ e, (X), De(X) = &(X)eo(X) + 1 — &(X).
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e 2
To separate the sensitivity parameters, denote R}, ,._;

R,24~U| xyejrd € {0, 1} as sensitivity parameters on the subpopu-
lation with V* = j, and we have the following results:

and

_var{E(Y|U, A, X)} — var{ E(Y|A, X)}
~UIAX T var(Y) — var{ E(Y | A, X)}
2
RY~U|A,X,V*=j

Zjeton Pj A

2
RY

v
varE{E(Y|U, A, X)|V*}]
—var[E{E(Y|A, X)|V*}]

e 4y
- ,
ZjE{O,l} Pjr
L varl EQr V7)) — var[E{E(Y|A, X)|V*)]
e 4y

_var{ E(A|U, X)} — var{ E(A|X)}
A~UIX T var(A) — var{ E(A|X)}

2
RA~U|X,V*=j
Zicon Pi—x

aj
var[E{E(A|U, X)|V*}]
—var[E{E(A|X)|V*}]
Hje{O,l) Aaj
T ,
Licon) Pig—
, varl EAV") - varl E{E(A1X)|V* )]
Hje{O,l) Aaj

where A =var(Y|V* =1-j)—var{ EY|A, X)|V* =1~ j}
and Ay =var(AlV* =1-j) —var{ E(A|X)|V* =1-j}.
However, there is an wunknown nuisance parameter
var[E{E(Y|U, A, X)|V*}], which is not identifiable if U is
unknown.

The two examples illustrate two cases where the nuisance param-
eter exists or not. In the former case, the sensitivity parame-
ter is a function of X, allowing it to be separated by the indi-
cator function V* for the subpopulations. A notable feature
of this parameter is that there is a one-to-one correspondence
between the sensitivity parameter on the superpopulation and
those on the subpopulations. However, in the latter case, this
property does not hold; the sensitivity parameters on the subpop-
ulations cannot be directly identified from the sensitivity param-
eters on the superpopulation due to the existence of a nuisance
parameter.

In practice, the choice between these two frameworks should
be dictated by the available domain knowledge. If researchers
can plausibly specify absolute bounds on the conditional expec-
tations of potential outcomes based on clinical expertise, the
first methodology (Example 1) is suitable. Alternatively, when
intuition about absolute outcome shifts is vague, and practition-
ers instead rely on the relative strength of unmeasured con-
founding compared to observed covariates, the second method
(Example 2) is recommended. This benchmarking approach
allows them to utilize observed variables as reference points, pro-
viding a more intuitive and accessible pathway for sensitivity
analysis.

3.4 | Sensitivity Analysis Bounds

In this section, we aim to compare the sensitivity analysis
method using only OS data with the synthesis sensitivity analy-
sis method from Section 2 when the sensitivity parameter satisfies
Definition 1. For a sensitivity analysis method for ATE, the bound
width is defined as the width of the ATE bound when the sensi-
tivity parameters vary within their spaces, that is,

W = supy(e) — infy(e).
eeE €€l
When RCT data is available, it is natural to improve the sensitivity
analysis with only OS data by adding restrictions on the sensitiv-
ity parameter in RCT-overlapping subpopulation, which induces
the RCT-enhanced sensitivity analysis estimator defined as:
Wog, (g, €1560), subject to  ry(ep) = Wgen-

Moreover, denoting ¢ as the solution to the restriction above,
this estimator can be represented as yog,(e;,€;;0). For the
sensitivity analysis method whose sensitivity parameters satisfy
Definition 1, we can express the estimator as Wog, (g, €150),
where (ey,€,) € § X &. However, for the RCT-enhanced
method, the coordinate (ej,¢)) is in the space & x &, where
S(; C &,. Therefore, we introduce the following lemma compar-
ing the bounds between the sensitivity analysis method with
only OS data and the corresponding RCT-enhanced estimator.
The lemma is stated as follows:

Lemmal. Suppose the sensitivity parameter e for the super-
population satisfies Definition 1. For the sensitivity analysis esti-
mator y(e) and the RCT-enhanced sensitivity analysis estimator
Wog,(e;. €13 0), the following conclusions hold:

i infeeg l/A/(€) < inf(eg,el)ES(;xé'l lf/ogp(ez;,é‘l) <
SUP(¢s e, et xe, ¥°8p(€p: €1) < SUPces W(E).

ii. W, <W,, where W, and W, are the bound widths of the
sensitivity analysis method and the RCT-enhanced method,
respectively.

To further analyze the synthesis method, we need to find the rela-
tionship between the RCT-enhanced sensitivity analysis estima-
tor and the synthesis sensitivity analysis estimator, which is in the
following theorem.

Theorem 2. Suppose the sensitivity parameter ¢ for the super-
population satisfies Definition 1. For the RCT-enhanced sensitivity
analysis estimator {rog (5, €;; 0) and the synthesis sensitivity anal-
ysis estimator W, (€,) = pY' W ., + py W, (€,), we have the follow-
ing conclusions:

i. If € is a function of covariates (i.e., € = (X)) and ¥(e) =
Y {fee(X)}, where f is a known function. Then for
certain e; and e, , the two estimators are asymptotically equiv-
alent, that is, yog (€5, €13 0) = W, + 0,(1).

ii. For a sensitivity analysis method with only OS data, in which
€ is the sensitivity parameter, the equation proposed in (i) does
not necessarily hold. However, for a given pair of parameters
(5. €1) on the left-hand side, it is always feasible to find a €]
on the right-hand side to make the equation in (i) hold. For
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convenience, we denote the set of €| satisfying the equation
aboveas &,,.

Theorem 2 serves as a bridge for comparing our synthesis method
with the sensitivity analysis method with only OS data. Accord-
ing to the theorem, we can claim that if we choose the range of ¢/
as a subset (or equal) to &, we can ensure that the synthesis
estimator will have a tighter bound than the sensitivity analy-
sis estimator with only OS data. The following corollary formally
states the comparison results.

Corollary 1. For a sensitivity analysis method yr(e) with €
as the sensitivity parameter for the superpopulation satisfying
Definition 1, and the corresponding synthesis method g, (e,),
where ¢ € € and €; € £*' as proposed in Theorem 2, denote W,
and W, as the bound widths estimated by the two methods. We have
the following conclusions:

i. W < Wy, foragiven p, € (0, 1).

ii. lim, o W,/W, =1,andlim, ,, W, /W, =0.
Although we have proven the existence of &£, a set of sen-
sitivity parameters for the synthesis method that results in
tighter bounds than the sensitivity analysis method using only
OS data, finding this set in practice is infeasible for two rea-
sons. Firstly, the transformation function in Definition 1 con-
tains unknown nuisance parameters, making it difficult to iden-
tify the range for ¢, and ¢, from a given range of e. Secondly,
in the RCT-enhanced sensitivity analysis method, solving for
the range of ¢; using the restriction in the RCT-enhanced esti-
mator is complex. Specifically, under some trivial cases as in
Theorem 2 (i), £, can be easily identified. Example 1, corre-
sponding to the special case in Theorem 2 (i), illustrates this
process.

Although &, cannot be identified in general, Corollary 1 helps
determine if a certain range of €] is appropriate. The procedure
involves (1). using the sensitivity analysis method on the OS
data only to calculate a bound width W} for a specified range
of e, and (2). setting a range &, for €], and using the synthe-
sis method to calculate the ATE bound, whose width is denoted
as W,,,. f W,,,, > W,, conclude that £, C &,,, and shrink &,

test* test sol test test

until W,,,, < W,. Although we may not precisely identify &

test sol»

achieving a tighter bound is sufficient.

An example of shrinking &, can be found in Cinelli et al.
[33], where the confounding strength of benchmark variables
is used to bound the confounding strength of the unmea-
sured confounder. The sensitivity parameters are bounded

2 — 2 2 2
by RA~U|X - kA{RA~x,\x,j /= RA~Xj|X,j)}’ and RY~U\A,X <
2 2 2 : :
n {Ry~x,|A,x,,(1 - RYNleA’Xﬁ)}, where 7 is a parameter includ-

ing ky. k, and k, represent the relative confounding strength
of the unmeasured confounder compared to a benchmark vari-
able. The following example applies this benchmark variable
bounding technique to test the refinement of the synthesis

method.

Example 3 (Example 2, continued). Assume the sensitiv-

ity parameter pair (R2 U1 R§/~U|A,X) € [0, a] X [0, b], where 0 <

a<1and 0 < b < 1. From the bias formula in Example 2, the

TABLE3 |
in the synthesis method (based on Example 2).

Procedure for adjusting the range of sensitivity parameters

Step Description
1. Setup Set coefficients k , and ky (typically equal
to 1).
2. Benchmark Select a benchmark variable X ;.
(A) On the entire OS data:
R A

W, = 2|bias(a, b)|
(B) On the nonoverlapping data (V* = 1):
G=kall o bi=kS
W, = 2p,|bias(ay, by)|
Calculate ratio: ratio = W, /W,
If ratio < 1:

3. Compare
4. Decision

The Synthesis method yields tighter
bounds. Use W,.

Else:

Find stronger benchmarks or fallback to
standard analysis. Use W.

L =R/ R,

bound width is 2|b/ia\s(a, b)|, where E;s(-, -) is the bias function
defined in Example 2. The following procedure graph in Table 3
describes the comparison.

4 | Simulations

4.1 | Simulation Setting

We design two experiments to compare the sensitivity analysis
bounds between the sensitivity analysis method using only OS
data and the synthesis sensitivity analysis method. Both the RCT
and OS samples are assumed to be drawn from a superpopulation
of size 5 x 10°.

Scenario I: We assume the covariate is a 5-dimensional vector
X = (X,, X,, X5, X, X;), where X; ~ N'(10,4%), and X is influ-
enced by inclusion/exclusion criteria. The OS sample is randomly
sampled from the superpopulation, while the RCT membership
variable .S follows the distribution:

exp(—3 + 0.5X; —0.3X,
-0.5X; - 04X,+0.1X5), ifd(X;)<gq
0. otherwise

pr(S =1|X) =

where ®(-) is the cumulative distribution function of X5 and ¢ is
the threshold, representing the RCT-overlapping proportion.

In the OS data, we assume an unmeasured confounder
U ~ N'(10,3%). The treatment assignment mechanism is pr(4 =
1|1X,U) = exp(0.5X, — 0.5X, — 0.3X; + 0.5X, — 0.3X, + 0.2U).
In contrast, A ~ Ber(0.5) in the RCT data due to perfect
randomization. In both datasets, the ATE is 7 =4E(Xj),
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but the outcome differs. In RCT, Y =1+ Ar+1.5X, +
2X;+2X, +0.5Xs + N'(0,3%), while in the OS data,
Y =1+ At +1.5X, +2X; +2X, + 0.5X5 + 3U + N'(0,3%).

Scenario II: We assume a 3-dimensional covariate vector X =
(X1, X5, X3), where X, ~ N'(10,2°). Here, X, and X; are influ-
enced by RCT inclusion/exclusion restrictions, such that the RCT
membership variable S follows the distribution:

exp(—2 + 04X, if ®(X,) <g and
03X, -0.5X;), ®(X;)<q
0. otherwise

pr(S =1|X) =

In Scenario II, ©(-) and ¢ are defined similarly to Scenario
1. In the RCT data, A ~ Ber(0.5), and the outcome model is
Y =1+104+ X; + 1.5X, + 2X5 + N (0,1). In the OS data, the
treatment assignment mechanism is pr(A = 1|X) = exp(0.5X, —
0.6X, 4+ 0.3X,; + 0.5U) and the outcome modelisY =1+ 104 +
X, + 1.5X, + 2X; + 0.5U + N'(0,1), where U ~ N'(0,4%).

We use the following comparative simulations to demonstrate
the advantage of our synthesis method (denoted as “OS+RCT”)
over the sensitivity analysis method using only OS data (denoted
as “OS”) in narrowing the bound width. The simulations focus
on the following two cases in each scenario: (i) with a fixed
q = 0.7, compare the bound width between the two methods. (ii)
range g € (0, 1), calculate the ratio of bound width (the bound
width of the synthesis method over that of the sensitivity analy-
sis method). To isolate the influence of sample size in the com-
parison, we repeated the simulation above, employing an addi-
tional strategy: augmenting the OS dataset with additional sam-
ples equivalent in size to the RCT data when implementing the
OS-only sensitivity analysis method. This adjustment ensures
that the total sample size is identical for both the OS-only analysis
and our synthesis method, thereby allowing for a fair comparison
in terms of statistical efficiency.

In Scenario I, we use the methodology in Example 1, and the
methodology in Example 2 is applied in Scenario II. We use the

bootstrap method to calculate the standard deviation of the upper
and lower bounds.

4.2 | Results

Scenario I: For a fixed ¢ = 0.7, we set the sensitivity param-
eters (e, €') €[0.9,1.1]1 x[0.9,1.1], and the corresponding
(e‘l), eé) €[0.9,1.1] X [0.9,1.1]. Our sensitivity analysis methods
in Example 1 include the modified outcome regression estimator,
Horvitz-Thompson-type inverse propensity score weighting esti-
mator, Hajek-type estimator, and double robust estimator. In the
synthesis method, we use the outcome-model-based estimator,
inverse probability of sampling estimator, and augmented inverse
probability of sampling estimator to generalize RCT results to
the RCT-eligible real-world population.

The comparison results, including the mean and standard devia-
tion (in the parenthesis) of the lower and upper bounds and the
mean of the bound width, are presented in Table 4. The synthesis
estimator combining RCT data narrows the sensitivity analysis
bound width in all cases. However, when the RCT generalization
method is IPSW or the sensitivity analysis method is HT, the syn-
thesis method does not always cover the true value within the
same sensitivity parameter range. This is because these method-
ologies are unstable, and extreme weights may occur, resulting in
a large standard deviation.

When ranging ¢ in [0, 1], the bound width ratio also changes.
The trend in Figure 1 aligns with our intuition. When g — 0, it
indicates that no RCT data can be integrated into the synthesis
method, making the two sensitivity analysis methods equivalent.
Consequently, the ratio tends to 1. Conversely, when g — 1, the
ATE can be consistently estimated from RCT data using the gen-
eralization method, eliminating the need for sensitivity analysis.
Therefore, the ratio is 0.

Scenario II: In this scenario, with a fixed ¢ = 0.7, we apply the
synthesis of sensitivity analysis methods based on the omitted

TABLE 4 | Sensitivity analysis bounds comparison between synthesis method and original method based on modified estimators in Example 1.
(0] OS+RCT(0OM) OS+RCT(IPSW) OS+RCT(AIPSW)

Ib 33.65(0.76) 36.92 (1.12) 28.23(9.01) 36.94 (1.09)

OR ub 57.44 (0.68) 45.23(1.19) 36.58 (9.06) 45.30 (1.16)
mbw 23.79 8.32 8.35 8.36

Ib 35.23(6.78) 31.83(4.27) 22.98 (10.10) 31.86 (4.38)

HT ub 54.25 (6.35) 38.03 (4.13) 29.16 (9.99) 38.05 (4.17)
mbw 19.01 6.20 6.18 6.19

b 32.49 (1.30) 36.60 (1.17) 29.49 (9.33) 36.51(1.12)

Haj ub 53.80 (1.16) 43.63(1.17) 36.56 (7.07) 43.59 (1.22)
mbw 21.31 7.02 7.08 7.08

Ib 33.94 (0.98) 37.14 (1.20) 28.54(9.13) 36.97 (1.05)

DR ub 57.93(0.94) 45.51 (1.26) 36.92 (9.14) 45.39 (1.17)
mbw 23.99 8.37 8.37 8.42

Note: OR: Outcome regression estimator; HT, Horvitz-Thompson-type inverse propensity score weighting estimator; Haj, Hajek-type inverse propensity score weighting
estimator; DR, double robust estimator; Ib, lower bound; ub, upper bound; mbw, mean bound width. Other abbreviations refer to Table 2.
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variable bias framework introduced in Example 2 and RCT gen-
eralization methods to estimate the upper and lower bounds,
as well as the mean bound width. Here, we use X; as the
benchmarking variable to bound the confounding strength of the
unmeasured confounder, following the procedure in Example 3.
We set kj, = 6 and ky, =1 to bound the confounding strength.
Additionally, we consider fixed value bounds for the confounding
strength with RS, .. <0.land R} .. . <0.8. Forvary-
ing q € [0,1], we set RihUlX,V*:j <0.1 and R,24~U|X,V*:j <0.9,
then calculate the theoretical parameter bound on the entire OS
data using the transformation function proposed in Definition 1.
Therefore, the bound width ratio of the synthesis method over
the general method is calculated. The results containing a table
of bound width for a fixed ¢ and a plot of bound width ratio for
a varying q are relegated to the supplemental material due to the
length limitation of the paper. These results are consistent with
and further substantiate our theoretical framework.

Additionally, when the sample size of the OS-only analysis was
increased to match the total sample size of the synthesis method,
the results and conclusions remained unchanged, which are also
shown in the supplemental material. This demonstrates that the
superior performance of our method is attributable to its intrinsic
methodological mechanism-specifically, the ability to constrain
sensitivity parameters using RCT data-rather than merely the
reduction in variance due to a larger sample size; see Discussion
for further details.

HT
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q
DR
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Sensitivity analysis bound width ratio with a varying RCT-overlap proportion.

5 | Application: Comparison of Effectiveness
Between Two BP-Lowering Drugs

5.1 | Background

We aim to estimate the comparative efficacy of Songling Xue-
maikang Capsule (SXC), a traditional Chinese medicine, ver-
sus Losartan, a standard antihypertensive drug, in lowering
blood pressure. A prior randomized controlled trial (RCT) with
602 participants demonstrated that SXC was non-inferior to
Losartan in reducing systolic (SBP) and diastolic blood pres-
sure (DBP) [39, 40]. However, the RCT was restricted to patients
with grade I hypertension aged 18-65. In contrast, our observa-
tional study (OS) data includes 3000 hypertensive patients with-
out these strict inclusion criteria. In the OS, patients receiv-
ing SXC were compared to those on other antihypertensive
medications. Since the control group in the OS primarily used
Losartan or clinically equivalent medications, we assume their
outcomes reflect what would have been observed if they had
used Losartan. Both datasets recorded baseline blood pressure
(BSBP/BDBP) and follow-up measures at weeks 2, 4, 6, and
8. The outcome of interest is the reduction in blood pressure
(difference between follow-up and baseline). Among the 3000
OS patients, 1160 would have been excluded based on the
RCT criteria. Our objective is to conduct a sensitivity analysis
to assess the ATE on the entire real-world OS population at
week 8.
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5.2 | Data Analysis Strategy

Let A, denote the treatment assignment for the i-th patient, where
A; = lindicates SXC and A; = 0 indicates the control (Losartan).
Let Y; denote the efficacy outcome, measured as the reduction in
SBP or DBP from baseline to week 8. X, represents the vector of
covariates. Specifically, let V; denote age, and let V;* be a binary
indicator where V;* = 1 if the patient is over 65 years old (the age
group excluded from the RCT). Let S; = 1 indicate that a patient
belongs to the RCT sample. Our target estimand is the ATE in the
entire real-world population, defined as E[Y (1) — Y (0)].

We are concerned that unmeasured confounders in the obser-
vational study may bias the standard estimation. To address
this, we employ the sensitivity analysis framework described
in Example 2, utilizing the relative confounding strength to
bound the bias. The sensitivity analysis estimator is implemented
according to Equation (3).To improve the bounds, we combine
the RCT and OS data using our proposed synthesis estimator i,
asin Section 3.1. For the RCT generalization component ¢ ,,,, we
apply the Augmented Inverse Probability of Sampling Weighting
(AIPSW) estimator [1] due to its doubly robust property.

5.3 | Results

We benchmark the strength of unmeasured confounding using
the technique proposed by Cinelli et al. [33]. Based on covariates
benchmarking bounding results in the Supporting Information,
we use BSBP as the bound for the unmeasured confounding
strength conservatively. The results comparing the sensitivity
analysis using only OS data versus our synthesis method are
presented in Figure 2. The OS-only method yields a wide bound
for the SBP reduction difference: [—3.55, 4.96] (95% CI: lower
[—4.43, —2.63], upper [4.07, 5.94]), with a mean width of 8.52.
In contrast, our synthesis method provides a significantly tighter
bound: [-2.61, 3.31] (95% CI: lower [—3.96, —1.44], upper [2.05,

Sensitivity Analysis: OS

ATE
o
1

5 i

T T T

confounded estimation upper bound lower bound

FIGURE2 |
generalization method: AIPSW). Outcome: DSBP at week 8.

4.47]), with a mean width of 5.92. Both methods indicate no
statistically significant difference in SBP reduction between SXC
and Losartan at week 8, but our synthesis method offers a tighter
bound. Similar conclusions were reached for DBP reduction at
week 8, which is relegated to the Supporting Informations due to
the limitation of the length of the paper. Critically, although the
qualitative clinical conclusion remains unchanged, incorporat-
ing the additional RCT data makes the bounds more informative
and precise by partially mitigating the influence of unmeasured
confounders inherent in the observational data.

6 | Discussion

In this paper, we integrate randomized controlled trial (RCT) gen-
eralization methods with sensitivity analysis techniques by lever-
aging both RCT and observational study (OS) data to estimate
the ATE. Our synthesis sensitivity analysis method offers two key
advantages. First, existing RCT generalization methods typically
require a selection positivity assumption, which posits that units
in the real-world population must have a positive probability of
being selected into the RCT [1, 8]. However, this assumption is
often violated due to strict inclusion/exclusion criteria in RCTs,
resulting in the RCT sample representing only the trial-eligible
population rather than the entire population [9]. Our approach
offers a partial solution to this issue by integrating the assign-
ment and outcome data from the observational study, even if the
OS data are subject to confounding. Second, it provides tighter
bounds for the ATE by incorporating additional RCT data com-
pared to classical sensitivity analysis methods that rely solely on
OS data. Although our method provides only a bound for the
ATE rather than a point estimate, this bound remains a practi-
cally meaningful and interpretable result for real-world analysis.
In general, sensitivity analyses relying solely on observational
data often yield overly conservative conclusions, as they must
account for potential unmeasured confounding across the entire
target population. In contrast, our synthesis method reduces this

Sensitivity Analysis: OS+RCT

ATE
o
1

T T T

confounded estimation upper bound lower bound

Comparison of sensitivity analysis bounds between general sensitivity analysis method in Example 2 and synthesis method (RCT
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uncertainty by decomposing the sensitivity parameters and cali-
brating the estimator using RCT data. By effectively ‘zeroing out’
the bias for the randomized subpopulation, our approach yields
strictly tighter and more informative bounds. This reduction
in uncertainty is critical for precision medicine. Although the
synthesis-derived conclusions may appear more optimistic than
those derived from observational data alone, they are inherently
more reliable because they are data-driven—anchored by the
ground truth of the RCT rather than based on general heuris-
tics. This justification supports narrowing the range of sensitiv-
ity parameters in practice. A key application of this framework
is in assessing the Minimum Clinically Important Difference
(MCID), which represents the smallest improvement in a treat-
ment effect that patients perceive as beneficial [41]. If the lower
bound of our sensitivity interval exceeds the MCID, physicians
can confidently recommend the treatment despite the potential
presence of unmeasured confounding. Therefore, compared to
traditional methods, the tighter bounds provided by our synthe-
sis approach increase the statistical power to detect clinically
meaningful effects, preventing effective treatments from being
discarded due to excessive conservatism.

In Definition 1, we assume variational independence between the
subpopulation sensitivity parameters, €, and ¢;, and the nuisance
parameter 6. It is important to acknowledge the implications if
this condition is violated. If variational independence fails, the
theoretical guarantee of a tighter sensitivity bound (as stated in
Theorem 2) may no longer hold. Consider an extreme counterex-
ample where the sensitivity parameters are functionally coupled,
such as imposing the restriction ¢, = ¢,. This scenario mirrors
clinical assumptions of “perfect homogeneity,” where the mag-
nitude of unmeasured confounding in a target population (e.g.,
patients > 60 years old) is assumed to be identical to that in a
source population (e.g., patients < 60 years old). Under such a
strict constraint, the parameter space is collapsed, and the range
of e; becomes strictly determined by ¢,. Consequently, the syn-
thesis estimator loses the flexibility to independently optimize
the bounds for the nonoverlapping population. However, in most
practical settings involving disjoint subpopulations, such strict
deterministic relationships are rare. A more plausible scenario
is approximate variational independence, where the unmeasured
confounding structures in separated populations are distinct or
only weakly correlated. In such cases, the separability condition
holds approximately. Revisiting our motivating example, as long
as the unmeasured confounding mechanisms in patients under
60 do not rigidly dictate those in patients over 60-implying that
the bias structure in the younger group explains little of the vari-
ation in the older group—our synthesis method remains appli-
cable and robust.

The performance of the synthesis method depends on the
RCT-overlapping proportion p, with the OS data. As indicated by
Equation (1), if p, = 1, sensitivity analysis is unnecessary because
the positivity assumption is satisfied and the ATE can be con-
sistently estimated. Conversely, if p, = 0, which means that RCT
data is not available, we can only use sensitivity analysis methods
in the observational data. Additionally, the choice of RCT gener-
alization method affects the behavior of the bounds. According
to Theorem 1, the variance of the bound can vary based on the
chosen RCT generalization method. For instance, using the IPSW
estimator as the generalization method results in larger variance,

as shown in the simulations. For more details on different RCT
generalization methods, refer to Dahabreh et al. [1] and Lee et al.
[8]. Regarding the sensitivity analysis bounds, our simulations
demonstrate that the reduction in mean width is primarily driven
by the utilization of RCT data rather than the mere increase in
sample size. While increasing the sample size improves statisti-
cal precision by reducing the variance of the bound estimators,
the width of the identification interval itself is fundamentally
determined by the plausible range of the sensitivity parameters.
Our synthesis method succeeds because the inclusion of RCT
data allows us to constrain this parameter range more effectively,
thereby yielding tighter and more informative bounds.

There are also some limitations in this work. First, Assumption 3
is critical for ensuring the consistency of the estimator i . If this
assumption is violated, the synthesis estimator y(e;) becomes a
biased sensitivity analysis estimator for y (e; ). This bias can result
in the failure of the sensitivity analysis interval to include the
true ATE. Second, the variational independence between sensi-
tivity parameters in disjoint subpopulations relies on the non-
parametric distribution of the data. If additional structural model
specifications, such as parametric distributions, are imposed, the
sensitivity parameters may become dependent, complicating the
analysis. Third, our framework relies on the assumption that
the RCT population is nested within the OS population. This
condition generally holds when the RCT imposes stricter inclu-
sion and exclusion criteria than the observational setting. How-
ever, this assumption may be violated in scenarios involving mul-
tiregional RCTs where observational data is available for only a
subset of regions (i.e., a lack of common support). In such cases,
researchers may adopt one of two strategies, depending on the tar-
get of inference. (1). If one assumes the RCT is a representative
sample of the target population, and the inference is explicitly
restricted to the trial-eligible subpopulation, one can rely solely
on the RCT data for estimation. (2). Alternatively, researchers
can redefine the target population as the specific regional sub-
population covered by the OS. Under this redefined scope, our
sensitivity methodology can be applied to estimate the bounds
of the ATE. Further, by imposing the strong assumption that the
ATE is homogeneous across regions, users can leverage the com-
bined data to infer the ATE for the entire pooled population.
Finally, our focus is on explicit inclusion/exclusion criteria set
during RCT design. For implicit exclusions in covariates, distin-
guishing between RCT-represented and unrepresented popula-
tions requires further research [42].
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